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a b s t r a c t
This article aims at developing a control structure with online authority adjustment for a
dual-user haptic training system. In the considered system, the trainer and the trainee
are given the facility to cooperatively conduct the surgical operation. The task dominance
is automatically adjusted based on the task performance of the trainee with respect to the
trainer. To that effect, the average norm of position error between the trainer and the trainee is calculated in a sliding window and the relative task dominance is assigned to the
operators accordingly. Moreover, a robust controller is developed to satisfy the requirement of position tracking. The stability analysis based on the input-to-state stability
(ISS) methodology is reported. Experimental results demonstrate the effectiveness of the
proposed control approach.
Ó 2019 Elsevier Ltd. All rights reserved.

1. Introduction
Over the past several years, various aspects of medical field have rapidly developed toward more advanced conditions [1–
4]. However, surgery training which is still based on direct supervision of an expert surgeon have been hardly successful to
keep up with them in such advancement process. As an illustration, traditional methods of surgery training are not reliable
enough owing to the limitation in active intervention of the expert surgeon during the operation. This may lead to undesired
complications for the patient due to the lack of trainee’s surgical skills [5]. For instance, a study on ophthalmic residents has
shown that the rate of complications such as retinal lesions and amount of retinal detachment is higher for the residents
with less skills [6]. For this reason, utilization of a more systematic approach to facilitate the active intervention of expert
surgeons during the operation conducting by a trainee may highly reduce the rate of such complications for the patients.
Thus, development of the required technology to facilitate the collaboration of a trainer and a trainee may be considered
as a valuable training asset to reduce the undesired complications of surgery training.
On the other hand, the technologies derived from telerobotic and haptic systems have facilitated many aspects of surgical
tasks from the training simulators [7] to the tele-operative surgeries [8–10]. A relatively emerging and relevant research field
is dual user haptic systems in which the trainer and the trainee are able to collaboratively perform a certain task through
their haptic devices. Facilitating the collaboration between the trainer and the trainee, the dual user haptic system has arisen
as a feasible surgical training framework [11].
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Nomenclature
Be
Bhi
C i ðqi ; q_ i Þ
Gi ðqi Þ
J i ðqi Þ
Ke
K hi
Ki
M i ðqi Þ
M hi
Pi
Yi

fi
f hi
f pi
ki
qi
ri
ui
xi
xdi
Ki

Xi

a
gi
h^i
ki

mi
xi
hi
hi
h~i
ni

Damping of the environment
Damping of the operator #i
Centripetal and Coriolis matrix of the haptic device #i
Gravity vector of the haptic device #i
Jacobian matrix of the haptic device #i
Stiffness of the environment
Stiffness of the operator #i
Positive definite gain matrix
Mass of the haptic device #i
Mass of the operator #i
Response of the Lyapunov equation KTi Pi þ Pi Ki ¼ Xi
Regressor matrix
exogenous force exerted by the operator #i
Forces applied by the operator #i
Passive part of the force applied to haptic device #i
Diagonal elements of K i supposed to be equal
Joint position of the haptic device #i
Sliding variable
Control torque of the haptic device #i
Position of the haptic device #i
Desired position of the haptic device #i
Positive definite gain matrix
A positive definite matrix used as design parameter
Dominance factor
Y Ti r i
The estimation of hi
Diagonal elements of Ki supposed to be equal
A design parameter used in the stability analysis
Diagonal elements of Xi supposed to be equal
The vector of physical parameters for the haptic device #i
The nominal value of hi
Difference between hi and hi
Upper bound of the norm of ~hi

The control design objective for dual user haptic systems is to ensure the robust stability of the system with appropriate
performance. Up to now, several control schemes have been developed for dual user haptic systems to realize the mentioned
objective. In order to determine the task authority of each operator, the concept of dominance factor has been introduced by
Nudehi [12]. The concept of dominance factor has been utilized in several investigations to design various control schemes
such as six-channel architecture [13], PD þ d control [14], adaptive control [15], etc. Although those methodologies have
investigated fundamental issues of general dual user haptic systems, they have not addressed some key points regarding
the surgical or training aspect of cooperation. As a case in point, the task authority is fixed during the operation in those
investigations [12–15]. Nevertheless, the adjustment of task authority during the operation based on the real-time performance of the trainee is of high importance in dual user training systems. In this technique, the full/partial authority of performing the surgical operation is given to the trainee as long as his/her task performance is satisfactory. In the case that any
mistake made by the trainee, the task authority is transformed to the trainer to avoid undesired complications. The control
design problem for dual user haptic systems with online authority adjustment have been only considered by a few studies
[16–18]. However, none of the previous works have considered real time adjustment of task authority and nonlinear stability
analysis together which is the subject of this paper.
Based on the above given motivation, the main contribution of this study is design and stability analysis of a robust control scheme for dual user haptic training system with real-time authority adjustment. In contrast with the existing investigations that typically address online authority adjustment for linear dual user training systems [16–18], the presented
scheme is applicable to a wider class of dual user haptic systems, namely the nonlinear dual user haptic systems with uncertainty. Furthermore, utilization of the moving average of position error as an alternative to its instantaneous value leads to
more smooth behavior. In the presented framework, the trainee is allowed to perform the surgical tasks and the haptic cues
from the trainer are applied as needed. For this purpose, the moving average of the position error between the trainer and the
trainee is considered as a parameter to adjust the task authority in real-time. Note that, such adjustment of the task authority
results to more emphasis on the long-term position errors rather than sudden mistakes. In this way, the trainee has the
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opportunity to correct his/her sudden mistakes in a limited time period for increased independence. Later, if the trainee is
not still in the right position, the haptic feedback is implemented for long-term trends of position error. On the other hand,
dynamic uncertainty is an important obstacle for the development of high performance controller for mechanical systems
[19–22]. Thus, a robust control scheme is developed to ensure the position tracking of haptic devices in the presence of
dynamic uncertainty. The stability of each nonlinear haptic device by applying the proposed control law is analyzed using
input-to-state stability (ISS) approach, and the stability of the overall system is studied by using the small gain theorem.
Note that, the linear control schemes [16–18] are able to stabilize the system only in a region in which the linear model
of the system is valid. In contrast, the nonlinear nature of the proposed control structure makes it possible to guarantee
the stability of closed loop system in all of its workspace.
The remainder of this article is organized as follows. Section 2 presents a brief description of the dual user haptic system.
The dynamic relations of dual user haptic systems is expressed in Section 3. Our proposed control methodology is described
in Section 4. The stability of nonlinear system is analyzed in Section 5. Experimental results are presented in Section 6.
Finally, Section 7 gives the conclusions.
2. System description
In a dual user haptic system for surgical training application, the operation is collaboratively performed by two operators
including a trainer and a trainee. The block diagram of this system is depicted in Fig. 1. The system is composed of five components: the trainer, the trainee, the haptic consoles #1, the haptic console #2, and the virtual environment. It is supposed
that the virtual environment is located in a workstation at the trainee’s side. Indeed, the force of virtual environment is a
function of the trainee’s position. The dominance of each user over the task is determined by dominance factor which is
denoted by a. As depicted in the figure, the desired position of each haptic console is a weighted sum of the two positions
with weights a and 1  a. The following three cases may be considered to set the value of the dominance factor:
 Dominance factor is zero; i.e., a ¼ 0: In this case, the task dominance is fully transformed to the trainee, and the trainer
receives the position of the trainee for the evaluation purpose. Thus, the trainee is given the opportunity to freely experience the sense of surgical operation without any corrective feedback from the trainer.
 Dominance factor is unity; i.e., a ¼ 1: Dual to the previous case, this case corresponds to the full dominance of the trainer.
Therefore, without any influence on the environment, the trainee is able to learn the skills through obtaining the position
of the trainer.
 Dominance factor is between zero and unity; i.e., 0 < a < 1: In this case, both operators have partial control over the task.
Thus, the trainer and the trainee collaboratively perform the operations.
To make the training more efficient, the value of dominance factor is adjusted during the operation based on the trainee’s
performance in performing the operations. To that effect, the normalized moving average of the position error between the
trainer and the trainee is calculated and the required justifications are applied to the dominance factor accordingly. Notably,
the proposed scheme is based on a special training philosophy in which the trainee is given the opportunity to freely manipulate the environment when a ¼ 0 and receives the haptic feedback cues from the trainer when a ¼ 1 as the position error
between the trainer and trainee grows. Indeed, through the proposed surgery training structure, the trainee is allowed to
learn the surgical skills by performing the surgery and receiving haptic feedback from the trainer and the environment.
The dominance factor is adjusted such that the trainee is given the facility to progressively conduct the task independently
during the training procedure. Toward this end, the haptic feedback to the trainee’s hands is applied only for the long-term
trends and not the short term fluctuations of position error. This gives the trainee the opportunity to correct his/her wrong

Fig. 1. The haptic system for surgery training.
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motion in a limited time period. Then, in the case that the trainee is not still in the correct path up to some time, the haptic
feedback is applied to guide the trainee to the right position. The mathematical relations of the proposed scheme will be
elaborated later.
3. System dynamics
The dynamics of each haptic device in a dual user haptic training system is expressed as [23]

€i þ C i ðqi ; q_ i Þq_ i þ Gi ðqi Þ ¼ ui þ J Ti ðqi Þf hi
Mi ðqi Þq

ð1Þ

where qi 2 R
is the joint position vector, and M i ðqi Þ 2 R ; C i ðqi ; q_ i Þq_ i 2 R , and Gi ðqi Þ 2 R
denote the mass matrices,
the centripetal and Coriolis matrices, and the gravity vectors, respectively. Besides, ui 2 Rn1 denote the control torque vectors, and f hi 2 Rn1 are the forces applied by the operators. Throughout this paper, the subscript i represents the haptic console #1 for i ¼ 1 and haptic console # 2 for i ¼ 2.
Next, some useful properties of the dynamic Eq. (1) are presented.
n1

nn

nn

n1

Property 1. The mass matrix M i ðqi Þ is symmetric and positive definite.

_ i ðq Þ  2C ðq ; q_ i Þ is skew symmetric; that is,
Property 2. The matrix M
i
i



_ i ðq Þ  2C i ðq ; q_ i Þ x ¼ 0 8x 2 Rn :
xT M
i
i

Property 3. The left hand side of the dynamic models is linear in a set of physical parameters as follows:

€i þ C i ðqi ; q_ i Þq_i þ Gi ðqi Þ ¼ Y i ðqi ; q_ i ; q
€i Þhi
Mi ðqi Þq

ð2Þ

where Y i ðÞ is called the regressor and hi is the vector of physical parameters.
Furthermore, the forward kinematic relation for obtaining the position vector of end effector denoted by xi 2 Rn1 is presented as ([24])

xi ¼ k i ð q i Þ

ð3Þ

where ki ðÞ is a nonlinear function. In addition, the relation between the velocity vectors in joint space and task space is stated as

x_ i ¼ J i ðqi Þq_ i

ð4Þ

where J i ðqi Þ is the Jacobian matrix. Next, both sides of (4) are differentiated with respect to time to obtain the acceleration in
task space as

€i þ J_i ðqi Þq_ i :
€xi ¼ J i ðqi Þq

ð5Þ

The forces applied by the environment and the operators’ hands are presumed to satisfy some assumptions as presented
in below.
Assumption 1. The surgical tool is assumed to be in contact with the virtual environment at the trainee side. Thus, the
environment force is a function of the trainee’s position defined as

f e ¼ Be x_ 2  K e x2

ð6Þ

Assumption 2. The hand forces applied by human operators are assumed as [25,26]


f hi ¼ f hi  Mhi €xi  Bhi x_ i  K hi xi

fi

ð7Þ

where is the exogenous force exerted by the operator #i and M hi ; Bhi , and K hi are constant, symmetric, and positive definite
matrices corresponding to the mass, damping, and stiffness of the operator #i, respectively. Note that, the formulation given
in (7) is composed of both passive and active components. Indeed, the terms involving either the mass, the damping, or the
stiffness of the operator indicate the passive reaction of the operator’s hand to the motion of haptic device, whereas exogenous force input is an active component that is voluntary produced by the operator to move the haptic device toward the
desired position.
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4. The proposed control methodology
As already explained, the proposed control methodology utilizes dominance factor to specify the dominance of each operator over the task. It is assumed that the trainee have enough expertise to conduct the operation with the trainer’s supervision. Therefore, the initial value of the dominance factor is set as unity to give the full authority to the trainee. Then,
the value of the dominance factor is adjusted during the operations based on the trainee’s performance. In order to assess
the trainee’s performance, the normalized value of position error between the trainer and the trainee is utilized. Besides,
in order that the sudden and short-time variations of the error do not unwantedly affect the dominance factor, the moving
average of position error is utilized. In fact, using the moving average generally leads to more emphasis on the longer term
trends rather than the sudden and short-time fluctuations. Furthermore, a dead-zone function is used to avoid the change of
dominance factor due to small values of position error. This also gives the trainee some freedom in performing the procedures. As a result, the dominance factor is mathematically formulated as



a¼1w

1
t w xn

Z



t

kx1  x2 kdt

ð8Þ

ttw

where x1 and x2 are the positions of the trainer and the trainee haptic devices, tw is the window size of moving average, and
xn is the normalization parameter. In this paper, the worst-case norm of position error is utilized as the normalization parameter. Moreover, wð:Þ is any function that provides smooth transition between 0 and 1. An example of such function may be
considered as

wðvÞ ¼ 1 

N
X
ri vi
i¼0

i!

erv

where the positive integer number N and the positive real number r are two design parameters that determine sharpness of
transition. As an example, this function is depicted in Fig. 2 for N ¼ 10 and r ¼ 500.
Then, the desired task space positions of the haptic devices are presented as

xd1 ¼ xd2 ¼ ax1 þ ð1  aÞx2

ð9Þ

The above relation shows that if a ¼ 0, the current position of trainee is the desired position of both haptic consoles. Thus,
the trainer’s haptic console tracks the position of the trainee and the trainer receives the position information of the surgical
tool. On the other hand, the desired position of the trainee haptic console in the trainee dominant mode is the trainee haptic
console itself. This means that the position error of trainee haptic console is zero and the trainee is able to freely conduct the
surgical operation without any interference by the haptic system.
Next, a control scheme is developed for each haptic device such that the reference position xd is tracked. To that effect, the
control law is defined as

b i ðq ; q_ i Þv i þ G
b i ðq Þ  K i ri þ J T ðq Þf
b i ðq Þv_ i þ C
ui ¼ M
i
i
i
i e
i

ð10Þ

where K i 2 Rnn is a positive definite matrix and the notation ð^Þ denotes the estimated value of ðÞ that will be elaborated
later. In addition,

_
~
v i ¼ J1
i ðqi ÞKi xi r i ¼ qi  v i

ð11Þ

where ~
xi ¼ xd  xi and Ki 2 Rnn is a positive definite matrix. Using Property 3, the control law (10) is represented as

ui ¼ Y i ^hi  K i r i þ J Ti ðqi Þf e

ð12Þ

Fig. 2. The transition function wðvÞ.
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Furthermore, the control law (12) is combined with the dynamical Eq. (1) to obtain the closed loop dynamic equation as



Mi ðqi Þr_ i þ C i ðqi ; q_ i Þr i þ K i r i ¼ Y i h^i  hi þ J Ti ðqi Þf hi þ J Ti ðqi Þf e

ð13Þ

in which the term ^
hi in (12) is chosen as

^hi ¼ h þ dhi
i

ð14Þ

hi

where
is the nominal value of hi and dhi is an extra control term. Suppose that the uncertainty is bounded by a positive
constant ni such that

k~hi k ¼ khi  hi k 6 ni :

ð15Þ

Then, the extra control term dhi is selected as [23]

dhi ¼

8
< ni

Y Ti r i

kY Ti r i k

; kY Ti ri k > li

:  ni Y T r ;
li

i

i

ð16Þ

kY Ti r i k 6 li

where the design parameter

li is a small positive value.

5. Stability analysis
In this section, the stability of the proposed control structure for dual user haptic system is investigated using the ISS
methodology and the small gain theorem. The approach is to analyze the stability of each haptic device using the ISS and
to use the small gain theorem for the stability of the overall system. First, the definition of ISS is presented.
Definition 1. (ISS Stability) ([27], p. 175): The dynamic system in the general form of

x_ ¼ f ðt; x; uÞ

ð17Þ

where f : ½0; 1Þ  Rn  Rm ! Rn is a piecewise continuous function in t and locally Lipschitz in x and u. The system (17) is ISS
if a class KL function b and a class K function c exist such that for any initial condition x0 and any bounded input the
inequality

kxðtÞk 6 bðkx0 k; tÞ þ cðsup kuT ðtÞkÞ;

06t6T

ð18Þ

is satisfied.
Next, a connection between the concept of the presented definition of ISS and the Lyapunov theory is presented in the
following theorem:
Theorem 1. (ISS Stability Theorem) [27], p. 176: Let there exists a continuously differentiable Lyapunov candidate function
V : ½0; 1Þ  Rn ! R such that

a1 ðkxkÞ 6 V ðxÞ 6 a2 ðkxkÞ
V_ ðxÞ 6 W ðxÞ;

8kxk P qðkukÞ > 0

where V_ is the derivative of the Lyapunov candidate function along the solutions of the system (17), a1 and a2 are class K1 functions, q is class K function, and W ðxÞ is a positive definite function on Rn . Then, the system (17) is ISS with gain c ¼ a1
1  a2  q
where the operator  denotes the function composition opertion.
At the next lemma, the quadratic inequality known as the Young’s inequality is presented.
Lemma 1. (Young’s Inequality) [28]: Suppose that x and y are arbitrary vectors and
inequality is satisfied:

jxT yj 6

 is a positive scalar. Then, the following

 
 

1
kyk2 :
kxk2 þ
2
2

ð19Þ

Next, a unique formulation is stated to analyze the stability of the two haptic devices. This unique formulation is later utilized to
investigate the stability of each haptic device. To obtain such unique formulation, the closed loop system (13) is combined with the
relations for environment force and force of human operators presented in (6) and (7), respectively to obtain



Mi ðqi Þr_ i þ C i ðqi ; q_ i Þr i þ K i r i ¼ Y i ^hi  hi þ J Ti ðqi Þf xi þ J Ti ðqi Þf pi

ð20Þ

where f xi is the exogenous part of the force, while f pi is the passive part of the force defined as

f pi ¼ M pi €xi  Bpi x_ i  K pi xi :

ð21Þ
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For the trainer side, the environment force is considered as an exogenous force, whereas it is included in the passive component in
the trainee side. Therefore, the exogenous part of the force at the two sides are defined as




f x1 ¼ f e þ f h1 f x2 ¼ f h2

ð22Þ

Moreover, the parameters related to the passive part of force at the two sides are defined as

Mp1 ¼ Mh1 ;

M p2 ¼ M h2 ; Bp1 ¼ Bh1 ;

Bp2 ¼ Bh2 þ Be ; K p1 ¼ K h1 ;

K p2 ¼ K h2 þ K e :

ð23Þ

Now, the stability of the presented unique formulation for haptic devices is analyzed.

T
Proposition 1. The closed loop of the haptic console #i formulated in (20) may be made ISS with respect to state r Ti ; ~
xTi and the
h
iT
T
input xTd ; x_ Td ; f xi ; ni .
Proof. First, (21) is combined with (20) and (4) and (5) are used to reformulate the closed loop system as







M i ðqi Þ þ J Ti ðqi ÞMpi J i ðqi Þ r_ i þ C i ðqi ; q_ i Þ þ J Ti ðqi ÞBpi J i ðqi Þ þ J Ti ðqi ÞM pi J_i ðqi Þ r i þ K i þ J Ti ðqi ÞK pi Ji ðqi Þ r i  J Ti ðqi ÞBpi K~x
 J Ti ðqi ÞM pi Kx_ þ JTi ðqi ÞM pi Kx_ d þ J Ti ðqi ÞK pi Kx


¼ Y i ^hi  hi þ J Ti ðqi Þf xi

ð24Þ

Besides, it may be concluded from (11) that

~x_ i ¼ Ki ~xi þ J Ti ðqi Þri  x_ d :

ð25Þ

In view of the fact that Ki is a Hurwitz matrix, there always exists a unique positive definite solution P i for the Lyapunove equation KTi Pi þ Pi Ki ¼ Xi with the positive definite matrix Xi . Then, a Lyapunov function candidate is considered as

Vi ¼


1 T
r Mi ðqi Þ þ J Ti ðqi ÞM pi J i ðqi Þ ri þ i ~xTi Pi ~xi
2 i

ð26Þ

where i is a positive scalar. Afterwards, using Property 2 and after some manipulation, V_ i is calculated along the trajectories
of (24) as follows:



V_ i ¼ r Ti K i þ J Ti ðqi ÞBpi J i ðqi Þ r i  i ~xi Xi ~xi þ 2i ~xTi Pi J i ðqi Þr i þ r Ti J Ti ðqi ÞM pi K2i ~xi  r Ti J Ti ðqi ÞM pi Ki J i ðqi Þr i  r Ti J Ti ðqi ÞBpi Ki ~xi


þ r Ti J Ti ðqi ÞK pi ~xi  2i ~xTi Pi x_ d þ r Ti J Ti ðqi ÞM pi Ki x_ d þ r Ti J Ti ðqi ÞK pi xd þ rTi Y i ~hi þ dhi þ rTi J Ti ðqi Þf xi

ð27Þ

Now the following variable is defined:

N ¼ JTi ðqi ÞMpi K2i  JTi ðqi ÞBpi Ki þ JTi ðqi ÞK pi :

ð28Þ

On the other hand, it may be inferred from Lemma 1 that

~xTi Nri 6

1
2kNk2
1
8i kPi k2
i kmin ðXi Þk~xi k2 þ
kr i k  2i ~xTi Pi x_ d 6 i kmin ðXi Þk~xi k2 þ
kx_ d krTi J Ti ðqi ÞM pi Ki x_ d
8
8
i kmin ðXi Þ
kmin ðXi Þ

6

1
2J 2 kM pi k2 kKi k2
1
2J 2 kK pi k2
kmin ðK i Þkri k2 þ Mi
kx_ d kr Ti J Ti ðqi ÞK pi xd 6 kmin ðK i Þkri k2 þ Mi
kxd krTi J Ti ðqi Þf xi
8
8
kmin ðK i Þ
kmin ðK i Þ

6

1
2J 2Mi
kmin ðK i Þkri k2 þ
kf k
8
kmin ðK i Þ xi

ð29Þ

where

J Mi ¼ sup kJ Ti ðqi Þk:
Besides,

i

i ¼

ð30Þ

is selected as

kmin ðK i Þkmin ðXi Þ

ð31Þ

m2i kPi k2 J2M1

where the positive value mi is considered as a design parameter. An appropriate value of this parameter is obtained through
an optimization procedure which will be explained later. Then, the following inequality is resulted:



1

mi

r Ti K i r i 

1

mi



i ~xi Xi ~xi þ 2i ~xTi Pi Ji ðqi Þri 6 

1

mi

kmin ðK i Þr i þ

1

mi

i kmin ðXi Þ~xi

2
ð32Þ
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Furthermore, by defining gi ¼ Y Ti ri and using (15), it is concluded that







gTi h~i þ dhi 6 gTi ni

gi
þ dhi
kgi k



ð33Þ



If (16) and (33) are combined, for kgi k > li results to gT1 h~1 þ dh1  0. In the case that kgi k 6 li , the following relation is
resulted:







gTi h~i þ dhi 6 gTi ni



gi
n
n
 i g ¼ ni kgi k  i kgi k2
kgi k li i
li

Note that, the expression ni kg1 k  lni kgi k2 has a maximum value li n2i when kgi k ¼ l2i . Now, utilizing this fact and using (29)
i

and (32), it may be concluded from (27) that

V_ i 6 ai1 kri k2  ai2 k~xi k2 þ ai3 kxd k2 þ ai4 kx_ d k2 þ ai5 kf xi k2 þ ai6 kni k

ð34Þ

where

ai1 ¼
¼









5 1
2kNi k2
6 1
kmin ðK i Þ þ kmin J Ti ðqi ÞBpi J i ðqi Þ 


i kmin ðXi Þai3
 kmax J Ti ðqi ÞM pi Ki J i ðqi Þ ai2 ¼
8 mi
8 mi
i kmin ðXi Þ
2J 2Mi kK pi k2
8i kPi k2 2J 2Mi kM pi k2 kKi k2
2J 2Mi
l
ai4 ¼
þ
ai5 ¼
ai6 ¼ i
kmin ðK i Þ
kmin ðXi Þ
kmin ðK i Þ
kmin ðK i Þ
2

ð35Þ

h
iT

T
T
Now, the state vector and the input vector are selected as fi ¼ rTi ; ~
xTi and ti ¼ xTd ; x_ Td ; f xi ; ni . Next, an arbitrary parameter

j that satisfies 0 < j < 1 is selected. Then, it is inferred from (34) that
V_ i ¼ j minðai1 ; ai2 Þkfk2  ð1  jÞ minðai1 ; ai2 Þkfk2 þ maxðai3 ; ai4 ; ai5 ; ai6 Þktk2

ð36Þ

which verifies that

V_ 6 j minða1 ; a2 Þkfk2

ð37Þ

for all

kfk2 P

maxðai3 ; ai4 ; ai5 ; ai6 Þ
ktk2 :
ð1  jÞ minðai1 ; ai2 Þ

From (26) and (37), the system can be made ISS with state f and the input t, which completes the proof. h
In the next two propositions, the stability of each haptic device is concluded from Proposition 1.

T
Proposition 2. The haptic console #1 subsystem (13) can be made ISS with respect to the state r T1 ; ~
xT1
and input
h
i
T

T

xTd ; x_ Td ; f h1 þ f e ; n1 .


Proof. It can be seen that the haptic console #1 subsystem can be reformulated as (20) with f x1 ¼ f h1 þ f e . Then, applying
Proposition 1 completes the proof. h
h
iT

T
T
xT2 and input xTd ; x_ Td ; f h2 ; n2 .
Proposition 3. The haptic console #2 subsystem (13) can be made ISS with respect to the state r T2 ; ~


Proof. Similar to the proof of Proposition 2, applying Proposition 1 on system (20) with f x2 ¼ f h2 completes the proof. h
Theorem 2. Suppose that the control scheme (10) is applied to the haptic surgical training system (1). Then, the overall system can
be made ISS.
Proof. The ISS small gain approach of [29] is utilized in the stability analysis of the overall surgery training haptic system.

T
xT1 and input
From Proposition 2 the closed loop system of the haptic console #1 is ISS with respect to the state rT1 ; ~
h
iT
 
T
xTd ; x_ Td ; f h1 þ f e ; n1 . Consider that the ISS gain of this system is denoted by c1 . In addition, Proposition 3 shows that
h
iT

T
T
xT2 and input xTd ; x_ Td ; f h2 ; n2 . It is supposed that c2
the haptic console #2 subsystem is ISS with respect to the state r T2 ; ~
is the ISS gain of the haptic console #2 subsystem. From the small gain theorem, the overall dual user haptic surgical training
system is ISS if c1 c2 < 1. h
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Remark 1. From Property 1, there always exist positive scalars kmi and kMi such that

kmi I < M i ðqi Þ þ JTi ðqi ÞM pi Ji ðqi Þ < kMi :

ð38Þ

Note that, the parameters kmi and kMi should be calculated to find the ISS gain of the system as presented in Theorem 1.
Remark 2. From (34) and (35), the condition ai1 > 0 ensures the stability of each haptic device. It is possible to hold this
condition by choosing kmin ðK i Þ > 0 sufficiently large. Furthermore, the small gain condition c1 c2 < 1 should be satisfied to
guarantee the stability of the overall system.
Remark 3. The proposed control scheme is developed under the assumption that the trainer and the trainee are working in
the vicinity of each other; thus, communication delay is not considerable. Nevertheless, the stability analysis of the overall
system may be extended by considering non-negligible time delay in the communication channel. To that effect, a lemma
regarding the ISS of dynamical systems subject to communication delay from [30] is utilized. In that lemma, the dynamical
system x_ ¼ F ðx; u; v Þ is assumed to be ISS with respect to the state x and the input ½u; v . Then, the ISS of dynamical system
x_ ¼ F ðx; uðt  sÞ; v Þ with respect to the state x and the input ½uðt  sÞ; v is proven. By utilizing the explained lemma, our stability analysis may be extended to consider communication delay by verifying the ISS of each haptic console under time
delay in the input channel. Afterwards, the ISS of overall system is concluded using the small gain theorem in the same
way as of Theorem 2.

6. Experimental results
The experimental studies are conducted using two 3-DOF Geomagic TouchTM haptic devices as shown in Fig. 3. The controller for each haptic device is implemented on a computer and a UDP-based communication channel is harnessed to
exchange data between the computers. The controller is implemented in MATLAB Simulink using a C MEX S-function and
a program in C++ language using the OpenHapticsÒ SDK. A graphical interface is provided for each operator to observe
her/his own hand position as well as the other operators’ hand position. The haptic console #1 and haptic console #2 are
controlled by the trainer and the trainee, respectively. As suggested by [31], in the experiments, the trainer is asked to
use her/his dominant hand, while the trainee is requested to use her/his nondominant hand. Hence, the trainer has more
expertise than the trainee in performing the tasks.
As for selecting the control parameters, it is necessary to hold the conditions mentioned in Remark 2 to guarantee the
stability of the haptic system. In this research, a numerical analysis is followed to ensure that the stability conditions are
satisfied. To that effect, the Matlab constrained optimization routine is utilized to obtain the minimum possible positive
value for the ISS gain. First, the parameters of the operators hands are set to M hi ¼ mhi I, Bhi ¼ bhi I, and K hi ¼ khi I where
mhi ¼ 9 g, bhi ¼ 2N:s=m, and khi ¼ 200N=m [13]. In order to ensure the correctness of the analysis for a wide range of operators, all of the calculations are also preformed for the hand parameters with 10% above and below the considered values.
Besides, the environment force is considered as (6) where the parameters are set to K e ¼ 50N=m; Be ¼ 5N  s=m. Then, the
parameters J Mi ; kmi , and kMi are calculated using the MATLAB function fmincon by considering the following ranges:



p
2

6 qi1 6

p
2

;

0 6 qi2 6

p
2

;

0 6 qi3 6

p
2

ð39Þ

where qij represents position of the jth joint angle of the haptic console #i for i ¼ 1; 2 , j ¼ 1; 2; 3. Following the procedure of
finding the mentioned parameters leads to J Mi ¼ 0:27; kMi ¼ 0:0047, and kmi ¼ 0:0008. Then, it is assumed that
K 1 ¼ K 2 ; K1 ¼ K2 ; K i ¼ ki I33 , and Ki ¼ ki I33 and the stability of the system is examined at a number of grid points in the
range of 10 < ki < 500; 10 < ki < 30. To that effect, the Lyapunov equation KTi Pi þ Pi Ki ¼ Xi with Xi ¼ xi I33 is considered
at each point and the minimum positive ISS gains are calculated for each point with xi and mi as the optimization parameters. Then, the small gain condition is examined for the calculated values of ISS gains. The condition ai1 > 0 is also examined
in this procedure by penalizing the negative values of ai1 . Fig. 4 depicts the grid points satisfying the stability conditions in

Fig. 3. The experimental setup.
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blue stars and boundary in red line. Picking up a point from the area shown by blue stars ensures that the stability conditions
are satisfied. In this research, these parameters are selected as ki ¼ 20 and ki ¼ 20 for i ¼ 1; 2. The window size and the normalization parameter are also set as t w ¼ 2s and xn ¼ 0:5m.
In the first part of the experiments the results obtained by implementing the proposed approach for authority adjustment
and benchmark [16] that involves online authority adjustment are compared. The benchmark proposes a methodology for
switching dominance factor between 0 and 1. The default value of dominance factor is 0 which is valid for the values of position error less than a predefined boundary. As soon as the position error crosses the boundary, the dominance factor immediately switches from 0 to 1 and the authority is transformed from the trainee to the trainer. Note that, the benchmark
suggests abrupt change of dominance factor based on the instantaneous value of position error, while in our proposed
approach the dominance factor smoothly switches based on the moving average of position error.
The results of both the benchmark [16] and the proposed approach are shown in Fig. 5. The position signals resulted from
the benchmark are shown in Fig. 5a, while the position signals obtained from the proposed approach are shown in Fig. 5b.
The position of the trainer’s haptic device and the trainee’s haptic device are depicted by solid (blue) line and dashed (red)
line, respectively. In addition, the dominance factor of the benchmark and the proposed approach are shown in Fig. 5c and
Fig. 5d, respectively. In both experiments, the trainee is asked to deliberately apply wrong commands for a few seconds to
generate position error so as the response of the haptic system in modifying the trainee’s mistakes is examined. It is evident
from Fig. 5 that the position signals resulted from benchmark almost depict a fluctuating behavior at the periods of time in
which position error is deliberately increased by the trainee. The primary reason of such phenomenon is the abrupt switch of
dominance factor based on the instantaneous value of error. Such dependency puts to much emphasis on any variation of the
position error and causes the dominance factor and the position variables to fluctuate. On the other hand, the position signals
obtained from the proposed approach show more smooth and satisfactory behavior as depicted in Fig. 5. Next, the dominance factor resulted from the two approaches are compared. As depicted in Fig. 5c and Fig. 5d, the results of the benchmark
and the proposed approach shows that smooth switching of dominance factor based on the moving average of the position
error filters out sudden and short-term fluctuations of position error and underlines the longer-term trends. As a result, the
trainee is given the opportunity to correct his/her wrong motion in a limited time period, leading to the increased independence. Moreover, by avoiding the abrupt change of dominance factor, the proposed approach shows more smooth behavior
in contrast to the benchmark which depicts a fluctuating behavior in the position signals.
Furthermore, another feature of the proposed approach is studied by comparing the force signals exerted to the hands of
the operators and the force of virtual environment. As already explained, through the proposed approach the trainee is given
the opportunity to experience the sense of surgical operation when a ¼ 0 and receives the haptic feedback cues from the
trainer when a ¼ 1 as the position error between the trainer and trainee grows. Indeed, the role of the trainee haptic console
is to recreate the sense of touch for the trainee when a ¼ 0 and guide the trainee to the correct path when a ¼ 1. The force
signals are depicted in Fig. 5e and Fig. 5f, for the benchmark and the proposed approach, respectively. The force signal
exerted to the trainer’s hand and the trainee’s hand are depicted by solid (blue) line and dashed (red) line, respectively
and the contact force of the environment is depicted by dashed-dotted (green) line. It is evident from the force signals of
the benchmark that the sense of touch with the environment for the trainee is destroyed in most of the experiment times
except when the trainee performs the operation perfectly and without error. In other words, the trainee is not given enough
opportunity to freely experience the sense of operation. In contrast, the results obtained from the proposed approach show
that the force of environment mostly matches the trainee’s force. This means that the trainee freely experience the task
except when the position error due to the trainee’s mistake persists for a period of time. In that case, the haptic feedback
guides the trainee to the right path. This situation happens in the experiments at t 5s; t 10s, and t 35s.
In the next experiment, the task of following a 2D circular path is investigated. Remarkably, a 2D path requires the
involvements of all three joints of the haptic device in the operation. Thus, the effectiveness of the proposed approach in
the presence of nonlinear dynamics is evaluated more thoroughly. A graphical interface is provided for each operator to
observe her/his own hand position as well as the other operators’ hand position with respect to the circular path. The exper-

Fig. 4. The region satisfying stability condition.
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Fig. 5. Experimental results in x direction.

imental results of this case are depicted in Fig. 6. The position variables in x direction and y direction of Cartesian coordinate
are shown in Fig. 6a and Fig. 6b, respectively. Besides, the dominance factor is depicted in Fig. 6c and the force signals in x
direction is shown in Fig. 6d. In addition, the position signals in xy plane are shown in Fig. 7. The results show that from
t ¼ 0 s to t 5 s the trainee performs the task with negligible error with respect to the trainer. In this period, the position
error is negligible and the task authority is given to the trainee. Afterwards, at the time t 5 s the trainee is requested to
deliberately perform wrong movements and generate position error to assess the behavior of the haptic system in correcting
the trainee’s mistakes. It can be seen that after this time, the dominance factor is unity for a few seconds and the task authority is given to the trainer. The haptic control structure tries to reduce the position error, but the trainee again performs wrong
movements on purpose and the position error becomes considerable. Thus, the task authority is again given to the trainer
until the trainee’s task performance becomes satisfactory on t 22 s to t 37 s. Then, the trainee again performs wrong
movements for a few seconds and the corrective feedback from the trainer is applied again to correct trainee’s position. Next,
after t 42 s until the end of experiment the trainee performs task with small error such that his/her task performance
becomes suitable and the task authority is given to the trainee. The position results show that during this time period the
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trainee performs the task with small amount of error with respect to the trainer. The force signals also shows that the force of
environment in the majority of time periods matches the trainee’s force and the trainee freely experience the task. However,
when the position error due to the trainee’s mistake persists for a period of time, those forces are do not match anymore and
the haptic feedback is applied to guide the trainee to the right path.

7. Conclusions
This paper presents a robust control scheme with online authority adjustment for a dual user haptic system. In order to
adjust task dominance, the position error between the trainer and the trainee in a sliding window is calculated as the task
performance. Then, the magnitude of calculated task performance determines if and to what extent the corrective force feedback from the trainer to the trainee is necessary. The position tracking is ensures through a robust control structure and the
stability of the closed loop system is analyzed using the ISS methodology and the small gain theorem. Experimental results

Fig. 6. Experimental results in xy plane.

Fig. 7. The positions of haptic consoles in xy plane.
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show the effectiveness of the proposed control approach. The next step is to determine other criteria to measure task performance of the trainee and combine them with the proposed control structure.
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Appendix A. Kinematics and dynamics of geomagic touch
The kinematics and dynamics equations of the Geomagic Touch haptic device is presented here. First, the position of the
end effector is expressed as

x ¼ ðl1 cosðq2 Þ þ l2 sinðq3 ÞÞ sinðq1 Þy ¼ l1 sinðq2 Þ  l2 cosðq3 Þ þ yoff z ¼ ðl1 cosðq2 Þ þ l2 sinðq3 ÞÞ cosðq1 Þ  zoff

ðA:1Þ

where the value of kinematic parameters l1 ; l2 ; yoff , and zoff are presented in Table A.1. Using (A.1), the Jacobian matrix of the
haptic device can be calculated as

2

J 11
6
J ¼ 4 J 21
J 31

J 12

J 13

3

J 22

7
J 23 5

J 32

J 33

where

J 11 ¼ ðl1 cosðq2 Þ þ l2 sinðq3 ÞÞ cosðq1 Þ
J 12 ¼ l1 sinðq1 Þ sinðq2 Þ
J 13 ¼ l2 cosðq3 Þ sinðq1 Þ
J 21 ¼ 0
J 22 ¼ l1 cosðq2 Þ
J 23 ¼ l2 sinðq3 Þ
J 31 ¼ ðl1 cosðq2 Þ þ l2 sinðq3 ÞÞ sinðq1 Þ
J 32 ¼ l1 sinðq2 Þ cosðq1 Þ
J 33 ¼ l2 cosðq3 Þ cosðq1 Þ
Furthermore, the inertia matrix of the robot can be presented as

2

3
M 11
p5 sinðq2 Þ 0
6
7
M ðqÞ ¼ 4 p5 sinðq2 Þ p6
M 23 5
0
M23
p7

where

M11 ¼ p1 þ p2 cosð2q2 Þ þ p3 cosð2q3 Þ þ p4 cosðq2 Þ sinðq3 Þ
M23 ¼ 0:5p4 sinðq2  q3 Þ:
In addition, the matrix C ðq; q_ Þ is given as

2

C 11

6
C ðq; q_ Þ ¼ 4 C 21
C 31

C 12
0
C 32

C 13

3

7
C 23 5
0

Table A.1
The nominal values of the kinematic and dynamic parameters of Geomagic Touch haptic device.
Parameter

Value

Parameter

Value

l1

133:35  103

p4

2:766  103

l2

133:35  103

p5

0:308  103

3

p6

2:526  103

zoff

168:35  10

yoff

23:35  103

p7

0:652  103

p1

3

1:798  10

p8

507:5  103

p2

0:864  103

p9

102:2  103

p3

3

p10

294:2  103

0:486  10
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where

C 11 ¼ p2q_ 2 sinð2q2 Þ  0:5p4q_ 2 sinðq2 Þ sinðq3 Þ
p3q_ 3 sinð2q3 Þ þ 0:5p4q_ 3 cosðq2 Þ cosðq3 Þ
C 12 ¼ p5q_ 2 cosðq2 Þ  0:5p4q_ 1 sinðq2 Þ sinðq3 Þ  p2q_ 1 sinð2q2 Þ
C 13 ¼ p3q_ 1 sinð2q3 Þ þ 0:5p4q_ 1 cosðq2 Þ cosðq3 Þ
C 21 ¼ p2q_ 1 sinð2q2 Þ þ 0:5p4q_ 1 sinðq2 Þ sinðq3 Þ
C 23 ¼ 0:5p4q_ 3 cosðq2  q3 Þ
C 31 ¼ p3q_ 1 sinð2q3 Þ þ 0:5p4q_ 1 cosðq2 Þ cosðq3 Þ
C 32 ¼ 0:5p4q_ 2 cosðq2  q3 Þ
Finally, the vector GðqÞ is expressed as

2

3

0

6
7
GðqÞ ¼ 4 p8 cosðq2 Þ þ p10 ðq2  0:5pÞ 5:

ðA:2Þ

p9 sinðq3 Þ
The nominal values of the dynamic parameters are presented in Table A.1. Then, following some straightforward mathematical manipulation, the above dynamic system can be presented in the form of (2) with the parameter vector
h ¼ ½ p1

p2

2

p3

p4

p5

€1
q

y12

y13

y14

y15

y22
0

0
y33

y24
y34

y25
0

6
Y¼4 0
0

p6

p7

p8

p9

0
€2
q
0

p10

T

and the regressor matrix as

0

0

0

0
€3
q

y28
0

0
y39

0

3

7
q2  0:5pi 5
0

where

€1 cosð2q2 Þ  2q_ 1 q_ 2 sinð2q2 Þ
y12 ¼ q
€1 cosð2q3 Þ  2q_ 1 q_ 3 sinð2q3 Þ
y13 ¼ q
€1 cosðq2 Þ sinðq3 Þ  q_ 1 q_ 2 sinðq2 Þ sinðq3 Þ þ q_ 1 q_ 3 cosðq2 Þ cosðq3 Þ
y14 ¼ q
€2 sinðq2 Þ þ q_ 2 q_ 2 cosðq2 Þ
y15 ¼ q
y22 ¼ q_ 1 q_ 1 sinð2q2 Þ

y24 ¼ 0:5v 1q_ 1 sinðq2 Þ sinðq3 Þ þ 0:5v 3q_ 3 cosðq2  q3 Þ  0:5a3 sinðq2  q3 Þ
€1 sinðq2 Þ
y25 ¼ q
y28 ¼ cosðq2 Þ
y33 ¼ q_ 1 q_ 1 sinð2q3 Þ
y34 ¼ 0:5q_ 2 q_ 2 cosðq2  q3 Þ þ 0:5q_ 1 q_ 1 cosðq2 Þ cosðq3 Þ
y39 ¼ sinðq3 Þ
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