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Abstract

Despite widespread industrial application of harmonic
drives, mathematical representation of their dynam-
ics has not been fully addressed. In this theoreti-
cal/ezperimental study of harmonic drive systems a
systematic way to capture and rationalize the dynamics
of the system is proposed. Simple and accurate models
for compliance, hysteresis, and friction are given and
the model parameters are estimated from experiments
using least square approzimation. A statistical mea-
sure of consistency is defined, by which the reliability
of the estimated parameter for different operating con-
dition, as well as the accuracy and integrity of the pro-
posed model is quantified. The validity of the modelling
scheme is finally evaluated, on two different harmonic
drives by comparing the experimental and simulation
results.

1 Introduction

Since its inception in 1955, the harmonic drive
has found widespread acceptance among practition-
ers. This mechanical transmission, occasionally called
“strain-wave gearing”, employs a continuous deflection
wave along non-rigid gear to allow for gradual engage-
ment of gear teeth (Figure 1). Because of this uncon-
ventional gear-tooth meshing action, harmonic drives
can deliver high reduction ratios in a very small pack-
age. In fact, the radical mechanical operation of this
gear train defies conventional understanding of gear be-
haviour and creates a new arena for exploration and
understanding.

The harmonic drive exhibits performance features both
superior and inferior to conventional gear transmis-
sions. Its performance advantages include high torque
capacity, concentric geometry, lightweight and compact
design, zero backlash, high efficiency, and back driv-
ability. Harmonic drive systems suffer however, from
high flexibility, resonance vibration, friction and struc-
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tural damping nonlinearities. The lack of literature,
relative to that for conventional gear transmission also
inhibit their use. The unique performance features of
the harmonic drive have captured the attention of de-
signers in many fields. It has been used in industrial
and space robots, assembly equipment, and measuring
instruments, as well as heavy duty applications such as
machine tools and printing presses. Additionally, space
and aircraft systems often employ harmonic drives for
their light weight and compact geometry.

Throughout its short existence, the harmonic drive has
enjoyed increasing international attention from design-
ers as well as researchers. The Russians were perhaps
the first who initiated substantial research on the dy-
namic behavior of harmonic drives [1, 2]. More recently
Tuttle and Seering performed an extensive effort to
model the stiffness, positioning accuracy, gear tooth-
meshing mechanism and friction of the harmonic drive
[3, 4]. Their experimental observations show that the
velocity response to step commands in motor current
are not ounly contaminated by serious vibration, but
also by unpredictable jumps. The velocity response
observations were used to guide the development of
a series of models with increasing complexity to de-
scribe the harmonic drive behavior. Their most com-
plex model involved kinematic error, nonlinear stiff-
ness, and gear-tooth interface with frictional losses.

Kircanski and Goldenberg have also attempted to
model the harmonic drive in detail [5]. They used the
drive system in contact with a stiff environment, in
contrast to unrestrained motion experiments used in
[4], and illustrated that in this case nonlinear stiffness,
hysteresis and friction are more tractable. Simple mod-
els for soft-windup, hysteresis, and friction were pro-
posed and the parameters were identified by restrained
motion experiments.

Hsia [6], Legnani [7], Marilier [8], and Seyfferth [9] are
among others who attempted to model the stiffness,
friction, and position accuracy of harmonic drive sys-



Figure 1: Harmonic drive components

tems. All these researchers noted the inherent difficul-
ties in finding an accurate model for the system.

In this paper a moderately complex model of harmonic
drive system is developed. Restrained and unrestrained
motion experiments are use to identify the model pa-
rameters and illustrate the fidelity of the model for
two different types of harmonic drive systems. It is
shown that a linear stiffness model for stiffness com-
bined with a velocity dependent structural damping
model can replicate the hysteresis torsion curve of the
system for restrained motion experiments. The fric-
tional losses of the transmission has been modelled us-
ing Coulomb friction, Viscous damping and Stribeck
friction. Both high speed, and low speed friction terms
has been identified using unrestrained and restrained
motion experiments respectively. Finally, the simula-
tion of the system built in Simulink has been used to
verify the model by experiments. It has been verified
that the simulation accurately predicts the restrained
and unrestrained experiments.

2 Experimental Setup

Two harmonic drive testing stations were used to mon-
itor the behaviour of two different harmonic drives. A
picture of the setup and its schematics are illustrated in
Figure 2, in which the harmonic drive is driven by a DC
motor, and a load inertia is used to simulate the robot
arm for unrestrained motion. Also a positive locking
system is designed such that the output load can be
locked to the ground. In the first experimental setup,
the circular spline is fixed to the ground and the out-
put is carried by the flexspline, while in the other setup,
the flexspline is fixed and the circular spline is used for
output rotation. By this arrangement the behavior of
the transmission under different operating configura-
tions can be observed. Each setup is equipped with a
tachometer to measure the motor velocity, and an en-
coder on the load side to measure the output position.
The output torque is measured by a Wheatstone bridge
of strain gauges mounted directly on the flexspline [10],
and the current applied to the DC motor is measured

Servo DC Harmonic
Amplifier Motor Drive  Load

—

Figure 2: A picture of the experimental setup and its
schematics

from the servo amplifier output. To obtain an esti-
mate of the output velocity, a Kalman filter estimator
on encoder readings [11], is employed. These signals
were processed by several data acquisition boards and
monitored by a C-30 Challenger processor executing
compiled computer C codes.

3 Modelling and Identification

The goal of modelling the harmonic drive system is to
discover the simplest representation which can repli-
cate system performance to a desired level of accu-
racy. A computer model will be the basis for discov-
ering and examining proposed control algorithms, be-
fore implementing them in practice. Usually a simple
model could serve as the basis for the controller de-
sign. However, in this paper a rather complete model
of the system is created to aid understanding of the sys-
tem. In practice it has been proven that the knowledge
obtained through the process of modelling and identi-
fication of the system becomes a powerful medium for
understanding, and improving the design, as well as for
providing new horizons for controller design.

3.1 DC—Motor

A DC motor can be viewed as a two input, one out-
put black box, where the servo current and external
torque are the inputs and the angular displacement {or
velocity) is the output. The torque balance for the DC
motor can be written in the form:

Kpni = Jmb + Ty, + Tout (1)

where K, is the motor torque constant, 7 is the in-
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DC Motor 1 DC Motor 2

Estimated Consist. Estimated Consist.

Parameter Measure Parameter Measure
Ko 0.0542 0% 0.1815 0%
Jm || 5.5 x107° | 0.82% | 5.8 x 1073 | 5.75%
T, || 53 x 107 | 23.3% || 8.6 x 107* | 7.75%
Ty, || 53x107% | 11.5% || 5.8 x 107* | 14.4%
T,, || 14x1072 | 9.01% || 1.5x 1072 | 25.9%
T,, | 1.3x107% | 5.72% || 2.7 x 1072 | 25.8%

Table 1: DC motors estimated parameters

put current to the motor, Jp, is the motor inertia, and
Tout is the external torque. Ty, is the friction torque,
which can be modelled in the form of velocity direction
dependent viscous and Coulomb friction as follows:

Ty, (0) = Tvnu—l(—é)é + Tvp“-l(é)é +

T, u_, (—0)sign(6) + Ty, u_, (0)sign(6) (2)
where .
1 ifz>0
“—l(x)z{ 0 ifz<0 ®)

Note that the indices p and n represents the depen-
dence of the friction coefficients on the velocity direc-
tion.

The model parameters are estimated by least square
approximation. Using Equation 1 as a linear regres-
sion model, and measuring the motor velocity and cur-
rent for two sets of high and low velocity experiments,
the model parameters can be estimated using Moore-
Penrose generalized inverse [12, 13]. Householder re-
flection is utilized in numerical calculations to avoid ill
conditioning [14].

By means of least square estimation, for each experi-
ment we obtained a set of parameters. However, these
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Figure 3: Velocity comparison of the DC motor model
and experiment for two typical experiments
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Figure 4: Typical hysteresis curve and its model for op-
timal a (dash-dot), and & = 1 (dashed)

parameters are deemed acceptable, only if they are con-
sistent for other experiments. By consistency we mean
a statistical measure, namely the ratio of the standard
deviation to the average value of each parameter es-
timated for different experiments. If this measure is
small, we have a good consistency for different experi-
ments, and in other words, the model is good enough
to capture the dynamics of the system.

Figure 3 illustrates the velocity fit obtained by the
model for two typical experiments. The model is capa-
ble of capturing the dynamics of the system for both
low and high velocity experiments. Table 1 summa-
rizes the estimation results for two setup DC motors.
Note that the motor torque constant K, is obtained
from the motor specs, and assumed to be known in
the least square estimation. The consistency measure
of the results for different experiment shows less than
10% for some parameters, and less than 30% for others.
The reason for variation in consistency measure among
parameters is that some experiments are not persis-
tently exciting to estimate those friction coefficients.
However, it has been verified by simulations that hav-
ing consistency measure less than 30% gives relatively
good match to the experiments.

3.2 Harmonic Drive Compliance

As described in a manufacturer’s catalogue [15], a typ-
ical shape of the harmonic drive compliance curve is
given in Figure 4. This curve illustrates harmonic
drive nonlinear stiffness and hysteresis. To capture the
nonlinear stiffness behavior, manufacturers suggest us-
ing piecewise linear approximations [15], whereas other
researchers prefer a cubic polynomial approximation
[4, 2]. The hysteresis effect, however, is more difficult
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to model, and consequently it is often ignored. Re-
cently Seyfferth et al. proposed a fairly complex model
to capture the hysteresis [9]. The hysteresis in the har-
monic drive compliance profile may be explained by
structural damping of the flexspline. The inherent cou-
pling of stiffness torque and structural damping, there-
fore, make it very hard to identify those separately.
We suggest that Figure 4 is in fact a Lissajous figure,
and we identify both the stiffness and damping of the
flexspline together using least square estimation. Lin-
ear and cubic models for compliance and many differ-
ent models for structural damping were tried in this
framework. Dahl model for friction [16, 17], Duham,
Preisach and Babuska models for hysteresis [18], are
among the dynamic models used to replicate the hys-
teresis torsion curve. We observed, however, that a
linear stiffness model with a static model, relating the
structural damping to a power of the velocity can best
capture hysteresis behavior. Equation 4 gives in de-
tail the compliance model, where A# is the flexspline
relative torsion.

Tneas = K148 + TStlAélt)(Sign(Aé) (4)

To identify the model parameters, a set of restrained
motion experiments has been employed, in which the
torque Tpneqs and the motor velocity has been mea-
sured. Equation 4 forms a nonlinear regression in which
K;,Ts; and a are unknown. Using an iterative least
square solution for this nonlinear regression model, it
is found that the optimal estimate of « is very close to
0.5. Consequently the damping torque of the system
can be related to the square root of the relative torsion
velocity. Figure 4 illustrates a typical hysteresis torsion
curve fitted by the model, comparing the difference be-
tween the optimal @ and o = % By fixing the value
of a = %, Equation 4 forms a linear regression model
for the system, that can be solved for different experi-
ments. Table 2 summarizes the compliance parameter

for the harmonic drives of our two setups.

3.3 Harmonic Drive Friction

All harmonic drives exhibit power loss during opera-
tion due to transmission friction. Figure 5 illustrates
the schematics of the harmonic drive model. The bulk

Figure 5: Transmission model of harmonic drive with
compliance and friction

Harmonic Drive 1 Harmonic Drive 2

Estimated Consist. Estimated Consist.
Parameter Measure Parameter Measure

a 3 0% 3 0%
K, 6340 9.6% 1042 | 4.36%
Ty 57.2 28.2% 7.96 | 28.0%
Jess | 1.0x107° | 6.38% || 1.0x 107 | 8.72%

1.8x 107" | 13.2%
21x107° | 8.42%
75x 107" | 29.2%
3.3x107° | 30.8%
Tee,, | —0.0076 | 14.7% || —0.0487 | 20.3%
Tes., | —0.0203 | 23.8% || —0.0450 | 18.6%
Tys 0.1 0% 0.1 0%

T,, ||37x107" | 16.7%
T,. || 3.5x107" | 19.3%

T, | 46x107" | 23.7%
T, 44x 107" | 24.0%

n

b

Table 2: Harmonic drive estimated parameters

of energy dissipation can be blamed on the wave gen-
erator bearing friction T%,, gear meshing friction Ty,,
output bearing frictions Ty, and the flexspline struc-
tural damping Ts:. Among them, most of the frictional
dissipation results from gear meshing. Also comparing
the ball bearing frictions, Ty; is more important than
T}, since it is acting on the high speed/low torque port
of transmission, and its effect on the dynamics of the
system is magnified by the gear ratio. The transmis-
sion torque is measured on the flexspline (namely node
cgs of Figure 5 ). The torque balance, therefore, can
be written as:

1
N
in which the measured torque Typeqs = Tk + Tz, N is
the gear ratio, and T, is the resulting torque of wave

generator, provided by the DC motor. From Equa-
tion 1, Ty, can be related to the input current by:

ng = (Tmeas) + fo + sz (5)

Twg = Kpni — Jnb — Ty, (6)

Thus, the final torque balance of the system is the fol-
lowing:

. 1
Kni— ﬁTmeas =

Jefféws’ + (Tfm + Ty, + T.fz) (7)
in which Ky is the motor torque constant, Jess is
the effective input inertia, and T, is the motor fric-
tion. The gear meshing friction torque is modelled as
Coulomb, viscous and Stribeck friction [19, 20], having
velocity direction dependent coefficient as follows:

Ty, = Tvpéwg U_l(éwg) + Tvnéwg “-1(“éwg)+

Ts,sign(Oug) u_, (Bug) + T, Sign(ezwg) u_l(_éwg)‘i'

. . _f Suwg_
Tss,,50gn(0ug) v_, (Buyg)e Toepz ) 4
N 2
Tssnlsign(éwg) u_l(—éwg)e_( “"2)

(8
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High Velocity Experiments Low Velocity Experiments
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Figure 6: Comparison of harmonic drive modelled and ex-
perimented torque; dotted: experiment, solid:
modelled

The Stribeck model for friction can capture the dynam-
ics of the friction at low velocities. Unlike compliance
identification, both restrained and unrestrained exper-
iments are employed to identify the friction model pa-
rameters. Unrestrained experiments are persistently
exciting for viscous and Coulomb friction, while re-
strained motion experiments operate the system at low
velocities which is ideal for Stribeck coefficient identifi-
cation. Unrestrained low velocity experiments are used
as well, for Stribeck coefficient identification. Equa-
tion 7 forms a linear regression model for the high veloc-
ity experiments in the absence of the nonlinear Stribeck
terms. It should be noted that in this regression model
instead of the internal system friction T, , Ty, and Ty,,
the entire friction of the system (Ty = Ty, + Ty, +Ty,),
can be identified. This imposes no limitation on the
identification procedure, since only the entire friction
Ty is required for the simulations. For low velocity ex-
periment also, Equation 7 can provide a linear regres-
sion if Ty, is assumed to be known. Figure 6 illustrates
the torque fit obtained for four typical experiments.
Table 2 summarizes the estimate friction parameters
of two harmonic drives assuming fixed Ts, = 0.1, and
their consistency measure. The consistency measure
for all parameters are less than 30%, which indicates
the reliability of the estimated parameters. It is impor-
tant to note that the estimated Stribeck friction coef-
ficients are negative, which is in contrary to the usual
dynamics of friction reported at at low velocity [21, 22].
However, this illustrates that there is no stiction in the
harmonic drive transmission, verifying the manufactur-
ers claim [23], nevertheless, it represents rising friction

0 2 4 6 0 2 4 6

Unrestrained System Restrained System
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3 4 3
g g
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8 8
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Figure 7: Simulation verification for restrained and unre-
strained systems; Solid : Simulation, Dotted :
Experiment

at low velocities.

4 Modelling Scheme Verification

To verify the model validity, simulations of the system
for both restrained and unrestrained systems is devel-
oped in Simulink. The simulation input is the mea-
sured current experimented on the system, as well as
the identified parameters reported in Section 3. The
output velocity and torque of the system is compared
to typical experimented outputs in Figure 7. For unre-
strained system, there is a perfect match for the veloc-
ity, and relatively good match for torque curves. For
restrained system, the match between velocities is less
accurate, and this is because of the smaller velocity
signal and larger noise to signal ratio. However, the
resulting torques are quite similar. This was verified
for more than twenty other experiments for both har-
monic drives, and all of them show a similar match be-
tween experiment and simulation. The accurate match
between simulation and experiment for different oper-
ating ranges, indicates the fidelity of the model to ac-
curately replicate the dynamic behavior of the system.

5 Conclusions

Based on experimental and theoretical studies, a sys-
tematic way to capture and rationalize the dynamics of
the harmonic drive systems is introduced. Simple and
accurate models for compliance, hysteresis, and fric-
tion are established and model parameters are iden-
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tified using least square approximation. A measure of
consistency is defined, by which the reliability of the es-
timated parameter for different operating condition, as
well as the accuracy of the simple model is quantified.
From compliance modelling results, it has been illus-
trated that identifying stiffness and structural damping
together will resolve the reported difficulties in deter-
mining the compliance parameters. Moreover, it has
been shown that a linear stiffness model best captures
the behavior of system when combined with a good
model for hysteresis. A simple static model for hys-
teresis is also introduced, and it is shown that this sim-
ple model can replicate the hysteresis effect in harmonic
drives better than some other dynamic models reported
in the literature. Friction losses of the harmonic drive
are modelled at both low velocity and high velocity
operating regimes. From experiments on two different
harmonic drives it has been observed that there is no
stiction in the transmission, but rather a rising friction
acts at low velocities. Finally, the model performance
is assessed by a simulation verifying the experimental
results for both restrained and unrestrained systems.
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