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Abstract

The unique performance features of harmonic drives� such as high gear ratios and
high torque capacities in a compact geometry� justify their widespread industrial
application� especially in robotics� However� harmonic drives can exhibit surpris�
ingly more complex dynamic behavior than conventional gear transmissions� In this
report� a systematic way to capture and rationalize the dynamic behavior of the
harmonic drive systems is examined� Simple and accurate models for compliance�
hysteresis� and friction are proposed� and the model parameters are estimated using
least
squares approximation for linear and nonlinear regression models� A statistical
measure of variation is de�ned� by which the reliability of the estimated parameter
for di�erent operating condition� as well as the accuracy and integrity of the proposed
model is quanti�ed� Finally� the model performance is assessed by a simulation veri�
fying the experimental results�

R�esum�e

Les performances uniques de l
entra��nement �a harmoniques� telles que rapports
d
engrenage 	elev	es ainsi que de fortes capacit	es de couple� justi�ent leur applications
industrielles tr	es r	epandues� particuli	erement en robotique� Cependant� l
entra��nement
�a harmoniques peut presenter un comportment dynamique plus complex que les
transmissions d
engrenage conventionnelles� Dans cette th�ese� nous proposons une
	etude syst	ematique et rationnelle du comportment dynamique de l
entra��nement �a
harmoniques� Des mod�eles simples et pr	ecis pour l
elasticit	e� l
hyst	eresis et le frot�
tement sont propos	es� et les param�etres du mod�ele sont estim	es par la m	ethode des
approximations des moindres carr	es pour mod	eles lin	eaire et non
lin	eaire regressifs�
Nous d	e�nissons une measure statistique de variation avec laquelle on quanti�e non
seulement la �abilit	e des param	etres estim	es pour di�	erentes conditions d
op	eration
mais aussi la pr	ecision et l
int	egrit	e du mod�ele propos	e� Finalement� les performances
du mod�ele sont illustr	ees par simulation� veri�ant ainsi les r	esultats exp	erimentaux�
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�� Introduction �

�� Introduction

In this report we present a methodology to model� simulate and identify the model
parameters of the harmonic drive systems� The report is divided into six sections� In
this section after introducing the harmonic drive system� the identi�cation models�
their properties� and the mathematical methods needed to solve the identi�cation
problem is discussed� Section � is devoted to the the modelling of the DC
motor�
the harmonic drive and the overall system for free load and locked load� giving the
simulation routines built in Simulink for each part� Section � introduces the identi��
cation of the DC
motor� In this section di�erent regression models for the system is
presented and the �nal identi�ed parameter of the system and simulation veri�cation
is given� In Section � the identi�cation methods for the harmonic drive is presented�
Finally� in Section � the modelling and identi�cation scheme is validated by experi�
ments� and the signi�cance of the nonlinear model is assessed by simulations through
a parameter sensitivity study�

���� Harmonic Drive Systems�

������ The Principles of Operation	
Developed in ���� primarily for aerospace applications� harmonic drives are high


ratio and compact torque transmission systems� Every harmonic drive consists of
the three components illustrated in Figure �� The wave generator is a ball bearing
assembly with a rigid� elliptical inner race and a �exible outer race� The �exspline
is a thin
walled� �exible cup adorned with small� external gear teeth around its rim�
The circular spline is a rigid ring with internal teeth machined along a slightly larger
pitch diameter than those of the �exspline� When assembled� the wave generator is
nested inside the �exspline� causing the �exible circumference to adopt the elliptical
pro�le of the wave generator� and the external teeth of the �exspline to mesh with
the internal teeth on the circular spline along the major axis of the wave generator
ellipse�
If properly assembled� all three components of the transmission can rotate at dif�

ferent but coupled velocities on the same axis� To use the harmonic drive for speed

Figure �� Harmonic drive components
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reduction� the wave generator is mounted on the electric motor shaft� and the output
is conveyed either through the �exspline while the circular spline is �xed or through
the �exspline while the circular spline is �xed� In the latter case� by rotation of the
wave generator the zone of gear�tooth engagement is carried with the wave generator
major elliptical axis� When this engagement zone is propagated ���

o

around the cir�
cumference of the circular spline� the �exspline which contains fewer teeth than the
circular spline� will lag by that fewer number of teeth relative to the circular spline�
Through this gradual and continuous engagement of slightly o�set teeth� every ro�
tation of the wave generator moves the �exspline a small angle back on the circular
spline� and through this unconventional mechanism� gear ratios up to ��� � � can be
achieved in a single transmission�
Since the harmonic drive has three rotational ports� by using di�erent combinations

of rotations on these ports� numerous di�erential�gearing functions and reduction
ratios can be achieved� In most popular con�guration� the circular spline is �xed to
ground and a low�torque� high�speed motor driving the wave generator can produce
high�torque� low�speed rotation on the �exspline�

������ Performance Features	

Typical gear ratios of commercial drives range from ���� to ������ and e�ciencies
can approach �� �� the smallest transmission can provide respectable maximum
torque output of about ��� N�m� while the heavy�duty units boast up to ������ N�m
of torque capacity�
Because of its unique performance features� the harmonic drive displays perfor�

mance features both superior and inferior to conventional gear transmissions� These
advantages and disadvantages are itemized as follows�

� Performance advantages�
�� High torque capacity�
Since torque is transmitted through multiple�tooth contact� harmonic drive
can withstand high torque at small pitch diameters�

�� Concentric geometry�
Since all three harmonic drive components are concentric and coaxial� de�
signer can drastically reduce power�train size and complexity�

�� Lightweight and compact�
Requiring only three basic elements� the harmonic drive can deliver ex�
tremely high gear ratios in small package�

�� Zero backlash�
Natural gear preloading and predominantly radial tooth engagement elimi�
nate virtually all transmission backlash�

�� High e�ciency�
If properly lubricated� typical e�ciencies of harmonic drive transmission can
reach �� to �� percent �di�erent claims about this exist��

�� Back drivability�
Due to their high e�ciency� wave generator rotation can be driven through
the �exspline or circular spline�

� Performance disadvantages�
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Servo
Amplifier

DC
  Motor

Harmonic
DriveLoad

Figure �� A picture of the experimental setup for free�load experi�

ments and its schematics

�� High �exibility�
Due to the high load seen by the wave generator and gear teeth� moderate
operating torques can produce substantial transmission torsion�

�� Resonance vibration�
Since torque �uctuations produced by kinematic error can interact with
the low sti�ness of the transmission to excite resonances� high vibration
amplitudes may be generated in some operating ranges�

�� Nonlinearity�
Both �exibility and frictional losses in the drive exhibit highly nonlinear
behaviour�

�� Low insight knowledge�
Compared to the conventional gear transmissions� relatively little explo�
ration has been done of the unusual operating mechanisms in the harmonic
drive�

The unique performance features of the harmonic drive have captured the attention
of designers in many �elds� it has been used in industrial robots� assembly equipment�
and measuring instruments� as well as heavy duty applications such as machine tools
and printing presses� Additionally� space and aircraft systems often employ harmonic
drives for their light weight and compact geometry�

���� Experimental Setup�

A harmonic drive testing station is employed to monitor the behaviour of the
system in free
load and locked
load experiments� A picture of the setup and its
schematics are illustrated in Figures � and �� in which the harmonic drive is driven
by a DC motor� and a load inertia is used to simulate the robot arm for free motion�
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Figure �� A picture of the experimental setup for locked load experiment

Also a positive locking system is designed such that the output load can be locked to
the ground for loacked
load experiments� In this setup� a brushed DC motor from
Electro
Craft is used� Its weight is ���� grammes� with maximum rated torque of
���� Nm� and torque constant of ������ Nm�amp� The servo ampli�er is a ��
Watts Electro
Craft power ampli�er� The harmonic drive is from RHS series of HD
systems� with gear ratio of ������ and rated torque of �� Nm�
The setup is equipped with a tachometer to measure the motor velocity� and an

encoder on the load side to measure the output position� The current applied to
the DC motor is measured from the servo ampli�er output and the output torque is
measured by a Wheatstone bridge of strain gauges mounted directly on the �exspline
����� These signals were processed by several data acquisition boards and monitored
by a C��� Challenger processor executing compiled computer C codes�

���� Identi�cation Methods�

������ Linear Regression Models	

There are two general method for identi�cation introduced in the literature� In the
�rst method a parametrized mathematical model of the system is assumed� where the
parameters of the model are subject to identi�cation� The second method challenges
more complex systems� where a parametrized mathematical model is not available�
In this case usually a linear model with a speci�c order may assumed to capture the
behavior of the system� where the parameters of the model is subject to identi�cation�
In this study we use the �rst case in which we assume that the mathematical model
of the system can be derived from physical principles�
A set of experimental input�output data is used for identi�cation of the model

parameters� Given the set of input�output pairs fui� yigmi�� for each pair the input�
output relation can be generally written as m equation in the form�

f�yi� ui� �� � � � for i � �� �� � � � � m ���

where the unknown model parameters are collected in the rows of the vector ��
Equation � implies that the input�output relation for the system depends only on
the input and output signals and the identi�cation parameters� This is not generally
true� since some information� such as the derivatives of the input�output signals� may
intervene with the input
output relation�
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Suppose Equation � is linear in � then it can be written in the form of�

A� � b ���

where A is an m�n matrix� � is the n�� column vector of identi�cation parameters�
b is the m � � column vector� and m � n� If the model is perfect� i�e� the input
output signals are noise free� and the mapping A is of full rank� then this system
of overdetermined equations has a unique solution which are the exact identi�cation
parameters� However� these condition is not satis�ed in practice and there is no
exact solution to the system expressed in Equation �� If the mapping is of full rank�
then a unique approximate solution can be found� which veri�es Equation � with the
minimum Euclidean error� This solution is called the least�square solution and can
be expressed by Moore�Penrose generalized inverse of the rectangular matrix A�

�l � AIb ���

where

AI �� �ATA���AT ���

Direct calculation of AI can be numerically intractable due to ill conditioning�
Several other numerical techniques� such as orthogonal decomposition� Householder
re�ections� or Cholesky factorization can be used to avoid ill conditioning� These
methods are well developed� and most e�cient packages such as Matlab incorporate
them� ����

������ Nonlinear Regression Model	

Consider the general input
output relation given in Equation �� If this relation is
not linear in � then the model is called nonlinear regression� repeating Equation �
in terms of unknown parameters � only�

f��� � � ���

f is an m � � vector valued function nonlinear in �� A solution in this case may or
may night exist� and if it exists it may be nonunique� The main idea in identi�cation�
however� is to �nd an approximate solution �l which minimizes the norm of error�

e��� �
�

�
fT f ���

A solution can be computed iteratively� using Newton�Gauss method� First� an
initial guess of �� say ��� is given� then a sequence of �k is generated� where

�
k�� � �

k  !�k ���

and the least�square solution of the system is�

!�k � ��JTJ���JT f��k� ���

where J��� de�ned as the m� n Jacobian matrix of the vector function f���� i�e��

J��� �
�f���

��
���

This iteration should be proceed until k!�k 	 �� Calculation of the inverse in
Equation � can be numerically intractable due to ill conditioning� Therefore� other
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numerical approaches such as orthogonal decomposition� Householder re�ection� or
Cholesky decomposition might be numerically more stable�

������ Discrete and Continuous Time Models	

Two class of models can be considered for identi�cation process� discrete and con�
tinuous time models� For a time invariant system the discrete time model can be
represented by a di�erence equation or a z�domain transfer function� For instance a
�nite impulse response �FIR� �lter can be represented as�

yk � b�uk��  b�uk��  � � � bmuk�m ����

or

y�z� � �b�z
��  b�z

��  � � � bmz
�m�u�z� ����

while an in�nite impulse response �IIR� �lter is represented by the following di�erence
equation�

yk � b�uk��  b�uk��  � � � bmuk�m � a�yk�� � a�yk�� � � � � � anyk�n ����

or

y�z�

u�z�
�

b�z
��  b�z

��  � � � bmz
�m

�  a�z��  a�z��  � � � anz�n
����

On the other hand� to model an analog �lter in the continuous time domain a di�er�
ential equation is required� i�e��

dny

dtn
 a�

dn��y

dtn��
 � � � any � b�

dm��u

dtm��
 � � � bmu ����

In our experimental setup the input�output signals are available as a discrete sequence
in time� and the derivatives of the signals are not available� Therefore� the discrete
time models more directly transformed into the linear regression model� Consider
Equation �� to be rewritten in the form�

yk � 
Tk � ����

where


Tk � ��yk����yk��� � � � ��yk�n� uk��� uk��� � � � ��uk�m� ����

Equation �� can be directly transformed into linear regression model of

A� � b ����

where�

A �

�
���


Tk

Tk��
���

T�

�
��� � b �

�
���

yk
yk��
���
y�

�
��� ����

�
T � �a�� a�� � � � � an� b�� b�� � � � � bm� ����

However� this transformation is not directly feasible for the continuous time domain
models �Equation ���� since the derivatives of the signals are not available� A naive
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way to over come this problem is to di�erentiate the signals numerically� This is not
an appropriate method in presence of noise� for it will magnify the e�ect of noise�
There are better methods to overcome this problem which will be discussed next�

������ Methods of Signal Di�erentiation	

A �rst method to represent the continuous time model as regression model is dis�
cretization� There are di�erent method of discretization including backward di�er�
ence� bilinear transformation �with or without frequency warping�� impulse invariant
transformation� and zero�pole matched transformation� For instance in the bilinear
transformation we replace s �Laplace variable� with z by the following relation� where
Ts is the sampling time�

s �
�

Ts

�� z��

�  z��
����

All of these methods have two main problems� Firstly there is no �ltering on
their structure� therefore� noise magni�cation will appear on the results in some ex�
tent� Secondly� they are designed to transform linear continuous models into discrete
ones� Thus� for nonlinear models� the transformation is complicated and practically
infeasible�
A second method is analog �ltering and then discretization� To describe the method

let us consider the following second
order system� i�e��

M "y  B #y  Ky � u
�Ms�  Bs K�y � u

����

First multiply both sides by a low pass analog �lter� The �lter can be any type� but
at least second order� Two natural candidate �lters are�

H��s� �
��
�

s�  
p
���s ��

�

or H��s� �
��
�

�s ����
����

Multiplying Equation �� with H� gives after some manipulation�

�M��
��y  �B � �M���yfd  �K �M��

��yf � uf ����

where

yfd �
s��

�

�s  ����
y � yf �

��
�

�s ����
y � uf �

��
�

�s ����
u ����

which represents the derivative of �ltered signal and the �ltered signals respectively�
In practice since y and u are given in discrete time domain� in order to �nd the �l�

tered signals� we have to transform the �lter also into discrete time domain� This can
be done again with any method of discretization� Still this method is not applicable
for nonlinear systems� although the noise magni�cation is recovered�
A third method is a modi�cation of the second method in the discrete time domain�

In this method we design �rst a digital �lter to clean the measured signal from noise
and then use numerical di�erentiation to obtain the derivatives� This method is also
feasible for nonlinear systems� There is always� however� a phase distortion in the
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signal� To avoid this problem� in our identi�cation process the experimental signals
are �ltered using a �fth order Butterworth �lter� by zero�phase distortion routine ��

�Function �lt�lt in Matlab
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Figure �� Black box representation of the DC motor

�� Modelling and Simulation

���� DC Motor Modelling and Simulation�

DC motor can be viewed as a black box with two input� input current� and load
torque� and an output angular displacement �or velocity� as illustrated in Figure ��
The mathematical model for the DC motor can be written as

�m � �i  �f  �o ����

where �m is the motor torque generated by the ampli�er current��i is the inertial
torque� �f is the friction torque� and �o is the output torque� It can be shown that�

�m � Km sat�i� isat� � �i � Jm"� ����

where �m is bounded due to the current saturation limit of the servo ampli�er as
illustrated in Figure �� The friction torque can be expressed by di�erent models such
as static and viscous� velocity direction dependent static and viscous� or slip�stick
plus static and viscous friction as follows�

�f �

������	
�����


Tvm #�  Tsmsign� #��

Tvn #� u��
�� #��  Tvp #� u��

� #��  Tsnsign� #�� u��
�� #��  Tspsign� #�� u��

� #��

Tvm #�  Tsmsign� #��  Tss�sign�
#��e
�

�
��

Tss�

��

Tvm #�  Tsmsign� #��  Tss�
sign	 
��

��
�

��
Tss�

��
����

where u
��
�x� is the unit step function de�ned as�

u
��
�x� �

�
� if x � �
� if x � � ����

i sat

Km

Current

Torque

Figure �� Saturation of the servo ampli�er current
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Figure �� DC motor model simulated on Simulink

Finally� the equation of motion of the DC motor can be written as�

"� �
�

JM
�Kmi� �o � �f� ����

Figure � illustrates the block diagram representation of the DC motor model used
in the simulation� The model is a simple double integrator� which can incorporate
di�erent models of friction� The �rst input to the system is current� i� which is limited
through the saturation box� The second input is the applied load torque� and the
outputs are angular position and velocity�

������ Friction Simulation Block	

Simulating the friction proves to be a very complicated but important task� In
this section we intend to elaborate the technical details of friction simulation in some
steps� Consider a simple block with mass M moving on a rough surface as shown in
Figure �� Suppose the mass is in rest and we start to apply a statically increasing
force Fdr� The massM will remain stationary until the driving force reaches the static
friction� In this region the friction force Ffr � Fdr� While increasing the driving force
after this limit� the friction force don
t depend on the driving force anymore and is a
function of the speed� where di�erent models explained in Equation �� will give the
amount of friction force� To simulate this characteristics� a friction block requires
two inputs� namely velocity and driving force� This is considered as the �rst friction
block used in the simulation� However� there is a numerical di�culty to implement
this idea� Two condition should met to have Ffr � Fdr� �rst the velocity of the
mass should be zero� second the driving force is less or equal to the static friction�
To implement the �rst condition� absolute zero velocity can not be used because of

x

fr

dr

F

FM

Figure 	� A moving mass M under driving and friction forces
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Friction

Velocity

ε

Figure 
� The Modi�ed friction curve used in the simulation to avoid

chattering velocity

the sensitivity of numerical results to round o� errors� and a very small threshold �
should be used� There is a trade o� between the numerical sensitivity of the system
and the maximum norm of error in �nding the optimum value of �� To elaborate
on that consider the mass M has an initial velocity� and under no driving force� In
practice the mass velocity should slow down until it reaches zero velocity� Figure �
illustrates this case where � � ����� For this case since the threshold is too small
there is an unrealistic chattering around zero velocity� This may cause a large error
for compliant system� and therefore� should be eliminated� Using a larger threshold�
� � ����� reduces the chattering as illustrated in Figure ��� but the �nal velocity
will not decrease to zero but will be bounded by the amount of �� The reason for
this chattering problem is that in our simulation algorithm� we specify a minimum
integration time� Although the routine is using a variable integration step� since
there is a lower bound on the integration time the discontinuity generally occurs
inside integration subintervals� This cause the velocity and hence the friction force
jump between a positive and negative value�
To avoid this problem researchers propose an alternative method for friction sim�

ulation ��� �� ���� which is used in the new version of this block� In this approach the
discontinuity is replaced by a curve of �nite slope �Figure ��� This model eliminates
the need to search for the switching point within an integration subinterval� How�
ever� if the slope is large� then small integration step sizes is needed� and hence� the
simulation is slow� Also the friction force will not be dependent to the driving force�
In this model the value of bandwidth � is dynamically determined due to the

characteristics of the system� and the integration step size to ensure avoiding any
kind of chattering� The concept behind �nding the size of bandwidth is that in the
cases where chattering occurs� the bandwidth is large enough that two consequent
friction forces are either positive or negative� To �nd the minimum bandwidth size
� which provides this condition� let us write the equation of motion for our simple
example illustrated in Figure �� In case where no driving force applied to the mass�
�or when the system is at low speed region and we can assume that the friction force
is larger than the driving force� we have

M "x � Ffr ����
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Figure �� The simulation result of a moving mass with initial velocity�

Discontinuous friction with � � ����

thus the maximum speed can be approximated by

"xmax �
Fs

M
�� ! #xmax �

Fs

M
!Tmax ����

where Fs is the static friction �maximum force�� and T denotes the integration time
step� Now to ensure that the next friction point is within the boundary layer� it is
su�cient to have at least a boundary layer width equal to�

� �
Fs

M
!Tmax ����

Therefore to adjust this boundary layer we require to know the maximum integration
time step and the mass or inertia of the system� This algorithm is used to �nd the
variable boundary layer width in the simulation� Figure �� illustrates the previous
example result using this smoothing technique� in which the method is generalized
to incorporate the velocity direction dependent friction coe�cients�
Although this modi�cation help us to get rid of unrealistic chattering problem� it

is important to note that� this model of friction gives unrealistic friction forces within
the boundary layer�

���� Harmonic Drive Modelling and Simulation�

The goal of modelling of the harmonic drive is to discover the simplest represen�
tation which can replicate system performance to the desired level of accuracy� This
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computer model will be the basis for discovering and examining the proposed con�
trol algorithms� In this section di�erent models of harmonic drive is presented� The
models will come from simple and unrealistic to more complete and realistic ones� It
is better to follow the di�erent subsection in order� for better understanding of the
�nal model�

������ Model 
� Ideal Model	

N
wg fs

Figure ��� Ideal transmission model of harmonic drive

Since harmonic drive is a three port transmission unit� two ways of implementing
this device is possible in the applications� In this report we only consider one of them
which is used in our test setup� In this model circular spline is �xed� wave generator
is driven by the input motor� and the output is conveyed through the �exspline�
Notice that the direction of rotation in the output shaft is in the opposite direction
of that in the input shaft� Considering this fact we made the convention that output
rotation is positive if it is in the opposite direction of a positive input rotation to get
rid of a minus sign in the equations�
The simplest model for harmonic drive� where no nonlinear source is taken into

account� can be named as ideal transmission� This model should be able to describe
the gear reduction properties of transmission� which is represent by the following
equations�

�wg � N �fs ����

�wg � N �fs ����

Twg �
�

N
Tfs ����

where the notation are de�ned in Figure ��� Note that the direction of rotation will
change if the �exspline node is taken as the output�
Harmonic drive is a two
input two
output system in which inputs and outputs are

angular displacement �or velocity�� and torque� The input signals to the harmonic
drive are wave generator angular position �or velocity�� and �exspline torque as shown
in Figure ��� This surprising indication can be rationalized by the nature of the
system� Clearly the input to the system is the motor rotation which is transmitted
through the wave generator by a reduction mechanism to the �exspline� However

HD
θ θ

T T

wg

fs

fs

wg

Figure ��� Block box illustration of harmonic drive
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Figure ��� Transmission model of harmonic drive with compliance

the amount of torque transmitted through the system is governed by the amount of
torque applied on the �exspline� Suppose there is no output torque and no friction
and losses� then the input torque is necessarily zero� That is the reason why the
�exspline torque is actually an input signal to the system� and that is true not only
for the harmonic drive but also for any other kind of gear transmission�

������ Model �� Compliance	

To have more realistic model consider now the compliance of the �exspline� Fig�
ure �� illustrates this con�guration� where a nonlinear cubic spring is added to the
�exspline node ����� The governing equation of motion can be written as��

�nfs �
�
N
�wg

Twg �
�
N
Tnfs

����

Tk � Tfs � Tnfs � K���nfs � �fs�  K���nfs � �fs�
� ����

Note that other forms for the �exspline compliance can be used here� Finally� solving
Equation �� for �fs� �

Twg �
�
N
Tfs

�fs �
�
N
�wg  a

�

� � K�

K�a
�
�

����

where

a � � Tfs
�K�

 
�

��

s
�

K�
�

� 
�K�
�  ��T

�
fsK�

� �

� ����

Equation �� is an algebraic equation relating input and output signals of the har�
monic drive and it is easy to simulate�

������ Model �� Friction and Compliance	

N
n-fswg n-wg

T

T
 f1

f2

T

fsc-fs

T

Tk

st

f3

Figure ��� Transmission model of harmonic drive with compliance

and friction
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The bulk of energy dissipation in harmonic drives can be blamed on friction due
to gear�tooth meshing action between �exspline and circular spline� Base on this
assumption a new model of harmonic drive is shown in Figure ��� where four friction
torque is considered for the model� The �rst friction torque� Tf� � is due to the wave
generator ball bearing� which can be modelled as a combination of static and viscous
friction� The second friction� Tf� � corresponds to the gear�tooth meshing friction� and
can be modelled as a Stribeck� static and friction� The friction denoted with Tst� is
due to the structural damping of the �exspline� where the nature of this should be
captured through identi�cation� and the last friction is due to output ball bearing
which can be modelled by a static plus viscous friction model�
The governing equations between each two nodes can be written as following��

�wg � �nwg
Twg � Tnwg  Tv� #�wg  Ts�sign� #�wg�

�����
�nwg � N � �nfs
Tnwg �

�
N
Tnfs  Tf�

�����
Tnfs � Tcfs
Tnfs � K���nfs � �fs�  K���nfs � �fs�

�  Tst
�����

�cfs � �fs
Tfs � Tcfs � Tv� #�fs � Ts�sign� #�fs�

����

where the friction model for the gear�tooth meshing can be simple static friction and
viscous damping� or the model of Hess and Soom ����� or Tustin model ���� as follows�

Tf� �

�����	
����


Tv� #�wg  Ts�sign� #�wg�

Tv�
#�wg  Ts�sign�

#�wg�  Tss�
sign	 
�wg�

��

�
��wg
Tss�

�
�

Tv� #�wg  Ts�sign� #�wg�  Tss�sign� #�wg�e
�

�
��wg
Tss�

��

����

Di�erent models for structural damping� Tst� are proposed by researchers� One
main behavior of the compliance is the hysteresis in the torsion curve� which can
be modelled by Dahl friction� ���� by other mathematical model for hysteresis like
Preisach model� ����� or by other form of velocity dependent frictions� The details
of the corresponding models will be explained in the identi�cation section� where
by experiment di�erent models will be examined to approximate the input output
relations�
Figure �� illustrates the simulation block of harmonic drive and the output load�

The output angular displacement of harmonic drive actuates the output load� Jout�
where in free load situation�

Jout"�fs � Tfs ����

There are two blocks used in the simulation which are written in C and linked to
the Simulink using Cmex compiler� Compliance block has four inputs� #�nfs� �nfs�

#�fs�
and �fs� and the torsion torque� Tcfs� as output� In calculating this torsion the cubic
model of sti�ness and a velocity dependent model for structural damping is used� The
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Figure ��� Harmonic drive model simulated on Simulink

friction block is the same as the friction block in the motor� and refer to the details
explained in Section ����� a smoothing method is used to avoid chattering velocity�
A full model of viscous plus Coulomb plus Stribeck friction is used in Figure ��
friction block� where exponential model is used for the Stribeck part and all friction
components are considered to have velocity direction dependent coe�cient�

���� Overall System Modelling and Simulation�

The testbed consist of signal generator� DC motor� harmonic drive� and output
load� We modelled the system for two special applications� free
load and locked
load
motion� Figure �� illustrates the free load case� in which the motor and harmonic
drive blocks �Figures � and �� respectively� are used in connection to a signal gener�
ator� The displayed outputs are the �exspline and wave generator angular position
and velocity� which will be displayed online on the scopes as well as logged into the
Matlab workspace vectors� tout� and tin respectively�
The locked load case is similar to the free load simulation� while the output position

and velocity is forced to be zero� as illustrated in Figure ��� In this case the output
inertia� and load don
t come into the picture� These two simulation routines are the
main tool for further simulation veri�cation and controller design�

Figure �	� Overall System model simulated on Simulink� Free load case
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Figure �
� Overall System model simulated on Simulink� Locked load case
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�� DC
Motor Identification

In this section we discuss the parameter identi�cation of the DC motor model used
in the harmonic drive system� Although the mathematical model for the harmonic
drive is more complicated than that of the DC motor� the identi�cation problems
are quite similar in nature� Moreover� it is easier to experiment on the DC motor�
therefore� we will �rst apply the identi�cation approach on the DC motor� analyse
the results� understand the practical di�culties� and then apply the identi�cation
process on the harmonic drive�

���� Introduction�
A key point in our identi�cation process is that we use only one set of experiments

to identify all the parameters together� In the literature there are some attempts
to identify di�erent parameters separately through applying carefully designed set of
experiments� However� as Tuttle et al� observed� ���� ���� this is a di�cult task� and
for some parameters �harmonic drive friction and compliance� it is not feasible� This
method is a uni�ed method which can identify all the system parameters� provided the
experiment inputs are persistently exciting� A persistently exciting input is an input
where all the system components are contributing in the output� A chirp function or
a composite of three or more harmonics can be used as such an input� Moreover� as
mentioned in ��� ��� ���� the behaviour of friction in the low speed region is di�erent
than that in the high speed� Therefore� another low speed experiment is required to
excite the stick�slip or Stribeck friction�
In this section we will �rst discuss the regression models of the DC motor� then

introduce the simulations for an identi�cation test and comparison of the di�erent
methods� Then the DC motor experiments will be outlined and the identi�cation re�
sults discussed� Finally� the simulation result equipped with the identi�ed parameters
will be compared to the experimental results�

���� Linear Regression Model�

As explained in Section ���� the mathematical model for the DC motor powered
with a servo ampli�er can be represented by

�m � �i  �f  �o ����

where �m is the motor torque produced by the ampli�er current��i is the inertial
torque� �f is the friction torque� and �o is the output torque� It can be shown that�

�m � Kmi � �i � Jm"� � �o � const� or � ����

where Km is the torque constant� and Jm is the rotor inertia� The friction torque can
be represented by di�erent models� To have a linear regression model we consider
only static and viscous friction as illustrated in Figure ��� which can be expressed as�

�f � Tv #�  Tssign� #�� ����
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Friction

Velocity

Figure ��� The friction model consists of static and viscous friction

where Tv is the viscous friction coe�cient and Ts is the static friction coe�cient�
Finally the system model will be�

Jm"�  Tv #�  Tssign� #�� � Kmi� �o ����

Notice that the model is nonlinear with respect to the angular displacement� however�
considering the identi�cation parameters� �� as�

� � �Km� Jm� Tv� Ts� ����

The model is linear in �� provided the angular velocity� angular acceleration� servo
ampli�er current� and the output torque are known� However� in practice only angular
displacement or angular velocity is measured and angular acceleration is not known�
As we mentioned in Section ����� there are di�erent methods to derive the acceleration
from the velocity and shown that for nonlinear system the best way is to numerically
di�erentiate the �ltered signal� where a �fth order Butterworth �lter� by zero�phase
distortion routine is used to �lter the signal�
The linear regression model can be summerized to��

������

i
�

f � #��fd � #��f �sign� #��f �
i
�

f � #��fd � #��f �sign� #��f �
i
�

f � #��fd � #��f �sign� #��f �
���

���
���

���

i
m

f � #�mfd � #�mf �sign� #�mf �

�
������

�
���
km
Jm
Tv
Ts

�
��� �

�
������

�
�

o

�
�

o

�
�

o
���
�
m

o

�
������ ����

where #�f is the digitally �ltered angular velocity� #�fd is the numerical derivative of
#�f � which serves as the angular acceleration� and the measured signals are logged as
vectors with M  � rows�

���� Nonlinear Regression Model�

The nonlinear model of DC motor can be derived by considering complete models
of the friction� At low speed the behavior of friction cause the system to exhibit
stick slip� This phenomena determines the lowest sustainable speed� and the shortest
governable motion� therefore its dynamics is worthwhile to be understood� Space
permits here only a brief outline of the new modelling achievements of this kind
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Friction

Velocity

Figure ��� The friction model consists of static� viscous� Stribeck friction

of friction� and a more complete discussion can be found in ��� ��� ���� Figure ��
illustrates the friction shape as a function of velocity� A few mathematical models
are developed for the friction� Hess and Soom� ����� proposed the following form�

�f � Tssign� #��  Tv #�  Tss�
�

�  �

�

Tss�
��
sign� #�� ����

Armstrong� ��� employed Tustin
s exponential model for friction which can be char�
acterized as�

�f � Tssign� #��  Tv #�  Tss�e
�	

��
Tss�

��

sign� #�� ����

In this section we consider Hess an Soom model� Equation ��� because of its analytic
tractability� The third term� in the friction captures the negative slope regime� which
is caused due to partial �uid lubrication� and two coe�cient Tss� and Tss� is required
to model it�
From Equation �� the dynamic model of the DC motor can be written as�

Jm"�  Tv #�  Tssign� #��  Tss�
�

�  �

�

Tss�
��
sign� #�� � Kmi  �o ����

The new set of identi�cation parameters � is�

� � �Km� Jm� Tv� Ts� Tss�� Tss�� ����

and the nonlinear regression model is as follows�

f��� �

�
����

f
�

���

f
�

���
���

f
m

���

�
���� � � ����

where

f
i

��� � Jm #�
i

fd  Tv #�
i

f  Tssign� #�
i

f �  Tss�
�

�  �

�
i
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Tss�
��
sign� #�

i

f ��Kmi
i

f � �
i

o ����
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Figure ��� The Simulink DC motor model for testing the identi�ca�

tion process

in which if � #�f are the �ltered input and output signals� and #�fd is the derivative of
#�f which serves as angular acceleration� It should be mentioned that this nonlinear
regression model can be converted to a linear regression model if the only nonlinear
term Tss� is �xed� This might be used in practice since the solution to linear regression
model are more robust�

���� Simulation Check�

Before applying the identi�cation process to the experimental results� we developed
a testing simulation on Simulink in order to check the feasibility of the method and
accuracy of the result� Figure �� illustrates the system model� where white noise is
added to the input and output intentionally �the variance of noise is selected to be
�� of maximum peak of signal�� The current input block can be adjusted to have a
composite of three sinusoidal input� or triangular input for low and high speeds� A
constant load torque is applied to the system� and three signals are logged� namely
angular displacement and velocity� and input current� The friction block in Figure ���
can incorporate Stribeck friction as well as viscous and static friction� A nominal set
of parameters are used in the simulation which are given in Table ��
Identi�cation process for both Linear and nonlinear regression models given in

Equation ��� and Equation �� respectively� are tested via the simulation input�output

Jm Km Tv Ts Tss� Tss�
Simulation ���� ��� ���� ���� ���� ����
LRM Results ������ ���� ����� ����� ���� �����
NRL Results ����� ���� ����� ����� ���� ����� ������ �����

Table �� Nominal DC motor parameter used in simulation� compared

to the linear and nonlinear regression results
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signals� The results are illustrated in Table �� In both case a composite of three
harmonics are applied as the input current� The result of linear regression model
is close to the nominal values� and by decreasing the variance of the noise we get
better results� However the Stribeck parameters are far o� identi�ed compared to the
nominal values� This can be rationalized by reconsidering the input signal which has
sinusoidal components� Stribeck friction occurs at low speeds� therefore� this input
signal is not persistently exciting for Stribeck friction� We applied a low velocity
saw�tooth signal as input and redone the identi�cation process� and get the following
results�

Tss� � ����� ���� Real�
Tss� � ���� ���� Real�

����

However� the other parameters are estimated inaccurately� That is because this
input can not excite them� This result implies that to get reasonable results for all
the parameters it is better to divide the identi�cation problem into two parts� First
�nd the parameters which can be found by the linear regression model� Then plug
them into the nonlinear regression model as known parameter and obtain the other
ones� This partition results in

Tss� � ���� ��� Real�
Tss� � ���� ���� ������ Real�

����

which gives better result for the �rst parameter but still not quite accurate result for
the second parameter� This may be due to this fact that the second parameter of
Stribeck friction does not a�ect the simulation output� To show this� a series of simu�
lation were executed and it is observed that this parameter does not e�ect the output
of the system� therefore� the identi�cation result can not target the right parameter�
From a control point of view this malfunction is not critical� since we require a model
to capture the behaviour of the system� and as far as the the input output behavior
can be estimated within a certain error limits� the amount of individual parameters
are not important� This leads us to believe that the partition method of linear and
nonlinear regression model for identi�cation can be used for real system�

���� Experiments Outline�

Two set of experiments are considered for the DC motor identi�cation� Four dif�
ferent signals are selected for each set� Figure �� illustrates the high velocity signals
which will be used for linear regression model� The forth signal in this set is composite
of three sinusoid as following�

y�t� � cos�t�  ��� sin��t�  sin��t� ����

The low velocity signals are saw�tooth signal like the �rst signal illustrated in Fig�
ure �� with lower amplitude� These signals will be used for nonlinear regression
model� These signals are applied through a software to the servo ampli�er� The real
current input to the motor and the output angular velocity of the system are mea�
sured and stored for the identi�cation process� Figure �� illustrated the measured
input and output signals of a typical experiment �composite input�� The variance of
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Figure ��� Di�erent current input signals

noise is less than ���� of maximum peak of signal for this case but this will increase
two �� for low velocity signals�

���� Final Identi�cation Results�

Similar to Section ���� identi�cation process is applied to the real input�output
signals� The only di�erence is that there is no output torque applied to the motor�
therefore� the linear regression model simpli�es to�

A� � � ����

In order to get the non scaled value of the parameters in this case we should supply
one of the parameters� The motor inertia is supplied� since it is the one given with

Jm Km Tv Ts
Saw�tooth ������ ���� ����� ���� ����� ���� ����� ����
Square ������ ���� ����� ���� ����� ���� ����� ����
Sine ������ ���� ����� ���� ����� ���� ����� ����
Composite ������ ���� ����� ���� ����� ���� ����� ����
Final Decision ������ ���� ����� ���� ���� ���� ���� ����

Table �� Least square results of linear regression model for the DC motor
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Figure ��� Typical experimental input�output signals

most accuracy in the technical speci�cation� Four di�erent pair of input�output result
in slightly di�erent values for the parameters� These results are given in Table �� Out
of the four observation a �nal value is decided for every parameter� This �nal value
is provided for the nonlinear regression model and the resultant values for Stribeck
friction observed to be very small and negligible� This con�rms the manufacturer
s
claim that the slip stick friction for the DC motor is negligible�

���� Simulation and Experiment Comparison�

To verify the identi�cation results� the measured input signal is used as an input
to the simulation and the simulation output is compared to the experiments� This
approach will not only verify the identi�cation parameters� but also give some insight
into the physical correspondence of the parameters�
Figures �� and �� illustrate the comparison of simulation and experiments for low

and high velocities� the following observation can be done on the comparison results�

� Low friction experiments
�� The behavior of system for positive velocity is di�erent than that for the
negative velocity� In fact the speeds the rotor reaches is more in negative
direction than that in positive direction� This can be rationalized as having
di�erent friction characteristics depending on velocity direction�
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Figure ��� Comparison of simulation to experiments for low velocity input

�� The break away points in the simulation occurs later than that in exper�
iments� Also the break away points in experiments depend on velocity di�
rection�

�� In the second graph of Figure �� some dynamics are observed for the nega�
tive breakaway portion of the motion� This can be rationalized by existence
of Stribeck friction� However� this does not occur in the other experiments
and looks to be a local friction property which is not identi�able by the
identi�cation process�

�� The peak positive velocity in the second graph of Figure �� happen to be
exceptionally �at� which again is a local property and can not easily be
modelled�

� High velocity experiments
�� Di�erent friction behavior for positive and negative velocity�
�� At positive velocity the identi�ed friction should be more� while at negative
velocity it should be less�

We conclude that the static friction which plays an important role in low velocities
should have lower amount than that which is obtained from identi�cation� Also
there is a requirement of having two di�erent static friction coe�cient depending
on the velocity direction� At high velocity viscous friction is more important� and
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Figure ��� Comparison of simulation to experiments for high velocity input

therefore� it should be modelled with two di�erent velocity direction coe�cients� Also
the value of positive viscous coe�cient is anticipated to be more than the current
identi�ed parameter� while the negative viscous coe�cient might be less than that�
The Stribeck friction exist but because it is locally observed it is hard to put it into
a consistent model�
To obtain abetter match we applied the following modi�cation into the regression

models and processed the identi�cation scheme on it� The following equation is
capable of including di�erent static and viscous friction with respect to the velocity
direction�

Jm"�  Tvnu
��
�� #�� #�  Tvpu

��
� #�� #�  Tsnu

��
�� #��sign� #��  Tspu

��
� #��sign� #��

 Tss�
�

��	
��

Tss�
��
sign� #�� � Kmi  �o ����

in which the subscript n denotes the negative velocity direction coe�cient� while p
denotes positive velocity direction coe�cient� and u

��
�x� is de�ned similar to unit

step function but not in the time domain�

u
��
�x� �

�
� if x � �
� if x � � ����

Similar linear and nonlinear regression models can be constructed with this new
formulation and the identi�cation process applied for them� Table � illustrates the
results for the new linear regression model� while the nonlinear regression model
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Figure ��� Comparison of simulation using identi�ed parameter and

modi�ed identi�ed parameters to experiment for low velocity input
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Figure �	� Comparison of simulation using identi�ed parameter and

modi�ed identi�ed parameter to experiment for high velocity input
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again results in zero coe�cient for Stribeck friction� The �nal decision is consistent
with the observations made on previous identi�cation veri�cation� Figures ��� and
�� give a comparison of the experiment and simulation using both identi�ed param�
eters obtained from Section ��� and modi�ed regression model given by Equation ���
The dotted signal corresponds to the experiment� the solid line denotes the simula�
tion result using �rst set of identi�ed parameters� and the dashed line denotes the
simulation result using modi�ed parameters� For low velocity experiments the model
matching is accomplished by the modi�ed model� while there is still little discrepancy
observed for high velocity experiments� To match the parameters for high velocity
experiments some trial and error tuning is forwarded to gets better results� but it is
observed that by changing the viscous friction coe�cient better matching is obtained
for some experiments but not for all experiments� Finally� the �nal decision param�
eters given in Table � is a good trade o� for matching of all the experiments� and
although the worst normalized deviation is about ���� Figures ��� and �� are a good
indicator of this success�

Km Tvn Tvp Tsn Tsp
Saw�tooth ����� ���� ����� ���� ����� ���� ����� ���� ����� ����
Square ����� ���� ����� ���� ����� ���� ����� ���� ����� ����
Sine ����� ���� ����� ���� ����� ���� ����� ���� ����� ����
Composite ����� ���� ����� ���� ����� ���� ����� ���� ����� ����
Final Decision ������ ���� ���� ���� ���� ���� ���� ���� ���� ����
Std$Final ����� ����� ����� ���� ����

Table �� Least�square results of modi�ed linear regression model for

the DC motor



�� On The Modelling and Identi�cation of Harmonic Drive Systems

�



�� Harmonic Drive Identi�cation ��

�� Harmonic Drive Identification

Similar to the Section �� in this section the parameter identi�cation of Harmonic
Drive model will be presented� This section is divided into two parts� compliance and
friction identi�cation� In each part di�erent regression models will be considered and
least square results will be presented� Then the result of the �nal estimated model
will be validated by experiments�

���� Introduction�
Harmonic drive is a special designed gear transmission� in which a �exible element

named �exspline� made this transmission unconventional� Due to the special design
of this transmission� modelling of the friction and the compliance of the drive is very
important� The identi�cation procedure will deal with identifying these parameters�
Individual researcher ���� ��� ��� ��� attempted to identify the harmonic drive param�
eters by designing careful experiments to extract each one of parameters from one
experiment� However� some of the characteristics of harmonic drive are so mixed�
which are not possible to identify them separately� Tuttle� ����� tried to decouple the
inherent mixed up between the friction and sti�ness by arranging an ideal static test�
which proves to be very di�cult in practice�
We propose an identi�cation procedure like what applied for the DC motor to ob�

tain all the parameters at once� In this method there is no need to design careful
experiments� and the only requirement is that the inputs are persistently exciting�
The quantities which are measurable are the input motor current and angular veloc�
ity� and the torque transmitted through the �exspline� and output angular position�
This torque measurement is accomplished using the compliance of the �exspline it�
self� where its idea is given �rst by Hashimoto et al� ���� ���� This torque sensing
technique has two major bene�ts� First we don
t add another �exible element into
the system� second� it measures the real torque transmitted through the �exspline�
therefore� it is not contaminated with any external source of friction� The output
position is measured via an encoder� therefore� direct di�erentiation to gain velocity
or acceleration is not e�cient� To do that a Kalman �lter is designed to estimate
the output velocity and acceleration� Let us look at the identi�cation problem in the
context of the available measurements�

���� Harmonic Drive Compliance�

To have a persistently exciting experiment for harmonic drive compliance� a locked
load experiment is candidated� In locked load case maximum torque of motor can be
applied to the �exspline to have maximum deformation� Considering the complete
model of harmonic drive discussed in Section ����� illustrated in Figure �� � the
measured quantities are� the wave generator velocity� #�wg� and the �exspline torque�

Tnfs which is identical to Tcfs� By integrating the angular velocity
#�wg angular position

of the motor �wg� can be derived accurately� On the other hand� the measured torque
is the result of the torsion and structural damping of the �exspline� Tuttle et al�� �����
and Kircanski et al�� ���� have proposed cubic sti�ness model for the harmonic drive
system� However� they didn
t proposed any speci�c model to capture structural



�� On The Modelling and Identi�cation of Harmonic Drive Systems

−1 −0.5 0 0.5 1 1.5 2 2.5 3
−15

−10

−5

0

5

10

15

Theta_fs (integrated)*1000 rad

T
or

qu
e 

(N
.m

) 

Flexspline Torsion Curve

Figure �
� Flexspline measured torsion in locked load experiment�

which possess hysteresis

damping� The structural damping of the �exspline cause hysteresis to the torsion
curve as illustrated in Figure ���
Refer to Equation ��� the torsion is compound of the sti�ness and structural damp�

ing� For Locked load experiment� �fs � �� therefore this equation simpli�es to

Tnfs � K��nfs  K��
�
nfs
 Tst ����

where Tnfs is the measured torque� Tst is the structural damping and �nfs �
�
N
�wg�

Many di�erent models are proposed to capture the hysteresis behavior of structural
damping� Macki et al� ����� give a very good comparison of di�erent hysteresis models�
In this paper� Hysteresis from a mathematical point of view is discussed� here the
results can characterize magnetic or mechanical hysteresis� Dahl ���� investigated
solid friction in mechanical vibrating systems� and proposed a mathematical model
for that kind of friction� Later� Bliman ��� showed that Dahl friction model can be
seen as a hysteresis operator� The original model of Dahl friction are as follows�

#T � 
 #�

������ T

Tc
sign� #��

����
i

sign��� T

Tc
sign� #��� ����

where 
� Tc� and i are model constants which should be identi�ed� It is clear that this
model is a dynamic model� since the �rst derivative of the friction is related to the
velocity and the friction torque itself� There is a modi�ed version of Dahl
s model�
perhaps �rst discussed by Threlfall ����� in which i � �� In this case Equation �� will
simplify to�

#T � � #�
�
T � Tcsign� #��

��

����

There is another model of hysteresis worthwhile explaining here from literature�
namely Duhem Model ����� the formulation of this model is somewhat close to Dahl
s
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model �Equation ���� �
#T � aj #�j

�
T � 
� #��

�
 b #�


� #�� � K�  K�
#�  K�

#��  K�
#��

����

where 
� #�� is an arbitrary shape function which can be a third order polynomial
as shown in Equation ��� This model combines both the sti�ness and structural
damping of the system into one formulation�
Although there exist a rich literature in the modelling the hysteresis� like Babuska�

Bouc� Ishlinskii� Preisach� and Krasnoselskii hysteresis operators ����� it proves to
be very di�cult to have a promising estimate of the harmonic drive compliance
hysteresis� using these models� Another velocity dependent model is proposed� which
better captures the structural damping hysteresis for harmonic drive� This model is
a static model in the form of�

T � Tstj #�j�sign� #�� ����

where Tst is the damping coe�cient and � is the velocity exponent in the damping
model� If � is �xed the model will recast into a linear regression model� Although
this model is simpler in structure than the dynamic models explained in Equations
��� �� and ��� but since it represents the true relation of structural damping to the
velocity� it proves to be a very e�ective model for structural damping�

������ Regression Models	

From a locked load experiment we are able to measure the transmitted torque Tcfs
and the motor input angular velocity #�wg� and through integration a good estimate for
angular position �wg� To identify the sti�ness and structural damping parameters� we
�rst require a regression model� Since di�erent models exist for structural damping�
di�erent regression models can be derived� Here we elaborate only two of them�
First consider the dynamic models for the structural damping for example modi�ed

Dahl model Equation ��� with general third order polynomial for sti�ness� For this
case we can formulate the identi�cation model as���	

�

Tcfs � Tmeas � Tst  Tstiff
Tstiff � K�  K��wg  K��

�
wg  K��

�
wg

#Tst � � #�wg

�
Tst � Tcsign� #�wg�

��
����

The structural damping model is a di�erential equation� To get any regression
model it is required to discretize this equation �rst� but since the di�erential equation
is not linear� all discretization schemes are not applicable� Using the simplest method
of backward di�erence� the di�erential equation can be discretized in the form of�

Tst�n�� Tst�n� �� � �!T #�wg�n�
�
Tst�n�� Tcsign� #�wg�n��

��

����

where !T is the sampling time� Solving Equation �� for Tst from the other side we
get�

Tst�n� � Tmeas�n�� Tstiff �n� � Tmeas�n��K� �K��wg�n��K��
�
wg�n��K��

�
wg�n�
����
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Equating Tst�n� in Equations �� and ��� we get the nonlinear regression model for
compliance of harmonic drive� namely�

f��� � Tmeas�n�� Tstiff �n�� Tst�n� ��� �!T #�wg�n�
�
Tst�n�� Tcsign� #�wg�n��

��

� �

����

where � are the parameters of the model�

� �
�
K� K� K� K� � Tc

�T
����

This nonlinear regression model can be extended for other structural damping� and
sti�ness models� and di�erent combinations can be tried to identify the parameters
of the models� The details of these combinatory models will not presented here for
sake of simplicity but the identi�ed parameters will be explained later in this Section
to establish which model can better capture the hysteresis behavior of system�
Considering Equation ��� we can get a linear regression model for the system�

Similar to Equation ��� we can write��	



Tcfs � Tmeas � Tst  Tstiff
Tstiff � K�  K��wg  K��

�
wg  K��

�
wg

#Tst � Tstj #�wgj�sign� #�wg�
����

By Fixing �� we can get linear regression model as follows�

Tmeas � K�  K��wg  K��
�
wg  K��

�
wg  Tstj #�wgj�sign� #�wg� ����

where the estimation parameter � will be�

� �
�
K� K� K� K� Tst

�T
����

Here we can use linear or cubic model for sti�ness and get di�erent linear regressions�
An iterative method can be used to �nd the best value for �� as well as using a
nonlinear regression to estimate �� The details and �nal estimated values will be
given in next Section�

������ Experimental Results	

Eleven di�erent experiments is used for compliance identi�cation� One experiment
is enough to give a set of parameters� but having di�erent experiments shows how
the parameters deviate for di�erent conditions� Like the experiment outline for DC
motor identi�cation the software can give four di�erent signal types� namely sine�
square� triangular� and composite �refer to Equation ���� Four experiment include
these type of signals with ��� Hz frequency� and �� � of input full power� To gain a
complete loop of hysteresis� an asymmetric sine wave is added to the software signal
generator� In this signal the amplitude of negative velocity signal is ��� times of
that of positive velocity� This will compensate the velocity direction dependence of
frictional losses� Figure �� is result of this type of signal with ���� full power input�
The rest of experiments are sine waves with di�erent frequencies ���� � � Hz� and
amplitudes ���� to ������
It is also important to have a good measure to compare the results of identi�cation

through di�erent regression models� and with di�erent experiment data� We con�
sidered two major measure here� First a quantitative comparison on the hysteresis
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Figure ��� Modi�ed Dahl model for structural damping and cubic

sti�ness model compared to an experiment

curve� This can be done by plotting the hysteresis curve resulting from experiment
versus the estimated one� Although this measure is not accurate but can be used as
a yes$no scale to throw away the unrealistic models� The second measure can be any
kind of norm of error� which in this case we used an induced norm or H�norm of
the error� This norm will give the normalized worst case error of each model� and is
a better quantitative measure of the error for each model�

Dynamic Model Results

As mentioned in Section ����� the dynamic models of structural damping form
a nonlinear regression and iterative least square methods can be used to identify
the parameters� Considering a cubic model for sti�ness and modi�ed Dahl model
�Equation ��� for structural damping� this optimization problem is solved and the
model parameters are identi�ed� Figure �� illustrates the real hysteresis loop of one
experiment� versus the result of this model� Clearly� the identi�ed parameters are
not capable of introducing the hysteresis loop in this case� Di�erent other dynamical
models are tried as well� among them are Dahl model and modi�ed Dahl model with
di�erent sti�ness models� Duhem model� Ishlinskii model� and Preisach model� It
is observed that all of them have similar characteristics as the one explained here�
and therefore none of them can represent a realistic model for structural damping�
It should be mentioned that� these models are all capable to model the hysteresis
curve� but since they form a nonlinear regression� the identi�ed parameters� obtained
from these regression models� produce only a narrow hysteresis curve� This might be
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Figure ��� Structural damping model� comparison of di�erent veloc�

ity exponents� solid� experiment� dashed� � � �� dash�dotted� � � ����
and dotted� � � ���

caused by convergence of the optimization routine to a local optimum� By varying
the model parameters manually� we observed wider hysteresis loops� however� since
this is not a systematic way to �nd the model parameters we didn
t resort to this
method for �nding the �nal parameters�

Static Model Results

Returning to static models of structural damping� Equation �� is the basis of
identi�cation� This model consists of a velocity dependent damping� where damping
is proportional to an exponent of velocity� It is informative to explain how the idea
of this model is developed� By comparing the position and velocity to the torque�
we saw that there is a one to one correspondence between torque on one side and
position and velocity on the other side� Naturally the simplest model� will presume
a linear dependence of position and velocity� Figure �� illustrates the estimation of
this model versus the true hysteresis loop� The quantitative match of the model is
fairly good� but there are a lot of unrealistic oscillation in the estimated curve� This
oscillations are corresponding to the velocity oscillations� To reduce the amplitude of
this oscillations� a model with a powered velocity with exponent less than one proved
to help� An arbitrary exponent �i�e� ���� is tried and the improved result is shown
in Figure ��� Decreasing the exponent to ��� will reduce the oscillations� however�
the overall curve �tting is not good� To �nd an estimate of �� an iterative method
is forwarded� in which the hysteresis curves are qualitatively compared to each other
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Figure ��� Comparison of two models with � � �
�
and � � �

�

to evaluate the models� Following this we observed that a range of � � ����� ����
give relatively good result�
To �nalize the best value for � two attempts has been done� First� we considered

two values for � namely �
�
� �
�
and pursued the linear regression models to obtain the

sti�ness and structural damping coe�cients� For this case linear model for sti�ness
is used� Table � illustrates the least square results for four di�erent experiments
and these two values of �� It is clear that the results would not be identical for
all experiments� therefore� the average value can serve as a nominal value for each
coe�cient� The ratio of standard deviation to the average value give a normalized
measure of error� Comparing this ratio for two preassigned values of � shows that

� � �
�

� � �
�

File K� Tst K� Tst
����� ������� ��� ������ ������� ��� ������
���� ������� ��� ������ ������� ��� ������
���� ������� ��� ������ ������� ��� ������
���� ������� ��� ������ ������� ��� ������
Avg ����� ��� ���� ����� ��� ����
Std$Avg ���� ��� ���� ���

Table �� Least square results of linear regression model of the har�

monic drive for two velocity exponents � � �
�
and � � �

�
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Figure ��� Comparison of hysteresis curve with optimal � and � � �
�

the results are relatively close� Figure �� also illustrates the real hysteresis loop
versus the estimated ones� and qualitatively both model are good� To have a strict
measure the nominal values for each � is used to duplicate the experiment results�
and H�norm of error is calculated for all eleven available experiments� It is observed
that almost in all experiment the norm of error for � � �

�
is less than that for � � �

�
�

and therefore� � � �
�
gives a better estimate�

This comparison is only between two values of �� To obtain the best �t� we solved
a nonlinear regression to estimate � as well as the other coe�cient� This has been
examined on two di�erent experiments� where the �nal estimated coe�cients are
given in Table �� The optimal value for � is close to �

�
and varying by experiment�

However� the norm of error for optimal � and for that with nominal value � � �
�
are

close� Figure �� con�rms the small di�erence between these two case as well� With

File ���� ����

K� ������� ��� ������� ���
Tst ����� �����
� ������ ������
Opt� Norm ����� ������
Nom� Norm ����� ������

Table �� Least square results of non linear regression model of har�

monic drive compliance
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Figure ��� Comparison of the experimented hysteresis loop with the

estimated cubic model of sti�ness� solid� experiment� dashed� linear

sti�ness model� dash�dotted� cubic sti�ness model

this result we can conclude that � � �
�
is a good and nearly optimal estimate for our

model�

Cubic and linear model for sti�ness

In the previous section we discussed di�erent models of structural damping and
only one model for sti�ness� Through the literature� ���� ���� cubic sti�ness is con�
sidered by di�erent researcher� and this section is devoted to compare the linear and
cubic sti�ness models� From the last section we concluded that a velocity depen�
dent model for structural damping with velocity exponent � � �

�
� Using this model

we consider now linear and cubic model for sti�ness� The following equations will
characterize the linear regression models��

Tmeas � K��wg  Tstj #�wgj�sign� #�wg�
Tmeas � K��wg  K��

�
wg  Tstj #�wgj�sign� #�wg� ����

Table � gives the least square results for cubic sti�ness for di�erent experiments�
Comparing this results to those in Table � for � � �

�
� it is evident that there are more

deviations for cubic coe�cient of sti�ness� The ratio of standard deviation to the
average shows a deviation more than ��� �� which is not acceptable� This deviation
implies that a cubic model cannot accurately characterize the sti�ness in the harmonic
drive� To strengthen this conclusion� Figure �� illustrates the behaviour of nominal
model extracted from the average values of Table �� comparing to the real experiment
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� � ���
File K� K� Tst
����� ������� ��� ������� ��
 ������
���� ������� ��� ������� ��� ������
���� ������� ��� ������� ��� ������
���� ������ ��� ������� ��� ������
Avg ����� ��� ����� ��� ����
Std$Avg ���� ���� �����

Table �� Least square results of linear regression model of harmonic

drive compliance with cubic sti�ness

hysteresis loop� For high deformation experiments the cubic model estimates much
higher torques than what is observed in experiments� and therefore� linear model for
sti�ness is preferable�
To conclude this section we bring the �nal form of harmonic drive sti�ness and

structural damping model�

Tmeas � K��wg  Tstj #�wgj�sign� #�wg� ����

where �	



K� � ����� ���
Tst � ����� ���
� � ���

����

Figures �� and �� give qualitative comparison of this model for di�erent exper�
iments� Since the average result of di�erent experiments are used as the nominal
value� the curve �ttings are not perfect for all experiments� but there is acceptable
match for di�erent experiments�
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Figure ��� Comparison of the experimented hysteresis loop with nom�

inal result of linear sti�ness model
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nal result of linear sti�ness model
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���� Harmonic Drive Friction�

On the contrary to the compliance identi�cation of harmonic drive� to have a
persistently exciting experiment for friction� free load experiments is candidated�
This is because in the locked load experiments the system is operating in very low
speeds� and in this region the velocity dependent friction are not excited� But in
free load experiments we can have di�erent speed regions and excite all components
of friction� The other bene�t of free load experiments is that the output end of
the system will move and their parameters can be identi�ed as well� In free load
experiments the measured quantities needed for identi�cation are� the motor speed
#�wg� the servo ampli�er current i� the transmitted torque Tmeas� and the load angular

position �fs�or velocity #�fs� The �rst three measurement are the same as that for the
locked load experiment� and only the last measurement is added in order to identify
the load end parameters� Since the load is operating at low speed� an accurate
angular position measurement can be obtained by a digital encoder� This type of
measurement has this advantage that it gives an accurate and noise free reading of the
output angular position �fs� but it has this disadvantage that direct di�erentiation
from the signal gives a very poor estimate of velocity and acceleration� since the
encoder data are quantized� It is noticeable that the accuracy of this di�erentiation
gets even worse by decreasing the sampling time� Since this problem is well known by
control practitioners� some solution is given for that� In our group� a good amount of
research has been done on this subject� where a Kalman �lter estimation is proposed
to estimate the angular velocity� and acceleration from encoder readings� Since the
details of this is out of scope of this report� the interested reader can refer to Belanger
���� for further background Dobrovolny ���� for detail of implementation� and Canet
��� for on line implementation�
According to Figure ��� and friction model of harmonic drive explained in Sec�

tion ������ Equations �� to �� can be rewritten in the form of�

Twg � Tf�  Tf�  
�

N
Tnfs ����

where Twg is the torque transmitted through the wave generator and is equal to�

Twg � Kmi� Jeff "�wg � Tfm ����

in whichKm� i� Jeff � Tfm are servo ampli�er torque constant� servo current� total input
inertia� and motor friction torque respectively� In DC motor identi�cation� Km and

N
n-fswg n-wg

T

T
 f1

f2

T

fsc-fs

T

Tk

st

f3

Figure ��� Transmission model of harmonic drive with compliance

and friction
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Tfm are already identi�ed� also Jm is identi�ed but Jeff is the summation of motor
inertia and coupling and wave generator inertia is unknown� The �nal equation which
will be used for identi�cation can be written as�

Kmi� �

N
Tnfs � Jeff "�wg  �Tfm  Tf�  Tf�� ����

where Tnfs � Tmeas� and the left hand side is known by the measurement and previous
knowledge of system� The right hand side can be written in form of a parametric
equation and form a regression model� It should be mentioned that the friction
parameters of the system can not identi�ed separately but rather the whole friction
Tf � �Tfm  Tf�  Tf�� will be identi�ed� This cause no major problem since the
objective of system identi�cation is for simulation and control and in both case the
individual components of friction don
t show up� In case of requiring a separate block
for motor� the motor friction parameters identi�ed in Section ��� can be used and
in harmonic drive block we will use the subtraction of DC motor friction parameters
from that of the total friction�

������ Regression Models	

Concluding from the DC motor identi�cation� velocity direction dependent fric�
tion is used for harmonic drive friction as well� Also �rst a linear regression model
will provide the high velocity dependent friction parameters� and considering them
as known in low velocity experiment the detail Stribeck friction parameters will be
identi�ed next using linear or nonlinear regression� So �rst consider the linear regres�
sion model for high velocity experiments� Equation �� can be rewritten using friction
model as�

Kmi� �

N
Tnfs � Jeff "�wg  Tvp #�wg u

��
� #�wg�  Tvn #�wg u

��
�� #�wg�  ����

Tspsign� #�wg� u
��
� #�wg�  Tsnsign� #�wg� u

��
�� #�wg�

where u
��
�x� is the unit step function de�ned in Equation ��� and the estimation

parameter � will be�

� �
�
Jeff Tvp Tvn Tsp Tsn

�T
����

For the low velocity experiments� the abovementioned parameter supposed to be
known� and the Stribeck friction parameters can be identi�ed using the following
nonlinear regression�

f��� �
�

N
Tnfs �Kmi� Jeff "�wg  Tvp #�wg u��

� #�wg�  Tvn #�wg u��
�� #�wg�  

Tspsign� #�wg� u��
� #�wg�  Tsnsign� #�wg� u��

�� #�wg�  ����

Tssp�sign� #�wg� u��
� #�wg�e

�

�
��

Tssp�

�
�

 Tssn�sign� #�wg� u��
�� #�wg�e�

�
��

Tssn�

��

where in this case the estimation parameters � will be�

� �
�
Tssp� Tssn� Tssp� Tssn�

�T
����
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Figure �	� Comparison of the least square estimated torque to exper�

iment for four di�erent inputs� dotted� experiment� solid� estimated

In case of �xed Tssp� and Tssn� the above nonlinear regression will simpli�es to a linear
regression with only Tssp� and Tssn� as estimation parameters� Both nonlinear and
linear regression model will be examined through identi�cation process�

������ Experimental Results	

The experiments are divided into two parts� high speed and low speed experiments�
In high speed experiments we used the velocity mode of the servo ampli�er� in which
the command signal will be tracked as the desired velocity of the DC motor� While�
using acceleration mode in low speed experiments where the command signal will be
tracked using current feedback of the servo� In both cases di�erent experiment is
considered with di�erent frequencies ���� � � Hz�� amplitude ���� ������ and wave
forms� The identi�cation process for high
 and low
velocity terms of friction will
discussed in the next sections�

High speed friction terms

As explained in DC�motor identi�cation Section ���� �rst a linear regression will
be forwarded to estimate the high velocity terms of friction and then using these
values� a nonlinear regression will give a better result for the low velocity terms�
Equation �� will be the the linear regression model used for the least square solution�
Table � summerizes the least square results for di�erent experiments� For all of
these experiments a very good match exists between the estimated model and the
experiment results� Figure �� illustrates the matching for some of the input signals�
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To get a set of nominal values for the model parameters average value of all of trials
can be used� which are given in Table � as well� Also the ratio of standard deviation
to the average value give a better estimate of the deviation in estimation of each
parameters� The amount of this value varies for di�erent estimated parameters� but
remains smaller than ��� which is the acceptable threshold�
To illustrate how close is our nominal model to experiments� the estimated torque

is plotted against the measured torque for di�erent experiments� Figures �� and ��
give this comparison for di�erent inputs� where a very close match is found in all the
experiments�

File Jeff Tvp Tvn Tsp Tsn
������� ����� ���� ����� ���� ����� ���� ����� ���� ����� ����
������� ����� ���� ����� ���� ����� ���� ����� ���� ����� ����
������� ����� ���� ����� ���� ����� ���� ����� ���� ����� ����
������� ����� ���� ����� ���� ����� ���� ����� ���� ����� ����
������� ����� ���� ����� ���� ����� ���� ����� ���� ����� ����
������� ����� ���� ����� ���� ����� ���� ����� ���� ����� ����
������� ����� ���� ����� ���� ����� ���� ����� ���� ����� ����
������� ����� ���� ����� ���� ����� ���� ����� ���� ����� ����
������� ����� ���� ����� ���� ����� ���� ����� ���� ����� ����
������� ����� ���� ����� ���� ����� ���� ����� ���� ����� ����
������� ����� ���� ����� ���� ����� ���� ����� ���� ����� ����
������� ����� ���� ����� ���� ����� ���� ����� ���� ����� ����
������� ����� ���� ����� ���� ����� ���� ����� ���� ����� ����
������� ����� ���� ����� ���� ����� ���� ����� ���� ����� ����
������� ����� ���� ����� ���� ����� ���� ����� ���� ����� ����
������� ����� ���� ����� ���� ����� ���� ����� ���� ����� ����
�������� ����� ���� ����� ���� ����� ���� ����� ���� ����� ����
�������� ����� ���� ����� ���� ����� ���� ����� ���� ����� ����
�������� ����� ���� ����� ���� ����� ���� ����� ���� ����� ����
�������� ����� ���� ����� ���� ����� ���� ����� ���� ����� ����
������� ����� ���� ����� ���� ����� ���� ����� ���� ����� ����
������� ����� ���� ����� ���� ����� ���� ����� ���� ����� ����
������� ����� ���� ����� ���� ����� ���� ����� ���� ����� ����
������� ����� ���� ����� ���� ����� ���� ����� ���� ����� ����
������� ����� ���� ����� ���� ����� ���� ����� ���� ����� ����
������� ����� ���� ����� ���� ����� ���� ����� ���� ����� ����
Avg ����� ���� ����� ���� ����� ���� ����� ���� ����� ����
Avg$Std ����� ������ ������ ������ ������

Table 	� Least square results of linear regression model for high speed

friction terms
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Low speed friction terms

High velocity experiments are not ideal for low velocity regime of friction model�
To have a persistently exciting experiment for this region it is required to observe
break
up points in the velocity curves� This can be observed using low amplitude
triangular input current to the system� Figure �� illustrates the break
up point in
the velocity curve of a typical experiment in which the low velocity region� where
we expect a dynamic friction behavior� is approximately between ����rad�s� Fifteen
di�erent experiments is done with di�erent current amplitude ���� � ����� and
frequency ���� � � Hz� in order to be used for low speed friction identi�cation�
By �xing Tssp� � Tssn� � ��� and using the linear regression model given in Equa�

tion �� the estimated friction parameters are obtained and given in Table �� The
obtained results for di�erent experiments are close to each other but they are all
negative� The ratio of standard deviation to the average value has less than ���
deviation for di�erent results� which is within the acceptable limits� However� the
negative sign of the Stribeck friction coe�cient is not consistent with the experi�
mental results reported in the literature ��� ���� Nevertheless� this represents rising
friction at low velocities as illustrated in Figure ��� and no stiction� verifying the
manufacturers claim ���� This may be rationalized by the fact that the main bulk of
frictional losses in the harmonic drive systems are due to the gear meshing� but that�
contrary to other transmissions� a combination of elastic deformation of the �exspline
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and gear teeth engagement contributes to the velocity reduction� Therefore� the low

velocity experiments in the harmonic drive transmission shows smoother start up
velocity compared to the other transmissions� This is veri�ed by both constrained
and unconstrained motion experiments� where no stick slip or stiction is observed�
The reliability of the negative Stribeck coe�cient is assessed �rst by obtaining ac�
ceptable variation measure for Stribeck coe�cients� and second by getting similar
results for the two di�erent harmonic drives� The e�ect of noise and other uncertain�
ties at low velocity experiments is also reduced to a minimum by carefully �ltering
the signals with a �fth order Butterworth �lter� by zero�phase distortion routine�
Figure �� illustrates the model matching of the estimated torque for low velocities
experiments� where there is a fairly good match between the estimated torque and
experiments�

File Tssp� Tssn�
������� �������� ���� �������� ����
������� �������� ���� �������� ����
������� �������� ���� �������� ����
������� �������� ���� �������� ����
������� �������� ���� �������� ����
������� �������� ���� �������� ����
������� �������� ���� �������� ����
������� �������� ���� �������� ����
������� �������� ���� �������� ����
������� �������� ���� �������� ����
������� �������� ���� �������� ����
������� �������� ���� �������� ����
������� �������� ���� �������� ����
������� �������� ���� �������� ����
������� �������� ���� �������� ����
Avg ������ ���� ������ ����
Std$Avg ����� �����

Table 
� Least square results of Stribeck friction coe�cients in har�

monic drive
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�� Modelling and Identification Verification

���� System under Locked	Load Motion�

To verify the validity and integrity of the model� simulations of the system for
both locked
load and free motion cases are developed in Simulink� Figure �� illus�
trates the block diagram of the locked
load motion simulation� in which the internal
simulation blocks of DC motor and harmonic drive are shown separately� To show
the model �delity a framework to compare simulation and experiment result is de�
veloped in this simulation� in which the measured motor current in the experiments
are used as an input to the simulations� while the simulated torque and velocity of
the system can be compared to that of the experiments� Moreover� in order to have
a user friendly simulation� it is only required to double click on %Load Data& block
in the main simulation module illustrated in Figure ��� to download the model pa�
rameters as well as the experimental data� By pressing %Plot Results& block� the

Figure ��� System under locked
load motion simulated on Simulink
for model veri�cation purpose� Top� System� Mid� DC
motor� Bot�
Harmonic drive
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�nal velocity and torque comparison plots is automatically generated in Matlab envi�
ronment� A Runge
Kutta �xed
step integration method with �ms integration steps
is used to execute these simulations� consistent with the � kHz sampling frequency
in the experiments� Furthermore� in order to speed up the simulations all internal
nonlinear functions �i�g� friction block� are written in C as S
functions in Simulink
and compiled using Cmex compiler�

���� System under Free	Motion� Figure �� illustrates the simulation module for
the system under free motion experiments in which the internal simulation blocks of
DC motor and harmonic drive are shown separately� Similar to Figure ��� measured

Figure ��� System under free motion simulated on Simulink for
model veri�cation purpose� Top� System� Mid� DC
motor� Bot� Har�
monic drive
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current in the experiments are used as an input to the simulations� while the simulated
torque and velocity of the system can be compared to that of the experiments� The
velocity and torque comparison of system under both locked
load and free motion
with experimental results is detailed in Section ����

���� Comparison of the Simulation and Experiment�

The output velocity and torque of the simulated system are compared to typical
experimental outputs in Figure ��� The experimental signals are �ltered using a
�fth order Butterworth �lter� by zero�phase distortion routine� Therefore� the torque
ripples in free motion experiments� and the noise on the measured velocity in locked

load motion experiments are not displayed in Figure ��� For the system under free
motion� there is an almost perfect match for the velocity� and a relatively good match
for torque curves� except for the torque ripples� It should be mentioned that to have
an accurate model to predict the torque ripples requires a complex gear meshing
mechanism modelling� ����� which is not pursued in this research� However� we have
shown in ����� that a Kalman �lter estimation of the torque ripples� using simple har�
monic oscillator model� can accurately estimate the torque ripples� For the system
under locked
load motion� the match between velocities is less accurate compared to
that for the free motion system� which is because of the smaller velocity signal and
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Figure ��� Comparison of the experiment with the complete and
simpli�ed model� where the signi�cance of Coulomb and viscous friction
are examined separately� Solid � Experiment� Dash�dotted � Complete
model� Dashed � Simpli�ed model

hence smaller signal
to
noise ratio� However� the resulting torques are quite similar
and there is no torque ripple observed for the locked
load system� This accurate
match was veri�ed for more than twenty other experiments for the setup� and similar
results are obtained for both locked
load and free motion systems� where some of
them are illustrated in Appendix A� The accurate match between simulation and
experiment for di�erent operating ranges� indicates the �delity of the model to accu�
rately replicate the dynamic behavior of the system� and con�rmed the e�ectiveness
of modelling and parameter identi�cation schemes to capture the dynamics of the
harmonic drive systems�

���� Parameter Sensitivity Study�

To realize the signi�cance of the nonlinear model and compare it to simpler mod�
els� a simulation study is done in which� for a set of experiments� the simulation
results of the complete model is compared to that of the simpli�ed model� In this
study the importance of Coulomb� viscous� and Stribeck model for friction as well
as sti�ness and structural damping model has been examined� To examine the ef�
fect of Coulomb and viscous friction� the simulation of the system under free motion
constructed for model veri�cation is used� which is illustrated in Figure ��� For
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Simpli�ed model� either Coulomb or viscous friction coe�cient is set to zero and
the simulation results are compared to that for complete model� and experiment�
Figure �� illustrates the results of the comparison for a typical experiment� where
in absence of either Coulomb friction or viscous friction the model is not capable
of accurately estimating the experimental result� Hence� accurate identi�cation of
Coulomb and viscous friction coe�cients signi�cantly contributes to the accuracy of
the simulations� Stribeck friction coe�cients� however� are found to contribute only
in very low
velocity experiments� and their e�ect for the typical experiment of Fig�
ure �� is negligible� Hence� in applications where �ne motions at low velocities are
demanded modelling and identi�cation of Stribeck friction is vital�
The importance of the compliance model to accurately replicate the experiments

are assessed using the simulations of system under locked
load motion illustrated in
Figure ��� For simpli�ed models �rst sti�ness is reduced by one order of magnitude�
and then structural damping coe�cient is set to zero� while keeping all the other
identi�ed parameters of the model� In this way the e�ect of sti�ness and structural
damping can be studied separately� Figure �� illustrates a typical comparison of
the simpli�ed model to the complete model for one experiment� It is observed in
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model� Dashed � Simpli�ed model
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Figure ��� that lack of accuracy in identifying the sti�ness parameter results in larger
velocity amplitude in the simulations� Furthermore� inaccurate structural damping
coe�cient results in phase estimation of the velocity� Therefore� both sti�ness and
structural damping coe�cients contribute signi�cantly into accuracy of the model�
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�� Conclusions

Based on experimental and theoretical studies� a systematic way to capture and
rationalize the dynamics of the harmonic drive systems is introduced� Simple and
accurate models for compliance� hysteresis� and friction are established and model
parameters are identi�ed using least
squares approximation� A measure of variation
is de�ned� by which the reliability of the estimated parameter for di�erent operating
condition� as well as the accuracy of the simple model is quanti�ed� From compli�
ance modelling results� it has been shown that identifying sti�ness and structural
damping together will resolve the reported di�culties in determining the compliance
parameters� Moreover� it has been shown that a linear sti�ness model best captures
the behavior of system when combined with a good model for hysteresis� A simple
static model for hysteresis is also introduced� and it is shown that this simple model
can replicate the hysteresis e�ect in harmonic drives better than some other more
complex dynamic models reported in the literature� Friction losses of the harmonic
drive are modelled at both low and high velocities� From experiments on two di�erent
harmonic drives it has been observed that there is no stiction in the transmission�
but rather a rising friction acts at low velocities� Finally� the model performance
is assessed by a simulation verifying the experimental results for both locked
 and
free
load systems�
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Appendix A� Simulation Verification Plots

In this appendix some more comparison plots of the simulation and experimental
results for the system under constrained and free motion are presented� Experiment
with di�erent input shape functions� and frequencies are examined and illustrated�
Section ��� discusses the �delity of the model to accurately replicate the dynamic
behavior of the system based on Figure �� which is a typical example of the following
�gures� In all �gures Solid line represents the �ltered measured signals from the
experiments� while dotted line represents the simulation outputs�
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Figure ��� Locked
load simulation veri�cation� Inverted sinusoid in�
put� ��� of maximum amplitude�
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Figure ��� Locked
load simulation veri�cation� Trianglur input� ���
of maximum amplitude�
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Figure ��� Locked
load simulation veri�cation� Composite Sine in�
put� ��� of maximum amplitude�
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Figure ��� Free
motion simulation veri�cation� ��� Hz sinusoid input
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Figure ��� Free
motion simulation veri�cation� ��� Hz sinusoid input
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Figure �	� Free
motion simulation veri�cation� ��� Hz sinusoid input
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Figure �
� Free
motion simulation veri�cation� ��� Hz sinusoid input
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Figure ��� Free
motion simulation veri�cation� � Hz sinusoid input
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Figure ��� Free
motion simulation veri�cation� ��� Hz sinusoid input
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