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Abstract— In this paper the dynamic analysis of a cabledriven parallel manipulator is studied in detail. The manipulator
architecture is a simplified planar version adopted from the
structure of Large Adaptive Reflector (LAR), the Canadian
design of next generation giant radio telescopes. This structure
consists of a parallel redundant manipulator actuated by long
cables. The dynamic equations of this structure are nonlinear and
implicit. Long cables, large amounts of impelling forces and high
accelerations raise more concern about the elasticity of cables
during dynamic analysis, which has been neglected in the
preceding works. In this paper, the kinematic analysis of such
manipulator is illustrated first. Then the nonlinear dynamic of
such mechanism is derived using Newton-Euler formulation.
Next a simple model for cable dynamics containing elastic and
damping behavior is proposed. The proposed model neither
ignores longitude elasticity properties of cable nor makes
dynamic formulations heavily complicated like previous
researches. Finally, manipulator dynamic with cable dynamic is
derived, and the cable elasticity effects are compared in a
simulation study. The results show significant role of elasticity in
a cable-driven parallel manipulator such as the one used in LAR
mechanism.
Keywords—Cable-Driven Parallel Manipulator,
Cable, Kinematics, Dynamics, Redundant Manipolator

I.

Elastic

INTRODUCTION

An international consortium of radio astronomers and
engineers have agreed to investigate technologies to build the
Square Kilometer Array (SKA), a cm-to-m wave radio
telescope for the next generation of investigation into cosmic
phenomena [1]. The Canadian proposal for the SKA design
consists of an array of 30-50 individual antennas whose signals
are combined to yield the resolution of a much larger antenna.
Each of these antennas would use the Large Adaptive Reflector
(LAR) concept put forward by a group led by the National
Research Council of Canada and supported by university and
industry collaborators [2]. Design and construction of a 200-m
LAR prototype is pursued by the National Research Council of
Canada. Figure 1 is an artist’s concept of a complete 200-m
diameter LAR installation, which consists of two central
components. The first is a 200 m diameter parabolic reflector
and the second component is the receiver package which is
supported by a tension structure consisting of multiple long
tethers and a helium filled aerostat. A one-third scale prototype
of the multi-tethered aerostat subsystem [3] has been designed
and implemented in Penticton. The challenging problem in this
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Fig. 1. An artist's concept of LAR installation

positioning structure of the receiver a redundantly actuated
cable-driven parallel manipulators is used [4]. In which, the
receiver is moved to various locations on a circular hemisphere
and its positioning is controlled by changing the lengths of
eight tethers with ground winches. The cable driven redundant
manipulator used in this design, which is called the Large
Cable Mechanism (LCM), is in fact a 6DOF cable driven
redundant manipulator. In the design of LCM a redundantly
actuated parallel manipulator is used for extreme positioning
accuracy. This structure is composed of a 4RPR mechanisms
actuated by cables. In this simplified structure, although a
planar version of the mechanisms are considered. The
important feature of the original design namely the actuator
redundancy for each subsystem and the cable driven structure
of the original design are employed. In contrast to the openloop kinematic chain serial manipulators, the dynamic
modeling of parallel manipulators presents an inherent
complexity due to their closed-loop kinematic chain structure
and kinematic constraints. Nevertheless, the dynamic analysis
is quite important for their design and control. There are
numerous works have been done in cable driven manipulator's
dynamic analysis. However, cables elasticity effects are
neglected by some researches on dynamic analysis of cabledriven parallel manipulators [5], while they are using light
weight end-effectors, small workspace, which leads to use short
cables. Such modeling of dynamic has less concern about
elastic effects on the manipulator's dynamic when used in low
accelerations. However, in the other works elasticity of cables
are also ignored even in a wide workspace with a heavy endeffector [4][6]. In a heavy loaded cable-driven manipulator
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like LCM cable dynamic has a significant role in the dynamics
of the whole system. In view of cable capability of transmitting
forces and carrying payloads, the cable modeling is a basic
element of theoretical interest in applied mechanics and
dynamics. The great diversity of cable applications has led to
different elastic cable theories. In one of the intensive works,
nonlinear vibrations of suspended cable have been studied by
Giuseppe Rega [7],[8]. In a real situation, cable dynamics is
considered as a continuous or distributed parameter system.
Therefore, cable dynamic behavior described by a second-order
partial differential equation is not easily solvable when external
forces are applied. To simplify the analysis, the cables are
modeled using a lumped-mass discretization approach, which
leads to a series of equations of motion that are solvable using
standard numerical integration techniques [9]. The reliability of
lumped-mass cable models for predicting the dynamic behavior
of long cables has been previously verified through
experimental validation of marine systems [10],[11].
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4RPR mechanism used as parallel manipulator for LCM structure.

mechanism is to track the position and orientation of the
moving platform as desired in presence of disturbance force,
such as wind turbulence. The geometric and inertial parameters
used in the simulations of the system is adopted from LCM
design and is given in Table I, in which M and I denote the
mass and the moment of inertia of the moving platform,
respectively, ߩெ denotes the limb density per length.
The architecture of the planar 4RPR parallel manipulator
considered for our work is shown in figure 2(a). In this
manipulator the moving platform is supported by four limbs of
identical kinematic structure. Each limb connects the fixed base
to the manipulator moving platform by a revolute joint (R)
followed by a prismatic joint (P) and another revolute joint (R).
In this way as shown in figure 2(a) we have one revolute joint
at point ܣ , a prismatic joint along cable length and also a
revolute joint at point ܤ . The kinematic structure of a
prismatic joint is used to model the elongation of each cabledriven limb. In order to avoid singularities at the central
position of the manipulator at each level, the cable-driven limbs
are considered to be crossed. Angular positions of fixed base
and moving platform attachment points are given in table I. In
this paper,୧ denote the fixed base points of the limbs,୧
denote point of connection of the limbs on the moving
platform,୧ denote the limb lengths, andȽ୧ denote the limb
angles. The position of the center of the moving platform ,is
denoted by  ܩൌ ሾ ீݔǡ  ீݕሿand the orientation of the manipulator
moving platform is denoted by ߮ with respect to the fixed
coordinate frame.
For inverse kinematic analysis, it is assumed that the position
and orientation of the moving platformܺ ൌ ሾݔǡ ݕǡ ߮ሿ் is given
and the problem is to find the joint variable of the
manipulator,  ܮൌ ሾܮଵ ǡ ܮଶ ǡ ܮଷ ǡ ܮସ ሿ் , ߙ ൌ ሾߙଵ ǡ ߙଶ ǡ ߙଷ ǡ ߙସ ሿ் .
For the purpose of analysis and as it is illustrated in figure 2.b,
a fixed frame ܱ  ݕݔ is attached to the fixed base at the point
O, the center of the base point circle which passes through ୧ s,
and another moving coordinate frame ܸܷ is attached to the
manipulator moving platform at point G. Furthermore, assume
that the point ܣ lie at the radial distance of ܴ from point O,
and the point ܤ lie at the radial distance of ܴ from point G in
the xy plane, when the manipulator is at central location.

TABLE I. GEOMETRIC AND INERTIAL PARAMETERS OF THE SYSTEM
Quantity
900 m
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The planar structure used in this analysis, is a simplified
version of LCM design. The control objective in the simplified

Description
Radius of location circle of fixed
points Ai's
Radius of location circle of
moving platform points Bi's
Angle of fixed points Ai's
Angle of moving attachment
platform points Bi's
The moving platform’s mass
The moving platform’smoments
of inertia
The limb density per length

y

y

This paper is intended to study the kinematic and dynamic
analysis of such structures in detail. In kinematic analysis the
joint space variables and the manipulator Jacobian are obtained
while cables are assumed lumped-mass. Dynamic behavior of
manipulator is analyzed using the traditional Newton–Euler
formulation. Then, a simplified linear elastic model of cable is
proposed to determine cable dynamics. For this purpose, it is
assumed that the cable is consisted of only one lumped-mass
and the cable elasticity and damping effect is considered as a
spring-dashpot collected on one side of this lumped body. With
this assumption, a simplified model that contains the cable
elastic and damping behavior is generated. Including this cable
model into the overall manipulator dynamics, significant
influence in the dynamic behavior of manipulator is observed,
while avoiding complicated processes for elasticity modeling.
Due to implicit nature of the dynamic equations, usual
numerical integration routines such as Runge–Kutta methods,
cannot be used to solve this problem [9]. The dynamic
equations of the system are used in two sets of simulations. The
inverse dynamic simulations are presented first, in which the
required actuator torques required to generate a predefined
trajectory is computed. Finally, forward dynamics simulations
is performed, which show that the elasticity in cable has an
important effect on manipulator's end-effector positioning
performance.
II.

A3
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A. Position Analysis
In order to specify the geometry of the manipulator define
ߠ , ߠ as the absolute angle of the points ܣ and ܤ at the
central configuration of the manipulator, with respect to the
fixed frame O. Let’s define the instantaneous orientation angle
of ܤ ’s as:

G E
i
Bi

߮ ൌ ߮  ߠ

(1)
Therefore, for each limbs, the position of base points given by,
ܣ ൌ ሾܴ  ߠ ǡ ܴ  ߠ ሿ்
(2)
From the geometry of the manipulator as illustrated in figure
2(b), the loop closure equation of each limb, can be written as,
ሬሬሬሬሬሬሬԦ
ሬሬሬሬሬሬሬሬԦ
ሬሬሬሬሬሬሬሬԦ
ܣప  ܩൌ ܣ
ప ܤప  ܤప ܩ
(3)
By writing the vector loop closure component-wise and some
arithmetic operations the limb lengths and the limb angles are
uniquely determined.
ܮ ൌ ሾሺ ீݔ ܴ  ߮ െ ݔ ሻଶ   ሺ ீݕ ܴ  ߮ െ ݕ ሻଶ
(4)
ߙ ൌ ܽʹ݊ܽݐሾሺ ீݕ ܴ  ߮ െ ݕ ሻǡ ሺ ீݔ ܴ  ߮ െ ݔ ሻሿ

(5)

B. Jacobian Analysis
Jacobian analysis plays a vital role in the study of robotic
manipulators. Jacobian matrix not only reveals the relation
between the joint variable velocities ܮሶ and the moving platform
velocitiesܺሶ, it constructs the transformation needed to find the
actuator forces ߬ from the forces acting on the moving
platformܨ. Jacobian matrix of a parallel manipulator is defined
as the transformation matrix that converts the moving platform
velocities to the joint variable velocities, i.e.,
ࡸሶ ൌ ࡶࡹ Ǥ ࢄሶ
(6)
்

In which, ࡸሶ ൌ ൣܮଵሶ ǡ ܮଶሶ ǡ ܮଷሶ ǡ ܮସሶ ൧ is the 4 × 1 limb velocity
vector, and ࢄሶ ൌ ሾݔሶ ǡ ݕሶ ǡ ߮ሶ ሿ் is the 3 × 1 moving platform
velocity vector. Therefore, the Jacobian matrix ࡶࡹ is a
nonsquare 4 × 3 matrix. In order to obtain the Jacobian matrix,
let us differentiate the vector loop equation (3) with respect to
and ࡱ
ሬԦ illustrated in
time, considering the vector definitions ࡿ
figure 4. Hence,
 ൈ ܧ ൯ ൌ ܮሶ ܵመ    ߙሶ  ܮሶ ൫ܭ
  ൈ  ܵመ ൯
 ீݒ  ߮ሶ ൫ܭ
(7)
In which,  ீݒൌ ሾݔሶ ǡ ݕሶ ሿ் is the velocity of the moving platform
 is the unit vector in Z direction of fixed
at point G, and ܭ
coordinate frame A. In order to obtain expressions for ܮሶ
andߙሶ  , dot multiply and cross multiply both sides of equation
(7) byܵመ respectively:
ସ
ࡶࡹ ൌ ൣܵ௫ หܵ௬ หܧ௫ ܵ௬ െ ܧ௬ ܵ௫ ൧ୀଵ
(8)
ࡶࢻ ൌ

ͳ
ൣȂ ܵ௬ ȁܵ௫ ȁܧ௫ ܵ௫  ܧ௬ ܵ௬ ൧
ܮ

(9)

Note that the Jacobian matrix ܬெ and ܬఈ are non-square 3×4
matrix, since the manipulator is a redundant manipulator. Also,
ܬఈ is defined as the matrix relating the vector of moving
platform velocities, ࢄሶ ൌ ሾݔሶ ǡ ݕሶ ǡ ߮ሶ ሿ் , to the vector of angular
velocities of the limbs ߙሶ ൌ ሾߙሶ ଵ ǡ ߙሶ ଶ ǡ ߙሶ ଷ ǡ ߙሶ ସ ሿ் as:
ࢻሶ ൌ ࡶࢻ Ǥ ࢄሶ

(10)
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Vectors definitions for Jacobian derivation of the manipulator.

C. Acceleration Analysis
Acceleration analysis of the limbs and the moving platform
is needed for the Dynamic formulation of a parallel
manipulator. In acceleration analysis it is intended to derive
expressions for the linear and angular accelerations of the
limbs, namely ܮሷ and ߙሷ  as a function of the moving platform
acceleration ࢄሶ ൌ ሾݔሷ ீ ǡ ݕሷ ீ ǡ ߮ሷ ீ ሿ் . In order to obtain such
relation differentiate the vector loop equation (7) with respect
to time, considering the vector definitions ܵመ and ܧሬԦ illustrated
 ൈ ܵመ ൯ and ࡱሶ ൌ ߮ሶ ሺࡷ
ൈ
in Fig. 3, and noting that ܵሶ ൌ ߙሶ  ൫ܭ
ሬԦ ሻ. Hence,
ࡱ
 ൈ ܧ ൯ െ ߮ሶ ଶ ܧ ൌ ܮሷ ܵመ
ܽீ  ߮ሷ ൫ܭ
 ൈ ܵመ ൯  ߙሷ  ܮ ൫ܭ
 ൈ ܵመ ൯ െ ߙሶ ଶ ܮ ܵመ
ʹܮሶ ߙሶ  ൫ܭ

(11)

In order to eliminate ߙሷ  and get an expression for ܮሷ , dot
multiply both side by ܵመ and reorder into,
 ൫ܧ ൈ ܵመ ൯ െ ߮ሶ ଶ ൫ܧ Ǥ ܵመ ൯  ߙሶ ଶ ܮ
ܮሷ ൌ ܽீ Ǥ ܵመ  ߮ሷ ܭ

(12)

In order to eliminate ܮሷ and get an expression for ߙሷ  , cross
multiply both side of (12) by Ƚሷ ୧ :
 െ ߮ሶ ଶ ൫ܵመ ൈ ܧ ൯ ൌ
ܵመ ൈ ܽீ  ߮ሷ ൫ܧ Ǥ ܵመ ൯ܭ

൫ʹܮሶ ߙሶ   ߙሷ  ܮ ൯ܭ
This simplifies to,

(13)

ܽீ௫
ͳ
ܽ
ߙሷ  ൌ ൣെܵ௬ ȁ ܵ௫ ȁ ܧ௫ ܵ௫   ܧ௬ ܵ௬ ൧Ǥ  ீ௬ ൩
ܮ
߮ሷ
(14)
ͳ
ଶ
ሶ
െ ሺ൫ܧ௬ ܵ௫ െ ܧ௫ ܵ௬ ൯߮ሶ  ʹܮ ߙሶ  ሻ
ܮ
Note that if this equation is written for all four limbs, the first
term constitutesܬఈ , as defined in equation (10). In order to
complete the manipulator acceleration analysis it is necessary
to derive expressions for the linear accelerations of the center
of mass of each limb. Since in the LAR application, the
manipulator is cable driven, it is assumed that the center of
mass of each limb is located in the middle of the limbs. Denote
the velocity and acceleration of the center of mass of the limbs
as ݒ and ܽ , respectively. The velocity of the center of mass
is composed as the tangential and normal components as,
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FD

ͳ
  ൈ ܵመ ሻ
ሺܮሶܵመ  ߙሶ  ܮ ሺܭ
(15)
ʹ
In order to obtain the relation for acceleration of the center of
mass of each limb, differentiate (15) with respect to time
ݒ ൌ

ܽ

ͳ
 ൈ ܵመ ൯ሻ
ൌ ሺ൫ܮሷ െ ߙሶ  ܮ ൯ܵመ  ൫ߙሷ  ܮ  ʹܮሶ ߙሶ  ൯൫ܭ
ʹ

τD

(16)

G
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Note that the velocity and acceleration of the center of mass of
the limbs ݒ and ܽ are functions of ܮሶ , ߙሶ  ,ܮሷ and ߙሷ  , whose
relation to the manipulator velocity and acceleration ܺሶ and ܺሷ
are given in equations (6),(10), (12) and (14), respectively.

FBNi

DYNAMIC ANALYSIS

FASi

The most popular approach used in the robotics research in
order to derive the dynamics equation of motion of a parallel
manipulator is the Newton–Euler formulation. In this method
the free–body diagrams of the limbs and moving platform are
considered and the Newton–Euler equations are applied to each
isolated body. Using this approach, all constraint forces and
moments between the limbs and the moving platform are
obtained. In this paper first the dynamic equation of the
manipulator without cable elasticity is derived, and then the
dynamic equation of the manipulator with cable elasticity
derived and analyzed.

Fig. 4.
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Free body diagram of manipulator’s limb and moving platform

the limb center of mass େ୧ and େ୧ , are also shown in this
figure. Assume that the only external disturbance force and
moment existing, acts on the manipulator moving platform, and
்
is denoted by ࡲࡰ ൌ ൣ݂௫ ǡ ݂௬ ǡ ߬ ൧ . Let us first derive the
equations of motion of the limbs. The Newton–Euler equations
for varying mass system can be written as:
݀
ሺ ݒ ܯሻ ൌ ܯ ܽ  ܯሶ ݒ
(19)
݀ ݐ 
݀
ሶ ߙሶ 
 ࡹ ൌ ൫ܫெ ߙሶ  ൯ ൌ ܫெ ߙሷ   ܫெ
(20)
݀ݐ
In which, σ ܨ௫௧ is the summation of all external forces acting
on the each limb and σ ܯ denotes the resulting external
moments about the fixed point ୧ , and the linear velocity and
acceleration of each limb at the center of mass, ݒ and ܽ are
given in equations (15)and (16), respectively. Considering the
free body diagram of the limb in Fig. 4, the resulting forces and
moments can be determined in a vector form as:
 ࡲࢋ࢚࢞ ൌ

A. Manipulator Dyanamics without cable elasticity model
In order to derive the dynamic equation of manipulator,
assumed that the moving platform center of mass is located at
the center point G and it has a mass of M and moment of
inertiaܫெ . The inertia parameters of the limbs and moving
platform are given in Table I. Furthermore, since in the LAR
application the manipulator is cable–driven, it is assumed that
the mass of the limbs are varying, due to the elongation in the
cable length. It is also assumed that the cables are
homogeneous, with a circular cross section, and have the
density per unit length ofߩெ . The cables are considered to be
in a straight line and modeled as rigid bodies, with varying
mass of ܯ ൌ ߩெ Ǥ ܮ depending on the cable length. The
moment of inertia of the cables are also varying, and can be
calculated assuming that they are slender bars with varying
length. The moment of inertia of the cables about the fixed
point ܣ is given by:

௦ 
ே
ே 
ሻ ࡿ  ሺܨ
ሻࡺ ൌ ܯ ܽ  ܯሶ ݒ
ሺܨௌ െ ܨ
െ ܨ

(21)

ே
ሶ ߙሶ 
ܨ
ܮ ൌ ܫெ ߙሷ   ܫெ

(22)

Substituting ݒ and ܽ , and writing equation (21)
 direction, with some manipulations
componentwise in  and 
this result into:

ͳ
ߩெ ଷ
ܫெ ൌ ܮܯଶ ൌ
ܮ
(17)
͵ 
͵
The time derivative of mass and moment of inertia of each limb
is as following:

ߩெ
ሺܮ ܮሷ െ ሺܮ ߙሶ  ሻଶ  ܮሶଶ ሻ
ʹ  
ߩெ
ே
ே
ܨ
െ ܨ
ൌ
ሺߙሷ  ܮଶ  ͵ܮ ܮሶ ߙሶ  ሻ
ʹ

ௌ
ܨௌ െ ܨ
ൌ

ሶ ൌ ߩெ ܮଶ ܮሶ
ܯሶ ൌ ߩெ Ǥ ܮሶ Ǣܫெ

(18)
With these assumptions consider the free-body diagrams of the
limbs and the moving platform as illustrated in Fig. 4. The
reaction forces at fixed points ܣ ’s are illustrated
ே
ୗ
componentwise and is denoted by ܨ
and ୧
, in which  is
 is perpendicular to the limb.
along the limb direction and ܰ
Similarly, the internal force at points ୧ ’s are denoted
ே
ୗ
and ୧
. The velocity and acceleration of
componentwise as ܨ

ே
ܨ
ൌ

ߩ ܯଶ
ሺܮ ߙሷ   ͵ܮ ܮሶ ߙሶ  ሻ
͵

(23)
(24)
(25)

Furthermore, note that ܨௌ is the actuator forces acting on the
limbs. Now, the equation of motion of the moving platform is
derived, using the free body diagram depicted in Fig. 4. The
Newton-Euler equation of the moving platform is as following:
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determined. Due to implicit nature of the dynamic equation
special integration routine capable to integrating implicit
differential equations, are used for simulations.
B. Cable Dynamics modelling
The cable modeling is a basic element of theoretical interest
in applied mechanics and dynamics. The method to determine
the internal forces in cable direction is presented in this section.
The tension within the cable elastic behavior, T, acts in the
cable direction S, is modeled by a linear function of the strain
within and the axial stiffness of the cable:
݈ െ ݈ ᇱ ο݈
ൌ
(32)
݈ᇱ
݈Ԣ
where Ԣ is the unstretched length of the cable, A is the cross
section area of the cable element, E is the effective Young’s
modulus of the cable, and ɂ is the strain experienced within the
cable. The friction between the braids of the cable, along with
the polymer coatings creates damping effect. This effect is
assumed to be linear with the following relationship between
strain rate and damping force. The forces in the cable generated
by damping are:
ܶ ൌ ߝܣܧ

Fig. 5 The schematic of elastic cable modeling
ସ
ே 
ௌ መ
 ࡲࢋ࢚࢞ ൌ ݂  ൫ܨ
ܵ   ܨ
ܰ ൯ ൌ ீܽܯ

(26)

ୀଵ
ସ
ே 
ௌ መ
   ܧሬԦ ൈ ൫ܨ

 ࡹࡳ  ൌ  ߬ ܭ
ܵ   ܨ
ܰ ൯ ൌ ܫெ ߮ሷ ܭ

ߝൌ

ሶ
 ܨൌ ܾǤ ο݈ሶ ൌ ܾǤ ൫݈ ሶ െ ݈ Ԣ൯

(33)
ሶ
Where,ο is the rate of the cable length stretching, and b is the
damping coefficient of the cable. In this approach the dynamic
equation of cable for Fig. 5. (a),(b) can be written as follows:

(27)

ୀଵ

Writing the force equation(26) componentwise, with some
manipulation:

For system (a):

ସ

ݔܯ ۓሷ െ ݂ Ȃ ൫ ܨௌ ܵ  ܨே ܵ ൯ ൌ Ͳ  ۗ
ீ
௫
 ௫
 ௬
ۖ
ۖ
ୀଵ
ۖ
ۖ
ସ
ۖ
ۖ
ௌ
ே
ݕܯሷ ீ െ ݂௬ Ȃ ൫ܨ ܵ௬  ܨ ܵ௫ ൯ ൌ Ͳ
۔
ۘ
ୀଵ
ۖ
ۖ
ସ
ۖ
ۖ
ௌ
ே
ۖ ܫெ ߮ሷ െ ߬ െ ൫ܨ
൫ܧ௫ ܵ௬ െ ܧ௬ ܵ௫ ൯  ܨ
ሺܧ௫ ܵ௫ െ ܧ௬ ܵ௬ ሻ൯ ൌ Ͳ ۖ
ە
ۙ
ୀଵ

Ǣ

ܨሺݐሻ ൌ ߩெ Ǥ ܮሺݐሻǤ οܮሷሺݐሻ  ܾǤ οܮሶ 
(28)

ܣܧ
οܮ
ܮ

(34)

ο ܮൌ οݔ
For system (b):
ܣܧ
ሺ ݔെ  ݔᇱ ሻ  ܾǤ ሺݔሶ െ ݔሶ ᇱ ሻ
ܮ
ൢ
൞
(35)
ܣܧ
ሺ ݔെ  ݔᇱ ሻ  ܾǤ ሺݔሶ െ ݔሶ ᇱ ሻ
 ܨൌ ݉ݔሷ 
ܮ
In which in both cases the cable should be considered to be
under tension, or ο  Ͳ.
y

݂൫ࢄǡ ࢄሶǡ ࢄሷǡ ࣎ ǡ ࡲࡰ ൯ ൌ Ͳ

(29)
Equations (28) are the governing equation of motion of the
்
macro manipulator, in which ܨ ൌ ൣ݂௫ ǡ ݂௬ ǡ ߬ ൧ is the
disturbance forces/torque exerted on the moving platform, and
the interaction forces between the limbs and the moving
ே
ௌ
andܨ
, are derived from the limb dynamics and
platform ܨ
is given in equations (23), and (25), respectively. Furthermore,
ሬሬሬԦ , andܵመ , can be found from inverse kinematic
the vectorsܧ
relation by:
ܧሬԦ ൌ ሾܴ ሺ߮  ߠ ሻǡ ܴ ሺ߮  ߠ ሻሿ்

(30)

ܵመ ൌ ሾ  ߙ ǡ  ߙ ሿ்

(31)

ܯǤ ݔሷ ൌ

v
u

G
O

ϕ

x

Bi

The first use these equations of are to evaluate the actuator
forces ɒ needed to produce a prescribed trajectory ܺ ൌ
ሾݔǡ ݕǡ ߮ሿ் in presence of the disturbance forces and
்
moments ࡲࡰ ൌ ൣ݂௫ ǡ ݂௬ ǡ ߬ ൧ . The most important
application of these dynamics equations is in the proposed
controller strategies for the system. Furthermore, the governing
equations of motion of the manipulator can be implemented for
dynamic simulation of the system. For dynamic simulation, it is
assumed that the actuator forces ૌ ۯ, are given and the
manipulator motion trajectory ࢄሺ࢚ሻ , is needed to be

Ai
Fig. 6.

Manipulator schematic with elastic cables
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Fig. 7 Free body diagram of manipulator’s limb with elastic and damping effects

C. Manipulator Dyanamics with Cable Modelling
Assume that the cables dynamics explained on last section.
The overall system is shown in Fig. 6. The free body diagram
of manipulator’s limb with elasticity and damping effect is
shown in Fig. 7. The Newton–Euler formulation is used to
rewrite the equations of motion component wise in ܵመ direction:
ߩெ
ܣܧ
ሺ ܮെ ܮᇱ ሻ
൫ܮ ܮሷ െ ሺܮ ߙሶ  ሻଶ  ܮሶଶ ൯ ൌ ܾ൫ܮሶ െ ܮᇱሶ ൯ 
ܮ
ʹ
൞
ൢ
ܣܧ
ௌ
ൌ ܾ൫ܮሶ െ ܮᇱሶ ൯ 
ሺ ܮെ ܮᇱ ሻ
ܨ
ܮ
ܨௌ െ

(36)

ே
 direction don’t change and ܨ
Note that the forces in ܰ
is
obtained from equation (23). Therefore, Equations (28) can be
rewritten in an implicit vector form of:
ସ

ۓ
ௌ
ே
ݔܯሷ ீ െ ݂௫ Ȃ ൫ܨ
ܵ௫ െ ܨ
ܵ௬ ൯ ൌ Ͳ 
ۖ
ୀଵ
ۖ
ସ
ۖ
ௌ
ே
ۖ ݕܯሷ ீ െ ݂௬ Ȃ ൫ܨ
ܵ௬  ܨ
ܵ௫ ൯ ൌ Ͳ
ୀଵ
ସ

(37)
(38)


۔
ۖ߮ ܫሷ െ ߬ െ  ቀ ܨௌ ൫ ܵ ܧെ  ܵ ܧ൯  ܨே ൫ ܵ ܧ  ܵ ܧ൯ቁ ൌ Ͳ

௫ ௬
௬ ௫
௫ ௫
௬ ௬


ۖெ
ୀଵ
ۖ
ߩெ
ܣܧ
ۖ
ଶ
ᇱ
ᇱሶ
ሷ
ሶଶ
ሶ
 ܨ ەെ ʹ ൫ܮ ܮ െ ሺܮ ߙሶ  ሻ  ܮ ൯ െ ܾ൫ ܮെ  ܮ൯ െ  ܮሺ ܮെ  ܮሻ ൌ Ͳ

݂൫ࢄǡ ࢄሶǡ ࢄሷǡ ࣎ ǡ ࡲࡰ ൯ ൌ Ͳ

(39)
(40)
(41)

In which,
ࢄ ൌ ሾݔǡ ݕǡ ߮ǡ ܮᇱ ሿ் Ǣ ࡸԢ ൌ ሾܮԢଵ ǡ ܮԢଶ ǡ ܮԢଷ ǡ ܮԢସ ሿ்

(42)
By numerical solution of equation (41), the platform position
and orientation ܺ ൌ ሾݔǡ ݕǡ ߮ሿ் and the stretched cable length
ܮԢ, is obtained, while is directly calculated from kinematics
position analysis or equation (4).
1) Model Validation and open loop simulation
For open-loop simulations, a proper value for cable elastic
and damping coefficient explained in equations (32), (33) must
be selected. For this means a reasonable material for cable must
be chosen. Casey shows that Plasma is the best option for the
LAR system as it has the highest strength-to-weight ratio and
also the highest modulus of elasticity apart from steel, [12].
Plasma is the commercial name for an ultra-high density
polyethylene based tether manufactured by Cortland Cable,
NY. The manufacturer’s identified value for elasticity
coefficient  ൌ ͵ͺ ǡ has been chosen for cable modeling
and simulations in our analysis. Damping forces in cables tend

to be much smaller than the elastic forces, and for this reason,
in many cable dynamics studies, damping is neglected.
Through various tests that were performed [12], at McGill
University a larger range of tether lengths, from 2 m to 25 m
are thoroughly studied [13]. The damping coefficient
multiplied by the tether length, ܾǤ ݈ ൎ ʹʹͲͲܰ ݏwas found to be
relatively suitable for the tether lengths that are tested. Another
study that Casey has done to arrive to a suitable value for ܾǤ ݈,
was performed on the actual LAR experimental prototype.
Similar instabilities were also observed in the experimental
system for high control gains in the close loop, and by
verifying the simulation result with, a suitable damping
estimate has been reported for the tethers of ܾǤ ݈ ൌ ʹͲͲͲͲܰݏ
,a value much larger than Ǥ  ൌ ʹʹͲͲ which has been found
for a vertical tether in [12]. Using the experimentally verified
results in [12], the cable parameter that presented in Table II is
used for the system in the simulations.
As explained before, the most important application of the
dynamic equations of the LCM is the direct dynamic
simulation of the system. In this case, it is assumed that the
actuator forces are given and the manipulator motion is to be
determined. Due to implicit nature of the dynamic equation,
usual numerical integration routines such as Runge–Kutta
methods [9], cannot be used to solve the problem. However,
special integration routine [15], which is capable to integrate
implicit functions, can be used for dynamic simulations.
Simulations are performed to first verify the derived dynamic
equations and then to study the behavior of the system. Thus,
the model is simulated in some scenarios in which the behavior
of the system can be predicted by intuition. In the first
simulation, equivalent forces in four directions are applied to
the moving platform of the manipulator in its initial
conditionሺͲሻ ൌ ሾͲǤͳǡ ͲǤͳǡͲǤͳሿ. This simulation is considered
for two cases, once without elastic modeling for cable dynamic,
equation (28), and then with elastic effect, equation (37)-(40).
As shown in Fig. 8 in both cases the systems oscillates about its
equilibrium point  ൌ ሾͲǡͲǡͲሿ . This behavior can be easily
verified by intuition, since the system is over constrained by
elastic cables with low damping coefficient, therefore, the
oscillatory output with low decaying ratio is predicted as
shown in this figure. Moreover, the strain of the cable along its
longitude is relatively large in the elastic model of the cables,
generating the growing position errors in the moving. This
simulation verifies the importance of elastic modeling of the
system to gain more insight of the system dynamics.
In another simulation, the forces are applied only in one
direction ( ܨଵ ൌ ͳ݁͵ǡ ܨଶ ൌ ͳ݁͵ǡ ܨଷ ൌ Ͳǡ ܨସ ൌ Ͳ as in figure
2). The simulation results are given in Fig. 9, which shows a
more delayed response for elastic cables compared to that of
the manipulator without elasticity.
TABLE II.

CABLE ELASTICITY PARAMETERS

Description
Elasticity coefficient for plasma cable

Symbol
E

Damping coefficient

b

Cross section area of the cable

A
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Quantity
38 GPa
ଶ


Ns/m

4e-4 cm2

XG (m)
YG (m)

0
-0.1

0

5

10

15
time(sec)

20

25

30

0

5

10

15
time(sec)

20

25

30

0

5

10

25

30

0.1
0
-0.1

0.2
0
-0.2

δL 1-4 (m)

φ (Radian)

system is observed. For a given excitation of actuators,
elasticity produces larger delays in the manipulator dynamics,
which makes the closed loop control of the manipulator much
complicated. This effect is rigorously formulated in the
equations (40), which can be explained as a fast pole
(dynamics) with high gain added to system dynamics. The
effect of this pole can be seen as high forces in high
frequencies that makes the control of this system very
challenging. Continuing research on suitable control topologies
necessary for this system is on the way.
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