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Abstract—One of the challenging issues in the robotic tech-
nology is to use robotics arm for surgeries, especially in eye
operations. Among the recently developed mechanisms for this
purpose, there exists a robot, called Eye-RHAS, that presents
sustainable precision in vitreo-retinal eye surgeries. In this
work the closed-form dynamical model of this robot has been
derived by Gibbs-Appell method. Furthermore, this formulation
is verified through SimMechanics Toolbox of MATLAB . Finally,
the robot is simulated in a real time trajectory control in a
teleoperation scheme. The tracking errors show the effectiveness
and applicability of the dynamic formulation to be used in the
teleoperation schemes.

Keywords— Eye Surgery, Eye-RHAS, Gibbs-Appell, Phan-
tom Omni, Real Time Trajectory Control, SimMechanics.

I. INTRODUCTION

At present 285 million people are estimated to be visually
impaired around the world: 39 million are blind and 246
million have low vision. For many eye diseases, surgery is the
only possible treatment to improve vision or to stop further
decrease in the visual quality and blindness [1]. Due to the
dimensions and sensitivity, the most challenging issue in an
eye surgery operation is the required accuracy. Vitreo-retinal
surgery, which involves tissue manipulations in the posterior
segment of the human eyeball, is one of the most precise
operations accomplished by the surgeons, with a required ac-
curacy smaller than hundred microns [2]. The natural tremors
and physical constraints available in human’s hand, besides
some other problems, makes this type of eye surgery very
challenging, which may be overcomed by proper use of a
robotics arm.

Robotic eye surgery allows the surgeons to perform many
kinds of complicated procedures with more precision and
flexibility than that with conventional techniques. In general,
robotic surgery is associated with minimally invasive surgery,
i.e. the procedures performed through tiny incisions [3]. Be-
sides other special privileges, this kind of surgery reduces the
patient recovery time and pain. Among the recently developed
systems for this means, there exists a robotic system that
is dedicated to vitreo-retinal surgery. This robot, called Eye-
RHAS, has been designed by Eindhoven University of Tech-
nology (TU/e). EyeRhas, shown in Fig. 1, uses two parallelo-
grams to present a remote center of motion in eye surgeries.
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This robot has four degrees of freedom (DoF), including two
prismatic and two revolute ones. The main advantages of this
system compared with the other robots are the combination of
both a dedicated master and slave robot, the integrated solution
for mounting the system to the operating table, compactness,
ease of installation and integrated electronics, and existance
of an automated instrument changing system [2].

Fig. 1: Eye-RHAS manipulator [4].

In this work, a detailed mathematical analysis of this robot,
including kinematics and dynamics, has been presented. To
analyze the dynamical behavior of the mechanical systems,
there are several methods such as: Lagrange, Newton-Euler,
Gibbs-Appell (GA), and Kane formulations. Among them, GA
method provides a simpler procedure to obtain the closed form
dynamic models with respect to the well-know Lagrange or
Newton-Euler methods. GA method was first introduced by
Gibbs (1879) and then by Appell (1899) independently [5].
To see some further informations about these methods, one
may review [6] and [7].

The obtained model has been verified by SimMechanics
Toolbox of MATLAB [8]. Furthermore, due to the potential
application of Eye-RHAS, a uni-lateral teleoperation system
consists of a haptic device, namely, a PHANToM Omni [9]
and a virtual Eye-RHAS model has been considered for
teleoperation implementation. One may refer to [10] and [11]
to have more insight about teleoperation systems. To evaluate
this structure, an inverse dynamic control (IDC) scheme has
been proposed and implemented on the system. Experimental
results demonstrate the precision and applicability of the
derived dynamics formulation.
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Fixed Frame

Fig. 2: A rigid body in space

II. PRELIMINARIES
A. Manipulator Dynamics

By neglecting the effect of frictions and other possible
disturbances, it is common [12] to write the closed-form
dynamics model of a n-link rigid body manipulator in the
form of:

H(z)i + C(z,%)& + G(x)=J U, (1)

in which, H () is the n xn symmetric positive definite matrix
called manipulator inertia matrix, @ is the n x 1 array of
relative generalized coordinates, C(x, )& is the n x 1 array
of centrifugal and Coriolis terms, G(x) is the n x 1 array of
gravitational effects on the manipulator, and U is the n x 1
array of applied control inputs.

Equation (1) satifies two useful properties: 1) given a proper
definition of C, the matrix H-2C is skew-symmetric, which
means H and C' are dependent; and 2) dynamics structure is
linear in terms of a suitably selected set of robot and load
parameters [13].

B. GA Dynamics Formulation

The GA or the acceleration energy function, plays a funda-
mental role in the GA dynamic formulation. This function is
defined as [14]

S = %/(d’~d’)dm, ()

where, dm is a element of the body and @ denotes its
acceleration. Consider a rigid body with a moving frame
attached on it, called body frame. According to [14], the GA
function of this body, shown in Fig. 2, can be written as

S = % [m (Gp-Gp) + G- 8;: & [@x Fp) 5
+map-[@ x p+map @ x (@ x p)] + T(8,8),
where, the angular momentum, h p 1s defined as
hp =Ipd, (4)

in which, I'p is a symmetric inertia tensor, and its time
derivative in the body coordinate is zero, thus
Ohp o
— =Ip—=1Ipa. 5
BT P P &)

Extending this concept for a multi-body system with n-DoF,
GA function can be written as

S = S(a;, &, ). ©)

where, ;, x; and &; are the generalized coordinates, and ¢ =

{1, 2, ..., n}. By partial differentiation of the GA function
with respect to &;, one may obtain:

. 95  ddp . _9& . . dd& . R
S g~ Mg Gt gy Hrdlt G5 W x Trd)l
—I—m—aap-[& X pl +map- oa X p

0@ P "oz P
+m88“7?3-[@x (@ x p)] .

N

The generalized forces acting on the robot, U, can be obtained
as follows:
JTu=s". (8)

The linear and angular velocity of the rigid body can be
expressed as

’UPZJLI.b, w:JAa'r:, (9)

where, J, and J 4 are called translational and angular Jaco-
bian matrix, respectively. To find acceleration equations one
may differentiates from (9), which gives

ap=Jp&+Jpx—0, o=Jdad+Jad, (10)
in which, o, denotes the gravity acceleration is added to this
formulation to accommodate the gravitational forces. Equation

(7) can be expressed as

S*=H(x)&+Clx,&)x+Gx)=J TU, (1)
where, H matrix of dynamic model is obtained as follows
0S”*
H=—"—. 12
ox (12)
The coriolis and centrifugal effects is derived using
oS*
C=—. 13
ox (13

Having S*, H and C' the gravity term is derived by substitu-
tion in

G=S"-Hi-Ct. (14)

III. MATHEMATICAL MODEL
A. Physical Description of Eye-RHAS

In Fig. 3 a wire model of Eye-RHAS is presented, so as the
geometric description of the robot can be discussed clearly.

B. Kinematics

As mentioned in [13], kinematic analysis refers to the robot
geometry and motion study, without considering the forces
and torques that cause that motion. To analyse the robot
kinematics, forward kinematics (FK) and inverse kinematics
(IK) has been studied in the following sub-sections.

062



a
G
CGs J
€ HB 73
(%) & A
® G4 Zo
'.‘ 2| |vs CG7
CGs o o 0
D & E
\ CGg
LAY
Z,48T Yo
PRd
o - JF

X,
Counter-Mass

Fig. 3: Wire model of the Eye-RHAS manipulator

1) FK: To show the relation between the task and joint
spaces, one may derive FK. According to Fig. 3, this relation
for the Eye-RHAS manipulator can be written as follows

xp = —x3 cos(z2) sin(z1),
yr = +x3 cos(zz) cos(z1),

zr = 4z sin(x2) + Ls.

15)

In Fig.4 the cartesian workspace of this manipulator has been
shown.

Work Space: (X-Y-Z) Space

-0.01
Axis: X

e Axis: Z

Fig. 4: Manipulator Cartesian Work Space

2) IK: One may have the value of Cartesian variables and
wants to calculate the joint variable values. In this situation,
IK will be needed. This inverse problem may be solved by the
following equation.

Wt vk + - LG

. ZT — L3
r2 =asmn| ————— |,
z3

x1 = atan2 (—xr, yr).

xr3 =

(16)

C. Jacobian Matrix

The analysis of differential kinematics plays a vital role
in the study of robotic manipulators. It turns out that the
study of velocities in a manipulator leads to the definition of
the Jacobian matix. The Jacobian matrix not only reveals the

relation between the moving end-effector linear and angular
velocities @ to the actuator joint variables g, but also constructs
the transformation needed to find the actuator forces and
moments acting on the end-effector [13]. with Jacobian matrix
we have
g=Jzx. a7
Reffering to the kinematics of Eye-RHAS, the task space
variables, 1 and a3 are directly actuated via joint variables,
g, and q;, respectively. But the motion of x5 is produced
indirectly, using a linear mechanism as shown in Fig.3. Based
on the structure of Eye-RHAS, Jacobian matrix can be written
as the decoupled form

1 0 0
J=|0 Jao2 0], (18)
0 0 1
where,
l ls —1
Tp = 4 cos(xa) [l3 — 5] (19)
\/li cos?(z2) + 15 — I3 + Iy sin(z) >
D. Dynamics

Dynamic analysis is needed for the mechanical design,
motion simulation, calibration and control of the robot. In
this work, GA approach has been used to derive the dynamic
matrices of the robot in the general closed form formulation
given in (1). By using (12)-(14), these matrices may be
written as follows,

Hy 0 0
H(x)=| 0 Ha H|,
0 Hizx Hs3
(20)
Cnn Ci2 Cis G
C(z,@) = |Co1 Ca2 Coz|, G(z)=|G2
C31 023 0 G3

To avoid clutter, the non-zero elements of H, C, and G has
been expressed in appendix.A

IV. EXPERIMENTAL RESULTS

A. Dynamics Verification

In this work SimMechanics Toolbox has been used to verify
the calculated closed-form dynamics model derived in (20).
For this means, the embodiment of Eye-RHAS, shown in Fig.
5, plays the role of the real robot. The parameter values used
in this model are given in tables I and II.

For sake of verification, the following trajectory in task
space coordinate is considered for the robot.

z(t) = a-sin {b+2w<f0t+gt2>], 2D

in which, a = [0.35, 0.1, 0.1]", b = fo = [0, 0, 0]", and
k = [0.10, 0.09, 0.08]" are constant vectors.
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Fig. 5: Eye-RHAS CAD Model

TABLE I: Body Tensors (I, = I.,)

I  (g/m)H ][Iy, (@g/m)][ L (g/m)] I (g/m%
To, 12 Ty, 12 I., 004 | I, 0
I, 432 |1, 108 | I, 341 | I, 0
Lo 17| Iy, 17 | Ly 0065 | I 0
I, 107 |1, 0267 | I, 0811 | I, 0.4
I,. 0067 | I,. 0067 | L. 0003 | I 0
Iog 0.635 Iy, 0.135 I 0.522 Irg 0
I.. 003 | I, 0004 | I.. 0032 | I 0
I, 0081 | I,, 0081 | L, 0001 | I 0
I, 0325 | I, 0037 | L, 029 | I, 0
TABLE II: Body Properties
Mass (9) Length  (cm) COM (cm)
mi 90 I 20 (z1,91,21)  (0,0,10)
ms 400 I 18 | (z2,y2,22)  (0,9,0)
ms 40 Iy 35 | (z3,y3,23) (0,0,18)
my 80 Iy 10 (z4,ya,24) (0, 10,-5)
ms 10 ls 15 (z5,ys5,25) 0,0,7)
me 50 lem 7 (z6,y6,26)  (0,10,0)
my 20 (x7,9y7,27)  (0,4,0)
ms 45 (z8,y8,28)  (0,0,-4)
mg 45 (z9,y9,20)  (0,8,0)

The results of dynamics verification is shown in Fig. 6. In
the top part of this figure, the trajectories in three different
axes are shown. The second part of this figure illustrates
the dynamic efforts required to generate such trajectories,
calculated from the closed form dynamics of the robot. Finally
the bottom part of this figure shows the difference between
these efforts from the one obtained through SimMechanics
simulations. As it is seen in this figure, the results obtained
from dynamics formulation, is identical to that obtained from
SimMechanics implementation with the precision of 1074,
By this means the formulation is verified with the required
accuracy.

B. Trajectory Control

Once the dynamic formulation is verified, it may be used
in different applications. In here a trajectory control in a
teleoperation application is considered. In order to perform
such task, as it is shown in Fig. 7, the simulated robot is used in
a real-time teleoperation loop, considering an inverse dynamics
control scheme [15], in which the PD control gains are set to
kp = 30 and kg = 3, by trial and error. In order to generate the
required trajectories in such application, a PHANToM Omni

a) Generalized Variables

L] ===y --.m|
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b) Control Efforts

— == =Uy = = U3 ]

0 2 4 6 8 10
x10™ c) Validation Errors

[—a ---a - -¢]

0 2 4 6 8 10
Time [sec]

Fig. 6: Validation Results

Fig. 7: The general structure of the IDC scheme

haptic device is used within an xpc-target routine in MATLAB
for real time simulation. The result of one of such experiments
are shown in Fig. 8 and 9. In the first figure an offline step
response in three axes is requested for the robot, and as it is
seen in this figure, the controller is capable to perform well
in practice. The transient response is very well suited, while
zero steady state error is obtained. In the second experiment,
which is shown in Fig. 9, the trajectories is generated by the
operator in a real time experiments, while the robot is tracking
the desired trajectories with the required precision. The control
efforts required to perform such task is shown in the bottom
part of this figure, which are well beyond the available limits.
This experiments, provides the required assurance to perform
further real time teleoperation tasks in future experiments.

V. CONCLUSION

In this research a closed-form dynamical model of Eye-
RHAS manipulator has been derived by GA method. The
verification scheme which has been performed on the virtual
model, in SimMechanics Toolbox, shows the precision of
the derived dynamics. To evaluate the model, off-line step
response and real-time performance has been studied, and
the results guarantee that this model may be used for future
practical design problems.

VI. APPENDIX A
The non-zero elements of (20) are as follows, with the
inertia elements
Hi1 = s5 [IT865 +4 (Iyg =+ Iz7)85} + 122(342 + (-[24 + ]zg) c22
+msloca[2(csys — s528) + lacal + (Iy, + Iyg) 522
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+mo w3 c2 [(w3 + 2yo) €2 — 220 s2] + (Iyy + Iyg) 54°

+m7 (cala —cala) [cala —cala — 2 (5 27 + 85 y7)]
a) 1st Variable Offline Tracking

+ms (cals —cala) (cals —cala —2ys) + Lgca®

04
T o2 4 +cs [05(Iy7+128) + s5(Irg — In7)] — Ir7 c5 85
- I | : ‘ + Ly + s+ s + msle (l2042+2y304)
* i b) 2nd V:.riable Ofﬂin:Tmcking ‘ o + 20t Irg) 252 = 2(Ira + Irg) casa 22
LU ; ‘ Hz = ms3 lg + mows (2y9 + x3) + Iu7 F122 + Iy
Toif +ms L6 +m7 (Ta+T's) — 2msgls 28 s6 Fi2 (23)
H3z = myg (24)
% 2 4 6 8 10 Ha3 = H32 = —mg 29 (25)
¢) 3rd Variable Offtine Tracking
T ' ' The elements of Coriolis and centrifugal matrix, C,;, are
Eoif given as follows.
% 2 3 10 Ci1 = la sa2[ms(ys + cala) + ms(cals + ¢c5ys — S5 28)]
it +m7 &2 (l2sa+1las2) (cala —cala + 5 27 + S5y7)
Fig. 8: Off-line step response tracking performance + @2 [e2 (Irg c2 — Iog 82) + 82 (Iyg C2 — Irg $2)]
+dpcs [Irges — Logss — (Irr cs + Iyy S5)| Fiz
+da 85 (L7 s + Ipg 55+ Iyg cs — Irg s5] Fia
+ mg (c2 &3 — &2 S223) (C2 X3 + C2 Yo — 52 29)
— 2 [Iro (2 5% — 1) 4+ Iy, ca 54 — Lo 4 4]
; a) 1st Variable Online Tracking — &2 [Irg (2 542 — 1) + Iygcasa — I.g ca 54]
O U T i [ra (282° — 1)~ Iy, e + Log ca 0]
g = | +ms @2 (lasa +1as2) (ys — cala + cala)
-155 : : = :-;‘ '—10 +mr & (cals —cale) (S5 27 —cs5y7) Fiz
b) 2nd Variable Online Tracking —mgcadala (28¢5 + ys Ss) Fiao
OA;_\/I\/\‘/\/\/j\,\/\'\/\/ — mg &2 T3 C2 (29 C2 + Yo S2) (26)
E | Cha = mglasadi(cala + csys — s528) + T1¢ca(lroca — Iyy54)
05 i 1 . + &1mr(cale — cala + esz7 + s5y7) (L + 1254 + 1452)
’ o) 3rd V:riable Online?['racking ' " —cs &1 [Irres — Ly s5 +myyr (c2ls — cal2)] Fia
i ! : ' + s5 @1 [Ir7 85 — Iy, c5 + mr7 27 (cals — cala)] Fio
EO-‘_/\/\/\/\/\’\JI\/\W + a1 ca (Irgca — Iygsa) +@1lamssa (Y3 + cale)
£ : . . + @184 (oo ca — Irg 54) + @1 84 (IogCa — Irg 54)

t Time|sed] 8 +z1ms (ys — c2la + cals) (L + 12 84+ 1a 52)
— 1 [Irg (2827 — 1) — I, c2 80 + L4 C2 59

— &1 85 (1.3 ¢5 + Irg 85 + calams ys) Fiao

+ &1 ¢5

(I
+ @12 (Lrg ca + Iy 52 — c2mo @3 29)
(I

Fig. 9: On-line Evaluation Results

rsCs + Iyg 55 — calams z8) Fia

— &1 52 (Lzg c2 + Irg 52 + camo T3 Y9)
, a) Resultant torques in step-response IDC scheme — Mg S2 3 X1 (62 T3 + C2 Y9 — S2 2’9) (27)
_____ ‘_____‘_____* Ciz =mgcad1 (c2x3+ c2y9 — S2 29) (28)

% [ ————————— I Cao1 =mresdy (c2la —cala)(Les + 12 86 — la st + Fiay7)
s —mz7ss521 (cala —cala)(cela — crla — Lss + Fiz 27)

o 2 3 6 s 10 — &1 [es (Irgcs — Lg s5) + 55 (Iyg ¢5 — Irg 85)] Fiz

= b) Re;sultant tozqnesrin on-line trajictories IDC sch‘eme —mrcs (CS j:l 27 + 1‘:1 S5 y7) (LC5 + l2 S6 — l4 87)

e

—my 85 (¢5 &1 27 + &1 85 Y7) (e7ls — e la + Lss)
+ [s5 (frys + c6 f2l2) + 5 (f1 28 — fal2 s6)] T2
—z1ms (ys — cala 4+ cala) (L + 12 84+ 14 82)

+ @1 [Irg (2 597 — 1) — Iy, ca 52+ L4 c2 52]

+ @1 [Iro (2 542 — 1)+ Iy, casa — Lo ca 4]

+ &1 [Lrg (2 547 — 1) + Iygcasa — I.g ca s4]

+ mglat1(cs5ys — S5 28)(C6 S5 — C5S6)

[N.m] [N]

Time [sec]

Fig. 10: Resultant control efforts in online and offline modes
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—mgla @y (S4ys + calasa) + X1
+cs5 (7 s @1+ Iy, s541) Fia

— 85 (In7 c5 &1 + Iry 85 21) Fio (29)
Coo = mr s (l2s¢ —las7) (lace —lacr — Lss + Fia z7)

— mry Lo (CG lo —C7l4) (LC5 + 1286 — las7 + Fia y7)

—mrzr fal(crla — cela + Lss) + In7 Fi2] X4

+ (Izs f1 + c6 falomsgys — falams se 28) Xa

+ms Laa (cala —cala) +mods (x3 + yo)

— [Zoamz7 27 (Les + 1o s6 — la s7)] Fty

— [Zom7yr (Lss +lacr — 2 c6)] Fi,

—msly FE o (co 28 + s6 ys) + X3

+mryr fo (Les + 12 s6 — las7) Xa (30)
Caz = mo &2 (T3 + Yo) (3D
Cs51 = —mgcad1 (c2x3 + yg c2 — 29 82) (32)
Cs2 = —mg &2 (T3 + yo) (33)
Cs3=0 (34)

The elements of the gravitational terms, (G;, are given as:

G1 = [gac1 + gy s1][m1y1 + ma (Y2 ca + 22 54)
+ ms (ys — laca + 12 ca) + me (26 S4 + Y6 Ca)
+m3 (ys3 + l2ca) + ma (ya c2 — 24 52)

+ my7 (laca — laca + z7¢5 + Y7S5)

+ms (l2 ca + ys ¢s — 28 S5)

+ mo (302 — 2052 +yoc2)]

=g.ms (laca —laca) — mo (x3 + yo) Aa

+ mazs (9= 52+ gy €1 c2 — ga C2 51)

(35)
G2

(

—ma 22 (g S4 — gy €1 Ca + g Ca S1)

—me 26 (g 84 — Gy €1 Ca + guCa S1)

+mo 29 (g S2 + Gy €1 C2 — gz C2 51)
—mays (C2 9 — Gy €1 S2 + gu 51 52)
—may2 (Ca gz + gy 1S4 — Go S1 S4)
—me Yo (Ca gz + gy C1 S4 — Gz S1 S4)
—mzA1(gz S5+ gy €1 ¢5 — gu C5 S1
—mrA2 (g ¢5s — gy €1 S5 + g 51 S5
—mg (As As + Ag Ag) — msla Ay
—msAz (gy c1 — gu S1)

Gs = —mg (g S2 + gy €1 C2 — gz C2 51)

)
)

(36)
(37)

where the notations are as follows

C1
C2
C3
Cq
Cs
Ce
c7
f
f

:= cos (z1) , s1:=sin (x1)
:= cos (z2) , S2 = sin (x2)
:= cos (z3) , s3 = sin (x3)
:= cos (o — x2), s4 1= sin (o — x2)
:=cos (0), s5 := sin (0)
(

:=cos(a+ 60 —x2), s¢:=sin(a+60—x2)

:=cos (0 — z2), s7 :=sin (0 — x2)
i=1la(la —lzsa+1582) (Is — ls + s 82)_2

=14tan’(0), L:=1l +1s—1I3

-1 l4 C2
= 0:=—t -
USEI an(l5 -3+l S2>

= [Izgf12+m8l2f2 (12f2+2y806f1)} f;z
:=2mryr (Les + 12 se — last) Fiz

Is:=2mrz7r (Lss+lacr —lacs) Fia

Ty := (Les + Lo se — Lo s7)?

I's:=(Lss+lacr — 12 06)2

s := (colsa — 0412)2 + (L +la2sa + l482)2

I7:=T1+T2 =3+ Lo+ Tog + Lo + Lug

Y1 = 0581 [2 g (2527 — 1) — 21y c2 52 + 2 Lo C2 52
—0.5&1 [2mo 3 29 (2 592 — 1) — 2ca2mg s2 x32]

Yo :=mslacady fy '

Y5 :=mglaia f5 [s6 (frys + o f2l2) + co (f1 28 — f2l256)]

S =35 f5 0,
Al =
Ao =

+0.531 [4camg s2x3 Yo

Ypo= fifo—fo
+Lecs + 1286 — 1y st +yr Fio
—Lss+1lace —lacr + z7 Fia

Ag:=L+ 1284+ lss2

Ay = g.co— gyci1 52+ g 5152

As :=g.c5 — gy c1 85+ g S1 S5

N6 :=g.55+¢gyc1¢c5 — gu S1C5

A7 :=g.ca+ sa(gyc1 — gz $1)

Ag :=1l2ce + ys Fi2

Ag = lz S — 28 F12 (38)
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