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Abstract�The controller design and stability analysis of dual
user training haptic system is studied. Most of the previously
proposed control methodologies for this system have not simulta-
neously considered special requirements of surgery training and
stability analysis of the nonlinear closed loop system which is the
objective of this paper. In the proposed training approach, the
trainee is allowed to freely experience the task and be corrected
as needed, while the trainer maintains the task dominance. A
special S-shaped function is suggested to generate the corrective
force according to the magnitude of motion error between the
trainer and the trainee. The closed loop stability of the system is
analyzed considering the nonlinearity of the system components
using the Input-to-State Stability (ISS) approach. Simulation
and experimental results show the effectiveness of the proposed
approach.

Index Terms�Haptics, Surgery Training, Dual-User, S-Shaped
Function, Input-to-State Stability Analysis.

I. I NTRODUCTION

OVER the past few decades, surgical instrumentation,
techniques and types have progressed by leaps and

bounds [1], [2]. As an example, surgical robots such as
da Vinci, provide higher level of maneuverability and accu-
racy for performing minimally invasive surgery (MIS) [3].
However, surgical training, which follows more traditional
manual methods, lags this process and faces challenges such
as unanticipated mistakes made by the trainee which may lead
to undesirable complications for the patients [4].

Haptic technology has been harnessed for the design of
robotic-based medical simulators for training MIS [5], dental
procedures [6], and sonography [7]. Recently, dual-user haptic
systems consisting of two haptic interfaces, one for the trainer
and one for the trainee, has emerged as a viable surgical
training apparatus [8]. In these systems, the trainer and the
trainee collaboratively perform surgical tasks through their
haptic interfaces or consoles.
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The paramount importance for the design of controllers
for such systems are user-task interaction stability under
various operational conditions, and satisfactory surgical task
performance. To this effect, several control architectures have
been proposed for dual-user haptic systems. A number of
these controllers have been designed for generic human haptic
guidance applications [9], while others focus on the surgical
or training nature of the collaboration [10]�[12]. Nudehi
introduceddominance factorwhich determines the dominance
of each user over the task [10]. The choice of the control
architecture has been researched actively within the past few
years. Khademian et al. proposed multilateral shared control
architecture with dominance factor that provides kinesthetic
feedback from the environment [11]. In [12], a similar archi-
tecture have been utilized to develop impedance control for a
multi-master cooperative haptic system.

Although the above methodologies entertain key novel
concepts in shared control for dual-user haptic systems, by
and large they face a number of shortcomings that need to be
addressed: (i) In several control architectures, a guidance force
linearly related to the position error between the trainer and the
trainee is exerted to the trainee’s hand [10]�[12]. As a result,
the guidance force is applied to the trainee’s hands for any
small position error without considering a safe region within
which the trainee is allowed to move her/his hand freely for
increased independence. In those approaches the total force
felt by the trainee is a combination of the guidance force
and the environmental forces. This constitutes an important
drawback of those control architectures as the trainee cannot
distinguish between the environmental forces and guidance
forces; (ii) Other control architectures have been proposed
to mitigate the above problems, for example by allowing the
trainee’s hand to move freely inside a spherical free region
centered at the trainer’s position at any time [13]. However,
the stability of these systems is not systematically analyzed
by considering nonlinearity of the system dynamics and the
switching nature of the control architecture; (iii) The situation
where a large position error occurs between the trainer and the
trainee have seldom been considered in a systematic manner.
An important fact is that, large position error may compromise
the stability in real experiments due to actuator saturation.
Time Domain Passivity Approach (TDPA) has been utilized
for guaranteed coupled stability for dual-user systems [14]
and multi-master/multi-slave systems [15]. While the focus
of these works are on dealing with time-delays, they have
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not explicitly considered the special requirements of training
systems such as safe region and large position error.

The major contribution of this work is developing a control
structure that is customized for surgery training applications
and addresses the above shortcomings. Our training approach
is based on allowing the trainee to freely experience the task
and be corrected as needed, while the trainer maintains the
task dominance. To this purpose, the controller implements
three modes of operation, namelytrusting mode,guidance
mode, andlarge error mode. These modes are seamlessly
implemented through an S-shaped function that converts the
position error between the trainer and the trainee to the
trainee’s corrective force. The stability of the closed-loop
system is analyzed using Input-to-State (ISS) stability analysis
method that takes into account the dynamic nonlinearities in
the haptic consoles and the proposed controller.

The rest of this paper is organized as follows. The dual
user haptic system and its control objectives are described
in Section II. The dynamics of the system is explained in
Section III. The proposed control structure is detailed in
Section IV. Section V investigates the stability analysis of the
closed loop system. Simulation and experimental results are
presented in Section VI, and the concluding remarks are stated
in Section VII.

II. T HE PROPOSEDHAPTIC SYSTEM

Figure 1 illustrates our proposed dual-user haptic system
for surgery training. The system is composed of three main
components: the trainer haptic console #1, the trainee haptic
console #2, and the virtual environment. The trainer and the
trainee are interfaced with their respective consoles to perform
the surgical operation. The surgery is directly performed on
the virtual environment by the trainer and the trainee learns
the skills through the haptic feedback received from the
trainer and the environment. In other words, this structure
is based on allowing the trainee to experience the sense
of surgical operation and receive the haptic guidance from
the trainer while the task dominance is maintained by the
trainer. While there are collaborative control architectures for
trajectory training with position coupling in shared virtual
environment [11], the proposed system is more suitable for the
most primary level of training in which the trainee does not
have suf�cient experience to perform the operation. Therefore,
the operation is performed by the trainer, and the forces of
the virtual environment depend on the trainer’s interaction
with the environment. Here, both the trainer and the trainee
receive the environment force through their haptic consoles.
The commands exerted by the trainer are implemented on the
console #2 according to an S-shape nonlinear function which
will be introduced later.

The main application of the proposed haptic system is in-
traocular eye surgery with limited workspace such as Cataract
and vitrectomy. Note that, the required precision for those sur-
gical operations is about hundred micron which is achievable
for the surgeons after several years of continuous practice. As
mentioned earlier, the objective is to use this training philos-
ophy for the initial stages of training in order to accelerate
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Fig. 1: The haptic system for surgery training.

the pace and the ef�ciency of training. It should be noted that
the above training philosophy can also be extended to remote
training with physical phantoms, cadavers and patients where
the environment forces are felt by the trainer and the measured
forces are applied to the trainee through the haptic console #2.

The control structure is designed to guarantee coupled sta-
bility and provide pose correction for the trainee as necessary.
The motions of the trainer, the expert surgeon, are trusted and
do not need to be corrected. As a result, only a stabilizing
controller is required for the haptic console #1. On the other
hand, the movements of the trainee are not always trusted and
corrective guidance from the trainer is sometimes necessary.
The controller for console #2 is designed to implement the
following modes of operation:

� Trusting mode:In this mode, the trainee’s movements are
trusted, and as such no intervention is required from the
trainer. This is a situation where the motion error between
the trainee and the trainer is less than a prede�ned value.
The most important feature of trusting mode is that the
trainee is able to freely move within a safe region without
any interference from the trainer. In this mode the role
of the haptic system is to recreate the sense of touch for
the trainee. The size of the safe region is determined by
the safety margin of the surgical procedure.

� Guidance mode:In this mode, the motion error between
the trainer and the trainee exceeds the prede�ned safety
threshold. As a result, the trainee needs haptic guidance
from the trainer to perform the tasks. The nature of the
corrective force is to guide the trainee to loosely follow
the trainer’s trajectory (in guidance mode) and to provide
an opportunity to the trainee to increasingly perform
independently as the trainee acquires the necessary skills.

� Large error mode:This mode happens if the motion error
between the trainee and the trainer becomes too large,
which may lead to considerable amount of control signal
and damage to the actuators. In order to make sure that
the proposed structure does not demand too much from
the actuators, the actuator saturation should be considered
in the control architecture.

In this paper, an S-shaped function is proposed to realize
the above operating modes. The control structure will be
introduced and analyzed in the Section IV.
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III. SYSTEM DYNAMICS

Consider n-Dof manipulators with non-redundant kinemat-
ics andn � 6 for the consoles 1 and 2 represented by the
following dynamic equation [16]

M i (qi )�qi + Ci (qi ; _qi ) _qi + Gi (qi ) = ui + J T
i (qi )f hi (1)

whereqi 2 Rn�1 are position vectors in joint space,M i (qi ) 2
Rn�n are the inertia matrices,Ci ( _qi ; qi ) 2 Rn�n are the
centrifugal and Coriolis matrices,Gi (qi ) 2 Rn�1 are the
gravity vectors,ui 2 Rn�1 are the control torque vectors,
J i (qi ) 2 Rn�n are the Jacobian matrices andf hi 2 Rn�1 are
the vector of forces exerted by human operators fori = 1 ; 2
where the subscripti denotes the haptic console #1 fori = 1
and haptic console #2 fori = 2.

The dynamic equation (1) bene�ts from the following
properties that will be used for stability analysis [16]:

Property 1. The inertia matrix M i (qi ) is a symmetric
positive de�nite matrix.

Property 2.The matrix _M i (qi ) � 2Ci (qi ; _qi ) is skew sym-
metric, i.e.vT � _M i (qi ) � 2Ci (qi ; _qi )

�
v = 08v 2 Rn , provided

thatC(qi ; _qi ) is in Christoffel form. Otherwise, it is valid only
for v = _qi .

We assume the position of the end effectors of the haptic
consolesx i =2 Rn�1 are available through the forward
kinematics relation [16]

x i = ki (qi ) (2)

whereki (:) is a nonlinear function expressing the relationship
between joint space and task space generalized position.
Besides, the Jacobian matrixJ i (qi ) 2 Rn�n determines the
relationship between the task space velocity_x i 2 Rn�1 and
the joint space velocity_qi according to

_x i = J i (qi ) _qi : (3)

Differentiating (3) with respect to time yields the task space
acceleration,�x i 2 Rn�1 , in terms of joint positions and
velocities as

�x i = J i (qi )�qi + _J i (qi ) _qi : (4)

Furthermore, the following assumptions are made through-
out the paper concerning the forces applied by the environment
and the operators’ hands.

Assumption 1.The environment is assumed to be a passive
system, that is,

Z t

0
_x1f ed� � 0 8t � 0: (5)

where f e = f e(x 1; _x1) denotes the environment force, which
is presumed to satisfy Lipschitz continuity condition for both
its variables [17].

Assumption 2.The operators’ hand dynamics are modeled
by the following linear time-invariant mass-damper-spring
systems [9], [18]

f hi = f �
hi � M hi �x i � Bhi _x i � K hi x i (6)

where f �
hi is the exogenous force generated by the operator

#i and M hi , Bhi , and K hi are constant, symmetric, and
positive de�nite matrices corresponding to mass, damping, and
stiffness of the operator #i, respectively.

IV. T HE PROPOSEDCONTROL ARCHITECTURE

As already explained, the haptic console #1 is controlled by
the trainer, while the haptic console #2 is held by the trainee.
The trainer does not need any position feedback from the
trainee. As a result, the following conventional �PD+gravity
compensation� algorithm in task space combined with the
force re�ection term is utilized for the haptic console #1:

u1 = G1(q1) + J T
1 (q1)f e � J T

1 (q1)(K P 1x1 + K D 1 _x1) (7)

where K P 1 2 Rn�n and K D 1 2 Rn�n are symmetric
and positive de�nite matrices. The matricesK P 1 and K D 1
are local stiffness and damping gains. While local damping
improves stability, local stiffness causes a centering force to
be applied to the haptic console #1. As will be shown in
proposition 1, the exitance of the positive-de�niteK P 1 is
essential to guarantee the positive de�niteness of the Lyapunov
function V1 for the haptic console #1. Having said that high
stiffness gain of the local control parameter increases the
centering force to the trainer’s hands and can impose adverse
effect on the performance of the haptic system.Therefore, this
gain is selected small to limit the centering force applied to the
trainer’s hand. Also note that, the proposed architecture only
requires the gravity information from the system dynamics,
the parameters of which can be estimated using simple off-line
methods. On the other hand, the following control law which
is a combination of gravity compensation, force re�ection, and
a novel guidance term is considered for the haptic console #2:

u2 =G 2(q2) + J T
2 (q2)f e

� J T
2 (q2)(K P 2�(x 2 � x1) + K D 2 _x2)

(8)

whereK P 2 2 Rn andK D 2 2 Rn are symmetric and positive
de�nite matrices, and�(� ) is a special function depicted in
Fig. 2. Having the shape of an S letter in each half of the
Cartesian plane,�(� ) is referred to as the S-shaped function.

The S-shaped function is the proposed solution for realiz-
ing the three aforementioned operating modes. This function
generates the corrective force according to the magnitude of
the trainee’s motion error. As shown in Fig. 2, the S-shaped
function is characterized by the three dead-zone, knee, and
saturation regions. The dead-zone region realizes the trusting
mode by outputting negligible corrective forces when the
motion error of the trainee is smaller than the safe threshold of
the surgery. The knee region implements the guidance mode by
producing non-zero corrective forces when the trainee’s error
goes beyond the safe threshold. When the error goes beyond
the maximum threshold, the corrective force is saturated to a
�xed value to ensure stability, realizing the large error mode.

In addition to realizing the three mentioned operating re-
gions, the following assumption set on the S-shaped function
�(� ) are considered for stability analysis [19].
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Fig. 2: The S-shaped function,�(� ):

Assumption 3.The S-shaped function,�(� ) is presumed to
satisfy the following properties:

1) �(� ) is continuously differentiable.
2) �(� ) is the derivative of a positive function�(� ), i.e.,

�(� ) = d�(� )
� where�(� ) > 0 8� 6= 0and �(0) = 0 .

3) A positive constant existsc such thatc� 2(� ) � �(� ).
An example of such a function can be given in the following

form

�(� ) =

8
>>>><

>>>>:

�� st ; � � � � st
FN (� ); �� st � � � � � dz
� dz
� 2

dz
� j� j; �� dz � � � � dz

FP (� ); � dz � � � � st
� st ; � � � st

where� dz and� st are the dead-zone and saturation parameters,
which are also illustrated in Figure 2. The parameter� dz
represents the width of the dead-zone region and is determined
by the safety threshold of the surgery, whereas the parameter
� st is determined by the maximum control effort of the robots.
The parameter� dz is the maximum value of the output in the
dead-zone region, which should be chosen a small number
in order that the output of the dead-zone region becomes
negligible. The smooth functionsFi ; i = fN; P g may be set
as cubic polynomials such asFi = f i0 + f i1 � + f i2 � 2 + f i3 � 3

where subscriptsN and P represent the polynomials for
the negative and positive parts of the plane. Substituting for
the value of the output and its derivative at� dz and � st ,
the following matrix equation is obtained to compute the
polynomial parameters:

2

664

f i0
f i1
f i2
f i3

3

775 =

2

664

� � dz �� 2
dz � 3

dz
� � st �� st � st
0 � 2� dz 3�� 2

dz
0 � 2� st 3�� 2

st

3

775

�1 2

664

� dz
� st

2�� dz
� dz

0

3

775

where � = 1 for i = P and � = �1 for i = N . The
determinant of the above4 � 4 matrix is (� st � � dz )4 meaning
that this matrix is invertible if� st 6=� dz .

V. STABILITY ANALYSIS

Our approach for stability analysis is to �rst prove the
stability of each subsystem, and then analyze the stability
of the entire system. To �nd suitable Lyapunov function
candidates for each subsystem, the inner product approach,
which has been widely used in robotics, is utilized [19]. The
Input-to-State (ISS) stability analysis methodology is then
employed to study the stability of the closed-loop system.
Next, we will introduce the concept of ISS.

De�nition 1: [20] Consider the system

_x = f (x; u ) (9)

wheref : D x � Du ! Rn is locally Lipschitz inx andu. The
setsD x andDu are de�ned byD x = fx 2 Rn : kxk < r x g,
Du = fu 2 Rm : kuk < r u g, in which r x and r u are the
radii of D x and Du , respectively. The system (9) is ISS if
there exists a classKL function � and a classK function 

such that for any initial statex0 and any bounded input the
following inequality is satis�ed:

kx(t)k � � (kx 0k; t) + 
 (kuT (t)k 1 ); 0 � t � T:

Theorem 1 connects the concept of ISS presented in Def-
inition 1 to the Lyapunov theory, and forms the analysis
framework for this section.

Theorem 1 [20]:The system (9) is ISS in the sense of De�-
nition 1, provided that there exists a continuously differentiable
function V : D ! R such that

� 1(kxk) � V (x) � � 2(kxk)
_V (x) � � � 3(kxk) + � (kuk)

where _V is the derivative ofV along the trajectory solutions
of the system (9) and� 1, � 2, � 3, and� are classK functions.

Next, we will take a look at the the well-known Young’s
quadratic inequality.

Lemma 1 [21]: For any vectorx and y, and � > 0, the
following inequality is satis�ed:

jx T yj � (
�
2

)kxk 2 + (
1
2�

)kyk2:

The ISS stability of the haptic console#1 is now analyzed.
Proposition 1:The closed-loop subsystem �haptic console

#1 + environment� is ISS with state[xT
1 ; _xT

1 ]T and inputf �
h1 .

Proof: By substituting the control law (7) into the dynamic
equation (1) and using (3), (4) and(6), the following closed-
loop system is obtained

(M x1 (q1) + M h1 )�x1 + (C x1 (q1; _q1) + Bh1 + K D 1) _x1

(K h1 + K P 1)x 1 = f �
h1 � f e1

(10)

where

M x1 (q1) = J �T
1 (q1)M 1(q1)J �1

1 (q1)
Cx1 (q1; _q1) = J �T

1 (q1)C1(q1; _q1)J �1
1 (q1)

� M x1 (q1) _J1(q1)J �1
i (q1):

It is easy to conclude that Property 1 and Property 2 hold
for M x1 (q1) and Cx1 (q1; _q1) [16]. Taking an inner product
between_x1 and (10) and using the skew symmetry property
of the matrix _M x1 (q1) � 2Cx1 (q1; _q1) results in

d
dt

V1(x 1; _x1) = � _xT
1 (B h1 + K D 1) _x1 + _xT

1 f �
h1 (11)

in which,

V1(x 1; _x1) =
1
2

_xT
1 (M x1 (q1) + M h1 )(q1) _x1

+
1
2

xT
1 (K h1 + K P 1)x 1 +

Z t

0
_x1f ed�:

(12)

The positive de�niteness property ofV1(x 1; _x1) can be con-
cluded from Property 1 and (5). Now, utilizing Lemma 1, it is
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easy to show that the time derivative ofV1(x 1; _x1) is upper-
bounded, that is

d
dt

V (x 1; _x1) � �
3
4

� min (B h1 + K D 1)k _x1k2

+
1

� min (B h1 + K D 1)
kf �

h1 k2:
(13)

From (12) and (13), the haptic console #1 subsystem is ISS
with respect to state[xT

1 ; _xT
1 ]T and the inputF �

h1 . �
The next step is to investigate the ISS stability of the haptic

console #2 as presented in Proposition 2.

Proposition 2: The closed-loop subsystem of the haptic
console #2 is ISS with respect to the state[xT

2 ; _xT
2 ]T and the

input [xT
1 ; _xT

1 ; f �T
h2 ]T .

Proof: If the control law (8) is included within the dynamic
equation (1), the resulting closed-loop system is

(M x2 (q2) + M h2 )�x2 + (C x2 (q2; _q2) + Bh2 ) _x2

+ K D 2 _x2 + K h2 x2 + K P 2�(~x) = f �
h2 + f e

(14)

where ~x = x2 � x1. We de�ne r = _x2 + 
� (~x) with a small
and positive scalar
 , and take an inner product betweenr
and (14) and use the skew symmetric property of the matrix
_M x2 (q2) � 2Cx2 (q2; _q2) to obtain

d
dt

V2(~x; _x2) = � 
� (~x) T K P 2�(~x)

� _xT
2 (K D 2 + Bh2 ) _x2

� 
� (~x) T (� _M x2 (q2) + Cx2 (q2; _q2)) _x2

� 
 _�(~x) T (M x2 (q2) + M h2 ) _x2

� _xT
1 (K P 2 + 
K D 2 + 
B h2 )�(~x)

� 
� (~x) T K h2 (~x + x1)
+ _xT

2 (f �
h2 + f e) + 
� (~x) T (f �

h2 + f e)

(15)

where

V2(~x; _x2) =
1
2

_xT
2 (M x2 (q2) + M h2 ) _x2

+
nX

i=1

kp2i � i (~x) + xT
2 K h2 x2

+ 
� (~x) T (M x2 (q2) + M h2 ) _x2

+
nX

i=1


 (kd2i + bh2 i )� i (~x)

(16)

andkp2i , kd2i , andbh2 i stand for theith diagonal elements of
K p2, K d2 , andBh2 , respectively. It is easy to show that

1
8

_xT
2 (M x2 (q2) + M h2 ) _x2 +

nX

i=1


 (kd2i + bh2 i )� i (~x)

+ 
� (~x) T (M x2 (q2) + M h2 ) _x2

�
nX

i=1



�

(kd2i + bh2 i )c � 2
� max
�
M x2 (q2) + M h2

� �
� 2

i (~x)

(17)

where� max
�
M x2 (q2) + M h2

�
is the maximum eigenvalue of

M x2 (q2) + M h2 for all q2. Then, substituting (17) into (16)
leads to

V2(~x; _x2) �
3
8

_xT
2 M x2 (q2) _x2 +

nX

i=1

�
kp2i � i (~x)

+ 

�
(kd2i + bh2 i )c � 2
� max (M x2 (q2))

�
� 2

i (~x)
� (18)

which shows the positive de�niteness of the Lyapunov candi-
date functionV2(~x; _x2) for suf�ciently small 
 .

Next, the negative de�niteness of the derivative of the
Lyapunov candidate function (15) is analyzed. First, we take
a look at the following term:

� = � 
� (~x) T (� _M x2 (q2) + Cx2 (q2; _q2)) _x2

� 
 _�(~x) T (M x2 (q2) + M h2 ) _x2:
(19)

Since _M x2 (q2), Cx2 (q2; _q2)), and _�(~x) are all linear functions
of _x2, it can be shown that� is quadratic in_x2 and bounded
in the other variables [19]. As a result, there exists a positive
real value� such that� � �k _x2k2. Now, by using Lemma
1 is used for the cross terms and the resulted inequalities are
combined with (15) and (19)to derive the following inequality:

d
dt

V2(~x; _x2) � � � 1(k~xk) � � 2k _x2k2

+ � 3kx1k2 + � 4k _x1k2 + � 5k(f �
h2 + f e)k2

(20)

where� 1(s) is a classK function and� 2, � 3, � 4, and� 5, are
scalars expressed as

� 1(s) =
5
8


� min (K P 2)�(s) 2 + 
� min (K h2 )s�(s)

� 2 =
7
8

� min (K D 2 + Bh2 ) � �

� 3 =
4� 2

max (K h2 )
� min (K p2)

� 4 =
4� 2

max (K P 2 + 
K D 2)

� min (K P 2)

� 5 =
4

� min (K D 2 + Bh2 )
+

4

� min (K D 2)

(21)

From (16) and (20) the closed-loop subsystem of the haptic
console #2 is ISS with respect to state[~xT ; _xT

2 ]T and input
[ _xT

1 ; (f �
h2 � f e)T ]T , for suf�ciently small 
 and suf�ciently

large K D 2. Using Assumption 1, it is possible to conclude
that the haptic console #2 is also ISS with respect to state
[~xT ; _xT

2 ]T and input[xT
1 ; _xT

1 ; f �
h2 ]T . �

The stability of cascade system as a tool for our �nal
stability analysis is expressed in Lemma 2.

Lemma 2:[20] Consider the cascade system given by

� 1 : _� 1 = f 1(� 1; � 1)
� 2 : _� 2 = f 2(� 2; � 1; � 2)

(22)

where � 1 is ISS with state� 1 and input� 1, and � 2 is ISS
with state � 2 and input [� T

1 ; � T
2 ]T . Therefore, the cascade

connection of the subsystems is ISS with state[� T
1 ; � T

2 ]T and
input [� T

1 ; � T
2 ]T .

Finally, the stability analysis of the entire haptic system as
our main conclusion is investigated in Theorem 2. To this end,
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Lemma 2 is applied to the system considering� 1 = [ xT
1 ; _xT

1 ]T ,
� 2 = [~xT ; _xT

2 ]T , � 1 = f �
h1 , and � 2 = f �

h2 .
Theorem 2:The dual-user haptic training system (1), (7),

and (8) is ISS with respect to the input[f T
h1 ; f T

h2 ]T .
Proof: From Proposition 1, the subsystem of the haptic

console #1 is ISS with state[xT
1 ; _xT

1 ]T and inputf �
h1 . From

Proposition 2 the subsystem of the haptic console #2 is
ISS with respect to state[xT

2 ; _xT
2 ]T and input[xT

1 ; _xT
1 ; f �

h2 ]T .
Finally, the entire system can be viewed as a cascade of two
subsystem systems as in (22), which is ISS by utilizing Lemma
2, and this completes the proof. �

Remark 1:From (18), the coef�cient of� 2
i (~x) should be

positive in order to have a positive de�niteV2. By assuming
that K D 2 and Bh2 are both diagonal, a lower-bound for
the minimum eigenvalue ofK D 2 + Bh2 ensures the positive
de�niteness ofV2. On the other hand, from (20) and (21),
the parameter� 2 should be positive to conclude the negative
de�niteness of the derivative ofV2. Hence, another constraint
on the minimum eigenvalue ofK D 2 + Bh2 is imposed to
guarantee that the derivative ofV2 is negative de�nite. By com-
bining these two constraints, the following condition should be
satis�ed to ensure the stability of the entire system

� min (K D 2 + Bh2 ) � max
�

8
7

�;
2
� max (M x2 (q2))

c

�
(23)

The interpretation of the condition (23) is that, a minimum
amount of damping should be displayed by the controller
and the operator #2. An important note is that, the required
minimum damping is not strict as it depends on the value
 .
This condition is simply satis�ed for any positive� min (K D 2 +
Bh2 ) by selecting suf�ciently small value for the scalar
 .
The necessary computations are illustrated in the simulation
section.

VI. SIMULATION AND EXPERIMENTAL RESULTS

In this study, both simulation and experimental results are
presented to demonstrate the effectiveness of the proposed
control scheme. The aim of simulation studies is to investigate
the stability and performance of the proposed control approach
against a benchmark control architecture proposed in [11]. In
order to have a fair comparison between the two controllers,
each should be subjected to the same exogenous force inputs,
which can only be accomplished in simulations, and not
experiments. In both the simulation and experimental studies,
two identical Geomagic TouchTM (formerly known as Sensable
Phantom Omni) three degree-of-freedom haptic devices are
considered as the haptic consoles. The Geomagic Touch has
three actuated revolute joints that apply force feedback to the
user’s hand. This haptic device is widely used in the investiga-
tions related to the haptics and telerobotics applications [22].
The haptic device dynamics is presented in [23].

An important consideration for both the simulations and
experiments is the environment dynamic model. Owing to
its simple structure, the linear Kelvin-Voigt (KV) model is a
common environment dynamic model for robotic applications.
Nevertheless, the KV model is not physically consistent with
the dynamic behaviour of soft tissues. As an example, in

the rebound phase before the contact breaks, the KV model
predicts an unrealistic sticky force, pulling the robot back
in [24]. The nonlinear Hunt�Crossley (HC) contact model
introduced in [25], is an alternative approach for representing
the dynamic behavior of soft tissue environments displaying
limited deformation at the point of contact. HC models have
increasingly been used in telerobotic and haptic control sys-
tems such as in [24], [26]. According to the HC model, the
contact force of the environment is expressed as follows:

f e(t) =
�

K exn (t) + Be _x(t)x n (t) x � 0
0 x < 0

where K e and Be are the coef�cient of elastic and viscous
forces, respectively. The parametern depends on the physical
properties of the environment and is normally between1 and
2.

A. Simulation Results

In this section, the benchmark controller [11], that involves
measured force feedback, is considered for the comparative
study. The benchmark proposes a trilateral six channel ar-
chitecture and the three sides of the system are the haptic
console #1, the haptic console #2, and the environment. In the
proposed architecture, the desired position and the re�ected
force of each side is a linear combination of the position and
the force of the other two sides. The authority of each user
over the task is determined by the dominance factor which
is a value between zero and one. A unity dominance factor
corresponds to the full authority of the trainer, whereas the
dominance factor with the value of zero corresponds to the
full authority of the trainee. Note that, our proposed approach
is developed for the most primary level of training in which
the trainee does not have suf�cient experience to perform the
operation. Therefore, the dominance factor for the benchmark
is set to one in order to have a fair comparison. The response
of the haptic system is studied and compared for the above
benchmark and the proposed controller based on S-shaped
function.

In the simulations, the physical parameters of the operators
and the environment are taken from [11] and [24], respectively.
The dynamic parameters for the operators’ hands are set to
M hi = mhi I , Bhi = bhi I , andK hi = khi I wheremhi = 9 g,
bhi = 2N:s=m, andkhi = 200N=m. The parameters for the
environment HC model are set toK e = 10, Be = 2, and
n = 1:2.

As for the controller gains,K P 1 as explained in Section
III should be a positive de�nite matrix to satisfy the positive
de�niteness of the Lyapunov function (12). However, this gain
is selected small, i.e.K P 1 = kP 1I where kP 1 = 1N=m ,
to limit the centering force applied to the trainer’s hand. On
the other hand, the gainK P 2 directly affects the corrective
force applied to the trainee’s hand. Therefore, this gain should
be chosen suf�ciently large to guarantee satisfactory position
tracking. Besides, the value ofK P 2 should be considerably
larger than the stiffness of the operator’s hand denoted byK h2
to dominate it. In this investigation, a suitable choice which
is considerably larger thanK h2 is selected asK P 2 = kP 2I
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Fig. 3: Exogenous forces applied by operators.

wherekP 2 = 1250N=m. Furthermore,K D 1 andK D 2 are se-
lected equal to have a similar damping on the haptic consoles.
K D 2 should be selected such that the condition (23) is satis-
�ed. As already explained, the right-hand-side of the inequality
(23) depends on the parameter
 , and any positive value can
be chosen for this parameter. Therefore, this condition can
be satis�ed for any positive� min (K D 2 + Bh2 ) by selecting
suf�ciently small value for the scalar
 . To mathematically
con�rm this issue, it is presumed that
 = 0:1 and the
parameter� should be obtained such that� � � _x2 where �
is de�ned in (19). This can be achieved using the MATLAB
constrained optimization routine1. The following bounds are
considered for the revolute joints in the optimization proce-
dure: � �

4 � q21 � �
4 ; 0 � q22 � 5�

12 ; 0 � q23 � 5�
12

whereq2j denotes the thej th joint angle of the haptic console
#2 for j = 1 ; 2;3. Note that, the workspace de�ned by
the above bounds is signi�cantly larger than the workspace
required in our investigation. The above-mentioned bounds
lead to the stability condition� min (K D 2 + Bh2 ) � 0:33. In
this study, the derivative gains are set toK D 1 = K D 2 = I
which satis�es the stability condition (23).

Finally, the parameters of the S-shaped function are set to
� dz = 0:5mm, � st = 2mm, and � dz = 0:001mm. Note that
the parameters of the controller and the S-shaped function are
selected such that the saturation force for the haptic console
does not exceed 75% of the output force of the device at the
nominal position, which amounts to2:5N.

The simulations are obtained using the ode15s solver in
Matlab simulink by setting the minimum and maximum
sampling times as0:1ms and 4ms, respectively. For the
simulations, a one dimensional path following task in thez
direction is considered. The exogenous forces applied by the
trainer and the trainee in thez direction are depicted in Fig.
3 with solid (blue) and dashed (red) line, respectively. The
trainer’s exogenous force is generated by a square wave with
the amplitude5N , period 6s, and duty cycle 50% passed
through the low-pass �lter1=(s+ 1). The trainee’s exogenous
force is obtained by perturbing the trainer’s exogenous force
by 5%, 30%, and300%, in t = 3s, t = 6s, and t = 9s,
respectively.

Fig. 4 shows the simulation results in z direction. The
solid (blue) line shows the trainer response, whereas the
dashed (red) line represent the trainee’s response. The position
and force of the benchmark controller [11] are depicted in
Fig. 4a, and Fig. 4b with the zoomed plot in Fig. 4c for
better comparison. Likewise, the position and the force of the

1MATLAB function fmincon is used in here.

proposed approach are depicted in Fig. 4d and Fig. 4e and the
zoomed plot in Fig. 4f.

First, the proposed approach is compared with the bench-
mark of [11] from the trainer’s point of view. Noticeably,
a centering force is applied to the trainer haptic console in
the proposed approach to ensure ISS stability of the system,
while such centering force is not necessary in the approach
of [11]. The effect of centering force should be studied by
comparing the position of the haptic console #1 as shown in
Fig. 4a and Fig. 4d. Owing to the same exogenous forces
applied for the implementation of both control architectures,
any remarkable affect of the centering force leads to signi�cant
difference between the trainer’s position in the two method-
ologies. Nevertheless, as depicted by Fig. 4a and Fig. 4d the
trainer’s position in the proposed method is not substantially
different with the one resulted from the benchmark of [11].
As a result, the centering force does not considerably disturb
the trainer’s motion. This, as mentioned earlier, is due to the
fact that smallK P 1 is needed to guarantee ISS stability which
results in negligible centering force.

Next, the effect of the corrective force on the trainee’s
hands is investigated. Fromt = 0s to t = 3s the trainee’s
exogenous forces are exactly the same as that of the trainer’s.
Hence, the motion of the two haptic consoles are expected to
be equal in both cases. This fact is evident in Fig. 4a and
Fig. 4d. On the other hand, fromt = 3s to t = 6s the
trainee’s exogenous force is slightly different with the trainer’s
exogenous force but the position error between the trainer and
the trainee does not exceed the safe threshold. This means
that the trainee’s movements are still in the trusting mode and
no compensation force is required in the proposed approach.
Note that, in this period, the compensation force is applied to
the trainee’s hand in the approach of [11], whereas it is not
applied in the proposed structure. Nevertheless, the motion
of the two haptic consoles are approximately equal in both
cases. The key point of the proposed algorithm in the trusting
mode is that it allows the trainee to move freely in a safe
region without any considerable interference from the trainer.
This issue is compliant with the exerted forces depicted in the
zoomed �gure Fig. 4f. It is apparent that the forces exerted to
the surgeons fromt = 3s to t = 6s match each other in the
proposed structure, whereas these forces are different in the
approach of [11].

On the other hand, fromt = 6s to t = 9s the exogenous
force applied by the trainee and the trainer differ signi�cantly
such that the system does not remain in the trusting mode
anymore. As a result, the trainee needs guidance from the
trainer in the SC case. In this period, the two control structures
provide approximately similar behaviors. Furthermore, from
t = 9s to t = 12s the difference between the exogenous force
applied by the two operators is signi�cantly large, leading to
the saturation of the control signal. From Fig. 4e, the control
signal of haptic console #2 in the proposed approach after
t � 10 is saturated to avoid damage to the actuators. On the
other hand, as Fig. 4b shows, the results of the approach of
[11] at this period exceeds the maximum applied force of the
considered haptic device.

It is also bene�cial to investigate the effect of the parameters
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(a) Positions in the approach of [11].
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(b) Forces in the approach of [11]
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(c) Forces in the approach of [11] (zoomed)
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(d) Positions in the proposed approach.
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(e) Forces in the proposed approach.
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(f) Forces in the proposed approach (zoomed).

Fig. 4: Simulation results inz direction.

� dz , and � dz on the behavior of the system. For this purpose,
the output of s-shaped function is obtained by running the
described simulation with various selections of� dz and � dz
while �xing the other parameters. The results are shown in
Fig. 5. The solid (blue) line depicts the original case in which
� dz = 0:0005 and � dz = 10 �6 . On the other hand, the dashed
(red) line shows the output of s-shaped function by setting a
smaller value for� dz ; i.e., � dz = 0:0001. It is expected that a
smaller value of� dz leads to a more limited dead zone. This
issue is evident in Fig. 5 as the output of s-shaped function
from t = 3s to t = 6s is almost zero for the case� dz = 0:0005
but is considerable for the case� dz = 0:0001. Besides, the
output of S-shaped function for the case� dz = 0:001 which
is two times of the original case is depicted by dotted (green)
line. Generally, the larger the value of� dz , the more safe region
is given to the trainee. This issue is also evident from the �gure
as the output of s-shaped function for a period of time after
t = 6s is zero for the case� dz = 0:001 but is nonzero for the
case� dz = 0 :0005. Finally, the output of S-shaped function
for the case that a larger value is set for� dz with respect to the
original case; i.e.,� dz = 10 �4 is depicted by dashed-dotted
(cyan) line. Comparing the results of original case with the last
case fromt = 3s to t = 6s shows the importance of choosing
an appropriate value for� dz = 10 �4 . Notwithstanding the fact
that the same values of� dz for the last case with respect to the
original case should lead to the same width of dead zone, the
larger value of� dz causes the output to become considerable.

B. Experimental Results

The purpose of experiments is to evaluate the response
of the proposed methodology in a real haptic system and
to investigate the effect of design parameters on the system
response. This is mainly investigated through a 2D circular
path following task in which the trainer observes her/his own
hand position with respect to the circular path in thexy plane
on a display, and the trainee observes both her/his own hand
position and the trainer’s hand position.
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Fig. 5: The effect of changing the parameters of s-shaped
function

Fig. 6: The experimental setup

Fig. 6 shows the experimental setup utilized to evaluate
the proposed control architecture. The system consists of two
3-DOF Geomagic TouchTM devices as the haptic consoles.
Data between the haptic consoles is exchanged through a
UDP-based communication channel. Similar to the simulation
scenario, the haptic console #1 is controlled by the trainer,
while haptic the console #2 is held by the trainee. As such,
the control laws (7) and (8) are implemented on the haptic
consoles #1 and #2, respectively, with the controller parame-
ters are set as that of the simulation parameters. The digital
control loop runs at 1kHz.

The trainer and trainee positions and forces, as well as the
error between the trainee’s and trainer’s positions in thex
and y directions are depicted in Fig. 7. The total experiment
time is 150s,but in order to have more clear plots, Fig. 7










