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Solutionl:
Consider the system
X1 =Xy

Xy = —x1 — c(D)x,

A Lyapunov function candidate is taken as
12, 2
V) =5 6 +x3)
The time derivative of V (x) along the trajectories of the system is found as
V() = x;(x2) + %2 (=21 — c(£)xz) = —c(t)xp < —keyx3

and it can be seen that V(X) is negative semidefinite. By Theorem 4.8 we conclude that the origin is
uniformly stable (V(X) is positive definite and decresent). In order to prove that x2 = 0ast — oo
we apply Barbalat’s lemma. Since V(x) = —k;xZ, where c(t) is some bounded value greater than
zero, V(x) = 0 © x, = 0. Following the notation of Lemma 8.2, let ¢(t) = V(t). V(t) is uniformly
continuous in t if V(t) is bounded:

V(t) = —e()x3 — 2c(t)x,%,
V(t) = —e()x5 — 2c(D)xa(—x1 — c(t)x)

it can be recognized that V(t) < V(t0), which implies that x; and x; are bounded. Since x; and x,
are bounded and it is given that c(t) and ¢(t) are bounded, it follows that V(t) is bounded. The
bound on V(t) guarantees that V(t) is uniformly continuous. In order to conclude by Barbalat’s

lemma we also need to prove that tllm ) 0 V(1) drexists and is finite. This is proven according to:
—00

lim tV(r) dt = tli_)rg(V(t) —-V(0))

t—>oo 0

where we know that lgim V(t) = V() is a finite number since V(t) = 0Vt and V(t) < 0Vt.
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Solution2:

1
V= E(bxf + ax?) and

1 2 2 1 2 2 2 2
wi(x) = Z(bx1 +axs) < E(bx1 + ax3) < (bx; + ax3) = w,(x)

V = —bo(t)x? + ab@(t)x,x, + ab@(t)x,x, — a?b@(t)x% — ac P (t)x5
V = —bo(t)x? + 2ab@(t)x;x, — a’b@(t)x2 — ac P(t)x5
V < —bo(t)(x? — 2ax,x, — a’x?) < —b®y(x? — 2ax,x, — a®x3)

V < —b®y(x; —ax,)?> then Vis Negative semi — definite
1
V= > (bx? + ax2?) islower bounded

V = —bo(t)x? + 2abd(t)x;x, — a?b@(t)x3 — acp(t)xs
then V is uniformly continus.

Having the above three conditions and considering the barbalat’s Lemma, we conclude that
the system will converges to the origin when V = 0

Linearization:
{xﬁ _ —@0(t)x; + ad(t)x,

1
. — 2 2
%, = b()x, — ab®(O)x, then: V (bx*; + ax*;) and

T2

1 1
wy (%) = Z(ble + ax?,) < E(ble + ax?,) < (bx?; + ax?;) = w,(x)
V = —b@(t)x?, + ab®(t)x,x, + ab®(t)x,x, — a?b@(t)x?,

V= —b@(0) (s — axp)? < —bBoCe — ;) = —bgox” [ 1 ~f]x

then: V < —b@yxT [—1a ;?] x

and A = [ 1 _3] is positive semi — definite and x = 0 is not exponentially stable
-a a
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Solution3:

Discussion on the system f(t, x):

Because y = f(t,y) is e.s. then V =yTy and 0.5||y||2 <yly< 2||y||2
V=yTy+y"y

Wehave V= fTy +yTf <—yTPy and P is positive definite.

Discussion on the overall system:
Spousethat: V =xTx and 0.5||x||2 <xTx < 2||x||2
then: V=xTx+x"Tx=(T+gDx+x"(f +g)
Then V=fTx+x"f+g"x+xTg <—x"Px+gTx+x"g
Then : V< —x"Px+|lgTx +xTgl| < —xTPx + 2||x"gl|
V < —xTPx + 2u||xTx|| then : V < (=|IPI| + 2w)||x||?
then x=0 ise.s. if Q=||P||—-2u>0 u<||P||/2

where P is matrix induced norm. ||P|| = sup ||Px||
[lx][=1

Solution4:

@V = %xZ,V = —x*+ x%u

JIul

=—(1-0)x*—0x*+x%u < —(1- O)x* forTS lIx]|, 0 <6 <1

y(r) =p() = Vr/6.
bV =§x2,V = —x? + xu®

3
u
—(1-6)x? —0x%2+xu < —(1-6")x?for |x| < %,0 <6 <1
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1,.3
Y(@)=p'(r) = Tk

(c) For the cascade system:

The first subsystem is ISS in y and the second subsystem is ISS in u so the whole system is ISS in u

3
with ultimate bound y, = rz/0V6’



