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Solution1: 

Consider the system 

�̇�1 = 𝑥2 

�̇�2 = −𝑥1 − 𝑐(𝑡)𝑥2 

A Lyapunov function candidate is taken as 

V(x) =
1

2
 (x1

2 + x2
2) 

The time derivative of V (x) along the trajectories of the system is found as 

V̇(x) = x1(𝑥2) + x2(−𝑥1 − 𝑐(𝑡)𝑥2) = −𝑐(𝑡)𝑥2 ≤ −𝑘1𝑥2
2 

and it can be seen that V̇(x) is negative semidefinite. By Theorem 4.8 we conclude that the origin is 

uniformly stable (V(x) is positive definite and decresent). In order to prove that 𝑥2 → 0 as 𝑡 →  ∞ 

we apply Barbalat’s lemma. Since V̇(x) = −𝑘1𝑥2
2, where 𝑐(𝑡) is some bounded value greater than 

zero, V̇(x) = 0 ↔ 𝑥2 = 0. Following the notation of Lemma 8.2, let 𝜙(𝑡) = V̇(𝑡). V̇(𝑡) is uniformly 

continuous in t if V̈(𝑡) is bounded: 

V̈(𝑡) = −ċ(t)x2
2  −  2c(t)x2ẋ2 

V̈(𝑡) = −ċ(t)x2
2  −  2c(t)x2(−𝑥1 − 𝑐(𝑡)𝑥2) 

it can be recognized that 𝑉(𝑡) ≤ 𝑉(𝑡0), which implies that 𝑥1 and 𝑥2 are bounded. Since 𝑥1 and 𝑥2 

are bounded and it is given that 𝑐(𝑡) and ċ(t) are bounded, it follows that V̈(𝑡) is bounded. The 

bound on V̈(𝑡) guarantees that V̇(t) is uniformly continuous. In order to conclude by Barbalat’s 

lemma we also need to prove that lim
𝑡→∞

∫ V̇(τ) 𝑑𝜏
𝑡

0
exists and is finite. This is proven according to: 

lim
𝑡→∞

∫ V̇(τ) 𝑑𝜏
𝑡

0

= lim
𝑡→∞

(𝑉(𝑡) − 𝑉(0))  

where we know that l lim
𝑡→∞

 𝑉(𝑡) = 𝑉(∞) is a finite number since 𝑉(𝑡) ≥ 0∀𝑡 and V̇(t) ≤ 0∀𝑡. 
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Solution2:  

𝑉 =
1

2
(𝑏𝑥1

2 + 𝑎𝑥2
2)   and   

𝑤1(𝑥) =  
1

4
(𝑏𝑥1

2 + 𝑎𝑥2
2) ≤

1

2
(𝑏𝑥1

2 + 𝑎𝑥2
2) ≤ (𝑏𝑥1

2 + 𝑎𝑥2
2) = 𝑤2(𝑥) 

�̇� = −𝑏∅(𝑡)𝑥1
2 + 𝑎𝑏∅(𝑡)𝑥1𝑥2 + 𝑎𝑏∅(𝑡)𝑥1𝑥2 − 𝑎2𝑏∅(𝑡)𝑥2

2 − 𝑎𝑐 𝜓(𝑡)𝑥2
4 

�̇� = −𝑏∅(𝑡)𝑥1
2 + 2𝑎𝑏∅(𝑡)𝑥1𝑥2 − 𝑎2𝑏∅(𝑡)𝑥2

2 − 𝑎𝑐 𝜓(𝑡)𝑥2
4 

�̇� ≤ −𝑏∅(𝑡)(𝑥1
2 − 2𝑎𝑥1𝑥2 − 𝑎2𝑥2

2) ≤ −𝑏∅0(𝑥1
2 − 2𝑎𝑥1𝑥2 − 𝑎2𝑥2

2) 

�̇� ≤ −𝑏∅0(𝑥1 − 𝑎𝑥2)2     𝑡ℎ𝑒𝑛  �̇� is  Negative semi − definite 

𝑉 =
1

2
(𝑏𝑥1

2 + 𝑎𝑥2
2)  is lower bounded 

�̇� = −𝑏∅(𝑡)𝑥1
2 + 2𝑎𝑏∅(𝑡)𝑥1𝑥2 − 𝑎2𝑏∅(𝑡)𝑥2

2 − 𝑎𝑐𝜓(𝑡)𝑥2
4  

then �̇� is  uniformly continus.   

Having the above three conditions and considering the  barbalat’s Lemma , we conclude that 

the system will converges to the origin when �̇� = 0 

Linearization:      

{
𝑥1̇

𝑥2̇
=

−∅(𝑡)𝑥1 + 𝑎∅(𝑡)𝑥2

𝑏∅(𝑡)𝑥1 − 𝑎𝑏∅(𝑡)𝑥2
       then ∶    𝑉 =

1

2
(𝑏𝑥2

1 + 𝑎𝑥2
2)   and  

𝑤1(𝑥) =  
1

4
(𝑏𝑥2

1 + 𝑎𝑥2
2) ≤

1

2
(𝑏𝑥2

1 + 𝑎𝑥2
2) ≤ (𝑏𝑥2

1 + 𝑎𝑥2
2) = 𝑤2(𝑥) 

�̇� = −𝑏∅(𝑡)𝑥2
1 + 𝑎𝑏∅(𝑡)𝑥1𝑥2 + 𝑎𝑏∅(𝑡)𝑥1𝑥2 − 𝑎2𝑏∅(𝑡)𝑥2

2 

�̇� = −𝑏∅(𝑡)(𝑥1 − 𝑎𝑥2)2  ≤ −𝑏∅0(𝑥1 − 𝑎𝑥2)2 = −𝑏∅0𝑥𝑇 [
1 −𝑎

−𝑎 𝑎2 ] 𝑥 

𝑡ℎ𝑒𝑛 ∶   �̇� ≤ −𝑏∅0𝑥𝑇 [
1 −𝑎

−𝑎 𝑎2 ] 𝑥    

𝑎𝑛𝑑  𝐴 = [
1 −𝑎

−𝑎 𝑎2 ]     is  positive semi − definite  𝑎𝑛𝑑 𝑥 = 0 is not exponentially stable 
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Solution3: 

Discussion on the system 𝑓(𝑡, 𝑥): 

Because   �̇� = 𝑓(𝑡, 𝑦)   𝑖𝑠   𝑒. 𝑠.   𝑡ℎ𝑒𝑛    𝑉 = 𝑦𝑇𝑦   𝑎𝑛𝑑   0.5||𝑦||
2

< 𝑦𝑇𝑦 < 2||𝑦||
2
 

  �̇� = �̇�𝑇𝑦 + 𝑦𝑇�̇� 

We have   �̇� =  𝑓𝑇𝑦 + 𝑦𝑇𝑓 ≤ −𝑦𝑇𝑃𝑦     and   𝑃   is  positive definite. 

 
Discussion on the overall system: 

Spouse that:      𝑉 = 𝑥𝑇𝑥      𝑎𝑛𝑑     0.5||𝑥||
2

< 𝑥𝑇𝑥 < 2||𝑥||
2
 

 𝑡ℎ𝑒𝑛 ∶    �̇� = �̇�𝑇𝑥 + 𝑥𝑇�̇� = (𝑓𝑇 + 𝑔𝑇)𝑥 + 𝑥𝑇(𝑓 + 𝑔) 

Then   �̇� = 𝑓𝑇𝑥 + 𝑥𝑇𝑓 + 𝑔𝑇𝑥 + 𝑥𝑇𝑔 ≤ −𝑥𝑇𝑃𝑥 + 𝑔𝑇𝑥 + 𝑥𝑇𝑔  

𝑇ℎ𝑒𝑛 ∶      �̇� ≤ −𝑥𝑇𝑃𝑥 + ||𝑔𝑇𝑥 + 𝑥𝑇𝑔|| ≤ −𝑥𝑇𝑃𝑥 + 2||𝑥𝑇𝑔|| 

�̇� ≤ −𝑥𝑇𝑃𝑥 + 2𝜇||𝑥𝑇𝑥||  𝑡ℎ𝑒𝑛  ∶  �̇� ≤ (−||𝑃|| + 2𝜇)||𝑥||2  

then     𝑥 = 0   𝑖𝑠  𝑒. 𝑠.   𝑖𝑓   𝑄 = ||𝑃|| − 2𝜇 > 0    𝜇 < ||𝑃||/2 

 

where 𝑃 is matrix induced norm. ||𝑃|| = sup
||𝑥||=1

||𝑃𝑥|| 

Solution4:  

(a) 𝑉 =
1

2
𝑥2, �̇� =  −𝑥4 +  𝑥2𝑢 

= −(1 − 𝜃)𝑥4 − 𝜃𝑥4 + 𝑥2𝑢 ≤  −(1 –  𝜃)𝑥4  𝑓𝑜𝑟
√|𝑢|

𝜃
≤ ||𝑥||,   0 < 𝜃 < 1 

 𝛾(𝑟) = 𝜌(𝑟) =  √𝑟/𝜃 . 

(b) 𝑉 =
1

2
𝑥2 , �̇�  =  −𝑥2  +  𝑥𝑢3 

−(1 − 𝜃)𝑥2 − 𝜃𝑥2 + 𝑥𝑢3 ≤ −(1 − 𝜃′)𝑥2 𝑓𝑜𝑟 |𝑥| ≤  
|𝑢|3

𝜃′
, 0 < 𝜃′ < 1   
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 𝛾′(𝑟) = 𝜌′(𝑟) =
𝑟3

𝜃′
 . 

(c) For the cascade system:  

The first subsystem is ISS in y and the second subsystem is ISS in u so the whole system is ISS in u 

with ultimate bound 𝛾𝑡 = 𝑟
3

2/𝜃√𝜃′ 

 


