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In this chapter we define the forward and inverse kinematic of
serial manipulators. Different geometric, algorithmic, and
screwbased solution methods will be examined, aridenavit
Hartenberg and homogeneous transformation is introduced.
The loop closure method in forward and inverse problem is
solved for a number of case studies
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<3 Kinematic Analysis

A Definitions

V The study of the geometry of motion in a robot, without considering the
forces and torques that cause the motion.

V A serial robot consist of

A A single kinematic loop

A A number of links and joints

A The joints might be primary (P or R) or compound (U, C, S)
V Kinematic loop closure
A Aloop consists of the consecutive links and joint to the end-effector
Rigid links with primary joints
Compound joints are reduced to a number of primary joints
The loop is written in a vector form
The joint motion variables form the Joint Space
The end-effector final motion DoF& form the Task Space

> > > > > >
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Kinematic Analysis

Y,
V Example: Elbow Manipulator ) )
A 3DoF spatial manipulator (RRR) ” ,Q *{; | Tyj
. . . ™ -
Joint variables: A [— — —] ) TR g s
~_J 6; if joint 7 is revolute apy’) =
4= d; if joint ¢ is prismatic 0
Task variables: F  [@ @ Q] Ny,
The position and orientation variables of end-effector Xo
A Forward kinematics Inverse kinematics
Given aAfind F Given I find A
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Ly Forward Kinematics

A Motivating Example

V Kinematic loop closure

A Assign base coordinate frame Tt
Denote o [—h—] andF [who]
Denote the link vectors 2
and the end-effector vector #

Write the loop closure vector equation:

-_—

d a F
aAT-© aAT S — o
GO0EL a OB+ — o

Shorthand notation (FK)
a0 a0
ai ai @
Inwhich® AT-6F OE+tho Al S —h OE+ —.
Given joint variables o [—h—] , the task space variables [@hb] is found from FK formulation.
Inverse problem (IK) may be found by algebraic calculations.
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eg‘ja Forward Kinematics

A Algorithmic Approach

V General Link Parameters

A Link length & and link twist |
Start from zero frame based on the joint axes
Link length @ common normal line lengths
Link twist | relative angle of two joint axes
A Link offset Q and joint angle —
Neighboring link distance 'Q and angle —
Forrotary joints;  —is the joint variable
For prismatic jointsr}  'Q is the joint variable
A First and Last link in the chain
Consider base of the robot the 0 link and frame

For the last frame on the end-effector coplanar to the
previous frame
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%ﬁ Forward Kinematics

A Algorithmic Approach

V  Frame Assignment (Craig& Convention)
A The w axis of rotation of "Qjoint (R)

OR the axis of translation of "Qjoint (P)

A The origin of frame "Qis at the intersection of
perpendicular line to the axis @

A The & axis points along & along the common
normal. In case @ is zero @ is normal to the
plane of @ and ®

Axisi — 1 Axis |

Linki—1

™

V Denavit-Hartenberg (DH) Parameters

@ Thedistance from @ to @ measured along &
| The angle from & to ® measured about &
‘Q Thedistance from @ to & measured along @

— Theanglefrom®@ to® measured about ®.
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Ly Forward Kinematics

A Algorithmic Approach

V Frame Assignment (Paul& Convention)
A The @ axis of rotation of "Qjoint (R)

OR the axis of translation of "Qjoint (P)

ROBOT

ANALYSIS

e A

Joint i

z., (& in Craig)

A The origin of frame "Qis at the intersection of
perpendicular line to the axis @

A The & axis points along & along the common
normal. In case @ is zero @ is normal to the
plane of @ and @

V Denavit-Hartenberg (DH) Parameters Hiz

@ Thedistance from & to & measured along &
| The angle from &  to & measured about &
‘Q Thedistance from & to & measured along @

— Theanglefrom® to® measured about @
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egfja Forward Kinematics

A Algorithmic Approach
V Denavit-Hartenberg (DH) Parameters

Robotics: Mechanics and Control
Prof. Hamid D. Taghirad

Denavit-Hartenberg Reference Frame Layout
Produced by Ethan Tira-Thompson
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sg‘ja Forward Kinematics

A Algorithmic Approach

V DH Homogeneous Transformations (Craig& Convention)
A Consider three intermediate Frames
{Q p}h  (VAOJAOI  Q
The general transformation will be found by: Avisi=l Axis
Considering four transformation about fixed
Frames (post-multiplication)

"‘}T:f—lrﬂT Qr Pr.

R™ 0 P~ i

In which,

i-14
;T =Ryx(o;_1)Dy(a;_1)R;(6;)D,(d,),
Or
i—1
T = Screwy(a;_y, @;_1) Screw(d;, 6;),
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%ﬁ Forward Kinematics

A Algorithmic Approach
V DH Homogeneous Transformations (Craig& Convention)

P Tt Tt W W— | — T T
| ) | n“i— W— T T
T il aw ||t m p Q
T T i P T T 1T P
C— [ — e )
| —a Co— i| i Q
[ —i| 0o | 4 » Q
T T T o)
And the inverse is:
o— {—0 [ —i| W
w | = 00 e o i—
T [ aw Q |
T T 1 P
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¢y Forward Kinematics
A Algorithmic Approach

V DH Homogeneous Transformations (Paul@ Convention)
o A Consider three intermediate Frames
e (Q pih  (OROIF(VR 0
The general transformation will be found by S
Considering four transformation about moving
frames (pre-multiplication)
y VRV,
In which, Hio
Y O(Q)Y (0 (@)Y ()

Or
Y 3A0ANI3 AOAGD )
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sg‘ja Forward Kinematics

A Algorithmic Approach
V DH Homogeneous Transformations (Paul& Convention)

~

28 G- i—nmnmnujfp M W &
I ~ i— w— 1 1l W i T
1 m p Q| i aw T
Tt Tm T plLt Tt Tt P

(O— i— i e

T ") Q

Tt Tt TU p

And the inverse is

o— i— o’ )

i— e Qi

[ —i| G-l @ Qd

Tt Tt Tt P
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%ﬁ Forward Kinematics

A Examples:

V Example 1: Planar RRR Manipulator

A Geometric Approach (3DoFs)
Denote o [ MM ] andF [whdhg ]
Denote the link, and the end-effector vectors:
Write the loop closure vector equation:

& & & Fng n n ns8
AT aAT® R GAT® 1 n @
aOE aO0Ef B aOEf /4 R/ &

g n n n
Shorthand notation (FK)
a0 G0 a® ()
ai ai ai ()
g n n n
Inwhich® ATrmfOF ORIl Aid® n h OEf 1 M
AT n n h OEf n n 8
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eg‘ja Forward Kinematics

A Examples:

V Example 1: Planar RRR Manipulator

A Algorithmic Approach (Craig& Convention)
Denote A [—h—h—] andF [whohy ]
Affix the frames and find DH-parameters.

Find the homogeneous transformations:

(R ® i oa
. i W . i W
% T TU Y T T ,
T T p T T T p T
T T TP [T T TP
W ' moa p T T A
oy | w T TT oy mp m T _ T T
T T p T mT T p T
| TT 1T m P [Tt T 1T P Tt LI
Find the loop closure equation in matrix form: T T
"y "y VY Y Y - — & — -
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%ﬁ Forward Kinematics

A Examples:

V Example 1: (Cont.)

A Algorithmic Approach (Craig& Convention)
Calculate the loop closure matrix equation:
YTy Y Y Y

~

)] ig m W
~ ig )] T ©
Tt Tt P Tt
Tt Tt Tt P
@ i T an a0 A
Y Y Y Y Y T al al al
Tt P Tt
) Tt Tt Tt ]
Shorthand notation (FK)
o G0 a ()
(ofl ai ai ()
g —_— —_— —_—
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Ly Forward Kinematics

A Examples:

V Example 1: Planar RRR Manipulator

A Algorithmic Approach (Paul& Convention)
Denote A [—h—h—] and+ [whohy ]

ROBOT

ANALYSIS

o
Affix the frames and find DH-parameters.
Find the homogeneous transformations:
"y | w T Wl ’ "y l w T Wl ,
m T p T m T p T
I O | G | SR o B T T T P
"y | w TT Wl
m T p T
LT T m p
Find the loop closure equation in matrix form:
Y Y Y Y
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Ly Forward Kinematics

A Examples:

V Example 1: (Cont.)
A Algorithmic Approach (Paul& Convention)
Calculate the loop closure matrix equation:

ROBOT

ANALYSIS

B Y Y Y Y Y
&) ig m™ o
~ ig )] T ©
T m p T
T m TP
Y oY Y Y T Wi Wi Wi
I I p Tt
L I T p
Shorthand notation (FK)
Wi i i W

g N N J—
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Ly Forward Kinematics

A Examples: sat
. . i Joint 3
V Example 2: SCARA Manipulator ointt ey, -
- - Link 3
A Algorithmic Approach (Paul& Convention) o — -
Denote A [—h—FHQh—] andF [ o Fg ] 1 ™ x “”";, } o
Affix the frames and find DH-parameters. 2 o ‘Ld:
Find the homogeneous transformations: ok o B (U M
o v v , v I ! Y3 z da
LI A Y o T OO , .
SVR LR ST Y S IR [ AT (Y o -y, ik 4 aal
m nm o p QFf m T p T |’ % Link 0 Ya
LT T TP m T L p e Zs
SN L L
v T p 1 T o« l W o
Y mTTmTp Q Y m nm p QF v Q
m T op T T T p P n ® o
Find the loop closure equation in matrix form: C ) @ T —
uY uY uY uY "Y uY o Tt Q Tt
T T Q —
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%ﬁ Forward Kinematics

A Examples: 2
V Example 2: (Cont.) W, 0 N
A Algorithmic Approach (Paul& Convention) = AR ]d3
| | I s
Calculate the loop closure matrix equation: Y yz,
VAV VI VY HIQ .
&g jg T W N Y3 Xy
v [lg @ mo N i
> Y4
Tt Tt p a &) 0,
Tt Tt m p
¥ = ;o 7 , 7 v 7 v ® 23, 24
ww 1 w 1 l @ T WWw Ww
. o oy v i« 0 i 0 G 0 i 0 |
v Y Y Y Y w w w Tt '(.L)l ' w l' 8
T T p Q Q Q
T Tt Tt p
Shorthand notation (FK)
DO OO ®, a Q QO Q,
hi hi o, g — — -8
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Ly Forward Kinematics

A Examples:

V Example 3: Cylindrical Robot (RPP)
A Algorithmic Approach (Paul& Convention)
Denote o [—HOHQ ] andF [whi g ]
Affix the frames and find DH-parameters.
Find the homogeneous transformations:

(:)Jnn p T T T
w | W o m T p T
Ynnp’Q’ann’Q’

n T o mop m T T p
[p m T T
w TP T
Ynnp’Q'

LS IO o

Find the loop closure equation in matrix form:

VAV VY

ds
3
z o
Vil I B
*2 ¥2 X3 y
3

X0
B
p ] T Q —
(S 11 Q
o T Q T
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Ly Forward Kinematics

A Examples:

V Example 3: (Cont.)

R A Algorithmic Approach (Paul& Convention)
Calculate the loop closure matrix equation:

Y Y Y Y'Y
oy ig m
o~ ig )| T W
T T o pa
Tt Tt m p
O T [ Q
. i T o« D'
YoYUV Y @ 0l g
nm p T Q Q
m T Tt P
Shorthand notation (FK)
iQ o, a Q Q,
00, g '0—38
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Ly Forward Kinematics

A Examples:

V Example 4: Spherical Wrist (RRR) Gas o O,
A Algorithmic Approach (Paul& Convention) ak b :
EBan Denote a [—Fi—F\—] and F [%g\—ﬁ ] = To Grippet

Affix the frames and find DH-parameters. <4 p
Find the homogeneous transformations: !
@ om0 @ moioT
v l Tt W Tt oy l Tt W Tt ’
Tt P Tt Tt Tt P Tt U b +
pond b
(:) Tt ~i 1] T “ 7C Tt Tt —
v [ T W T 7
nm n op QF v q T Tt —
m T T p (0] s s Q —

Find the loop closure equation in matrix form:
"y "y VY Y
K. N. Toosi University of Technology, Faculty of Electrical Engineering,
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eg‘ja Forward Kinematics

A Examples:
V Example 4: (Cont.) s O

== A Algorithmic Approach (Paul@ Convention) ., _

. . To Gripper
Calculate the loop closure matrix equation: 24

oy ey oy Y
y l'Y %br-H ’Q]
Tl P

[ C4C5C6 — S4S6 —C4C586 — S4C6  CaS5  C4S5dg
o N, Ny $4C5C6 + C4S6 —S4C586 + C4C6  S4S5  S4S5dg
Y Y 'Y Y
—85Cq 556 ¢ csdg
0 0 0 1
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Ly Forward Kinematics

A Examples:

V Example 5: Scorbot 5R Manipulator

A Algorithmic Approach (Paul& Convention)
S Denote o [—h—h—hHh-HhHh—] andr- [e fg ]
Affix the frames and find DH-parameters.

R
S (S ’ —

w Q
C () ] —
o 11 ® 11 —
T “Tc I I —
v T T Q

Robotics: Mechanics and Control
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%ﬁ Forward Kinematics
A Examples:

V Example 5: (Cont.)

A Algorithmic Approach (Paul& Convention)
Calculate the loop closure matrix equation:

ROBOT

ANALYSIS

E'm::w wr wr o " " ©w "
Y Y 00 O0OO
"y [Y . .r]
mn P
¢ 0 —sfh ach ¢ —st 0 azcth
04, — s8, 0 oy 86, 4y = st cfr 0 axsth
'=lo -1 0o 4 [ |0 o 1 0o [
0 0 0 1 0 o 0 1
chy —sfh 0 asch; ey 0 —sby O cfs —sfs 0 0
) _ 55'3 CI5'3 0 {1355'3 3 _ 594 0 C94 0 4 . 595 CES o 0
AB=lo o 1 o | Mo -1 0 o] M=o o0 1 4
0 0 0 1 0 0 0 | 0 0 0 1
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%ﬁ Forward Kinematics
V Example 5: (Cont.)

U, = cfchr3acls + 56,565,

uy = s6chzachs — ctsds,
u, = —sthchs,

v, = —cBjcO234505 + s6,chs,
vy = —86,¢6h348605 — c6chs,

v, = 88234805,
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