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In this chapter we define the forward and inverse kinematic of
serial manipulators. Different geometric, algorithmic, and
screw-based solution methods will be examined, and Denavit-
Hartenberg, and homogeneous transformation is introduced.
The loop closure method in forward and inverse problem is
solved for a number of case studies.
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<3 Kinematic Analysis

* Definitions

v The study of the geometry of motion in a robot, without considering the
forces and torques that cause the motion.

v A serial robot consist of
= Asingle kinematic loop
= A number of links and joints
= The joints might be primary (P or R) or compound (U, C, S)

v" Kinematic loop closure
= Aloop consists of the consecutive links and joint to the end-effector
= Rigid links with primary joints
= Compound joints are reduced to a number of primary joints
= The loop is written in a vector form
= The joint motion variables form the Joint Space
= The end-effector final motion DoF’s form the Task Space

Robotics: Mechanics and Control K. N. Toosi University of Technology, Faculty of Electrical Engineering,
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D ' mmmmTYTYTYUOUhmmmmmmmmmmS . SSSSSSBHHEEEEEUEEREEEEEEREREEEEEEEES



Kinematic Analysis

Y,
v' Example: Elbow Manipulator ) )
- 3DoF spatial manipulator (RRR) ” ,Q *{; | TM
. . : N .
Joint variables: q = [6, 0, 053] ) o W
~_J 6; if joint 7 is revolute apy’) =
4= d; if joint ¢ is prismatic 0
Task variables: y = [*e Ye Ze]T N N Yo
The position and orientation variables of end-effector Xo
=  Forward kinematics Inverse kinematics
Given q find y Given y find g
Robotics: Mechanics and Control K. N. Toosi University of Technology, Faculty of Electrical Engineering,
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Ly Forward Kinematics

* Motivating Example

v" Kinematic loop closure

= Assign base coordinate frame {0}
Denote q = [84,6,]7 and y = [x,,y.]7
Denote the link vectors 2
and the end-effector vector #
Write the loop closure vector equation:
U+lL=X
[; cos B, + 1, cos(61 + 6,) = x,
[{sin@q + I, sin(6; + 6;) =y,
Shorthand notation (FK)

licy + lre12 = x

lisy + 13812 = Ye
In which ¢; = cos 0,5, =sin6;,c;, = cos(6; + 6;),51, = sin(6; + 6,).
Given joint variables g = [8,, 6,]7, the task space variables y = [x,, y.]7 is found from FK formulation.
Inverse problem (IK) may be found by algebraic calculations.

Robotics: Mechanics and Control K. N. Toosi University of Technology, Faculty of Electrical Engineering,
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eg‘ja Forward Kinematics

« Algorithmic Approach

v' General Link Parameters
= Link length a; and link twist «;
Start from zero frame based on the joint axes
Link length a;_; common normal line lengths
Link twist a;_, relative angle of two joint axes
= Link offset d; and joint angle 6;
Neighboring link distance d; and angle 6;
For rotary joints g; = 6; is the joint variable
For prismatic joints g; = d; is the joint variable
= First and Last link in the chain
Consider base of the robot the 0 link and frame

For the last frame on the end-effector coplanar to the
previous frame

Robotics: Mechanics and Control K. N. Toosi University of Technology, Faculty of Electrical Engineering,
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%ﬁ Forward Kinematics

« Algorithmic Approach

v" Frame Assignment (Craig’s Convention)
- The Z; axis of rotation of {i} joint (R)
+  OR the axis of translation of {i} joint (P)

- The origin of frame {i} is at the intersection of
perpendicular line to the axis i.

. The X; axis points along a; along the common
normal. In case q; is zero X; is normal to the
plane of Z; and Z; .,

Axisi — 1 Axis |

Linki—1

v" Denavit-Hartenberg (DH) Parameters

a; = The distance from Z; to Z;,; measured along X;
a; = The angle from Z; to Z;,; measured about X;
d; = The distance from X;_, to X; measured along Z;

6; = The angle from X;_, to X; measured about Z;.

Robotics: Mechanics and Control K. N. Toosi University of Technology, Faculty of Electrical Engineering,
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Ly Forward Kinematics

« Algorithmic Approach

v" Frame Assignment (Paul’'s Convention)
- The Z;_, axis of rotation of {i} joint (R)
+  OR the axis of translation of {i} joint (P)

ROBOT

ANALYSIS

- Joint i

z,, (z;in Craig)

- The origin of frame {i} is at the intersection of
perpendicular line to the axis i.

. The X; axis points along a; along the common
normal. In case q; is zero X; is normal to the
plane of Z;,_; and Z;

v Denavit-Hartenberg (DH) Parameters Hiz

a; = The distance from Z;_, to Z; measured along X;
a; = The angle from Z;_; to Z; measured about X;
d; = The distance from X;_; to X; measured along Z;_;

6; = The angle from X;_, to X; measured about Z;_;.

Robotics: Mechanics and Control K. N. Toosi University of Technology, Faculty of Electrical Engineering,
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egfja Forward Kinematics

» Algorithmic Approach
v' Denavit-Hartenberg (DH) Parameters

Robotics: Mechanics and Control
Prof. Hamid D. Taghirad

Denavit-Hartenberg Reference Frame Layout
Produced by Ethan Tira-Thompson
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%ﬁ Forward Kinematics

« Algorithmic Approach

v DH Homogeneous Transformations (Craig’s Convention)
= Consider three intermediate Frames
{i—1}  {RL{QL{P} {i}
The general transformation will be found by: Avisi=l Axis
Considering four transformation about fixed
Frames (post-multiplication)

i-1p _i-17+ R4+ O~ P
I_1"_ RTQTPTI_T.
In which,

o I = Ry(o;_1)Dy(a;_1)R;(0,)D(d)),
)

i"}T = Serewy (a;_1, ;_1) Screw,(d;, 6;),

Robotics: Mechanics and Control K. N. Toosi University of Technology, Faculty of Electrical Engineering,
Prof. Hamid D. Taghirad Department of Systems and Control, Advanced Robotics and Automated Systems March 2, 2021



Ly Forward Kinematics

« Algorithmic Approach
v DH Homogeneous Transformations (Craig’s Convention)

1 0 _ 0

i-1p _ 0 CAj_q4 —SAi_q 0 H 0
. 0 sa;_4 cal 1 O 0 1
0 1 0

0 0

l l
s@icai_l Ceicai_l —Ssaj_qy —Sa;_1d;
SHisai_l c@isai_l Cai_q Cai—ldi

0 0 0 1

i—1p _
il =

And the inverse is:

c0; sOica;_q, sO;sa;_; —a;_1cH;
—s6; cOica;_q cO;sa;_; —a;_150;

I —
-1 0 —sa;_y ca_q —d;
0 0 0 1
Robotics: Mechanics and Control K. N. Toosi University of Technology, Faculty of Electrical Engineering,
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sg‘ja Forward Kinematics

» Algorithmic Approach

v' DH Homogeneous Transformations (Paul’s Convention)

rosor [ Consider three intermediate Frames
€ (-1, PLQLKB, ()

The general transformation will be found by
Considering four transformation about moving
frames (pre-multiplication)

AR 0
AT =TT QT )T °T

In which,
i—1p _
il = D,(d;)R,(0;)Dy(a;)R,(a;)
Or
"=1T = Screw,(d;, 8;)Screw, (a;, a;)
Robotics: Mechanics and Control K. N. Toosi University of Technology, Faculty of Electrical Engineering,
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Ly Forward Kinematics

« Algorithmic Approach
v DH Homogeneous Transformations (Paul’s Convention)

Cei —Sei 0 0- 1 0 0 a;
.......... i~1p s6; c6; 0 0|0 ca; —sa; O
' 0 0 1 d;[|0 sa; ca; O
0 0 0 1110 0 0 1
[cO; —sO;ca; sO;sa; a;cH;
i-1p _ s6; cOica; —cO;sa; a;sf;
: 0 Sa; ca; di
0 0 0 1
And the inverse is
C9i Sgl' 0 —a;
i —sBO;ca; cOica; sa; —d;sa;
1 sesa; —cBisa; ca;  —djca;
0 0 0 1

Robotics: Mechanics and Control K. N. Toosi University of Technology, Faculty of Electrical Engineering,
March 2, 2021
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%ﬁ Forward Kinematics

« Examples:

v' Example 1: Planar RRR Manipulator w
= Geometric Approach (3DoFs)

Denote q = [q;, 92, q3]" and x = [xg, yg, O¢]”
Denote the link, and the end-effector vectors:
Write the loop closure vector equation:

ﬁ"‘l_z)"‘l_s):)?)i Op =q1+q2 + g3
lycosqy + 13 cos(qr + qz) + I3 cos(qr + g2 + q3) = X Joint 1| /= R
lisingy + I;sin(q; + q2) + Iz sin(qy + q2 + q3) = Ve Base X
Or=q1+q2+q3
Shorthand notation (FK)
licy + lpc12 + 136123 = xp

151 + 13812 + 135123 = Yk
Or=q1+q2+q3
In which ¢; = cosqq,s1 =sinqgq,c12 = cos(q1 + q2),512 = sin(qq + q2), €123
= c0s(q1 + 42 + q3),S123 = sin(q1 + q2 + q3) .

Robotics: Mechanics and Control K. N. Toosi University of Technology, Faculty of Electrical Engineering,

Prof. Hamid D. Taghirad Department of Systems and Control, Advanced Robotics and Automated Systems March 2, 2021
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Ly Forward Kinematics

 Examples:

Robotics: Mechanics and Control
Prof. Hamid D. Taghirad

o
S1
0

:C3
S3
0
0

Find the loop closure equation in matrix form:

=St 0 0 [c2  —53
¢t 0 O 1 — Sz G2
0 1 0of 2 0 O
0 0 1 0 0
—s3 0 I, 100
&5 0 0fap_[0 1 0
0 1 o4 0O 0 1
0 0 1 0 0 O

pT = 4T =3T 3T 5T 3T

K. N. Toosi University of Technology, Faculty of Electrical Engineering,
Department of Systems and Control, Advanced Robotics and Automated Systems

o RO O

oo

1

v' Example 1: Planar RRR Manipulator

Algorithmic Approach (Craig’s Convention)
Denote q = [04,60,,05]7 and y = [xg, g, Of]7
Affix the frames and find DH-parameters.

Find the homogeneous transformations:

o~
=y

_ oo

March 2, 2021




%ﬁ Forward Kinematics

« Examples:

v' Example 1: (Cont.)

= Algorithmic Approach (Craig’s Convention)
Calculate the loop closure matrix equation:
9T =97 =T 4T 37T iT

O —sOp 0 xg
sOp cOfp 0 yg
0 0 1 0
0 0 0 1

or-

licy + 1¢12 + 13¢923

C123 —S123 O

0 l151 + 1rs15 + 135123
1 .
0

S C
2’1’7 — :(l)T %T %T iT — 123 123
0 0
0 0
Shorthand notation (FK)

licy + 1y¢q5 + 130123 = xg

0
1

lysy + 15812 + 138123 = Vg
GE = 91 + 92 + 63

Robotics: Mechanics and Control K. N. Toosi University of Technology, Faculty of Electrical Engineering,
Prof. Hamid D. Taghirad Department of Systems and Control, Advanced Robotics and Automated Systems March 2, 2021



Ly Forward Kinematics

 Examples:
v' Example 1: Planar RRR Manipulator
= Algorithmic Approach (Paul’s Convention)
Denote q = [04,60,,05]" and y = [xg, yg, 057
Affix the frames and find DH-parameters.
Find the homogeneous transformations:

g —S1 0 aqcq] c; =S 0 ayc
o7 — St ¢ 0 a8 1 — S, €3 0 aps,
. 0 0 1 o0 [ o 0 1 o |
0 O 0 1 | 0 0 0 1
-C3 —S3 0 a3C3-
27 — |53 ©3 0 ass;3
3 0 0 10
0 O 0 1 |
Find the loop closure equation in matrix form: 2 0 a, 0 6,
O _ O _ O 1 2
ET —_ T —_ T ZT 3T 3 0 as 0 93
Robotics: Mechanics and Control K. N. Toosi University of Technology, Faculty of Electrical Engineering,

Prof. Hamid D. Taghirad Department of Systems and Control, Advanced Robotics and Automated Systems March 2, 2021




%ﬁ Forward Kinematics

« Examples:

v' Example 1: (Cont.)
= Algorithmic Approach (Paul’'s Convention)
ROBOT Calculate the loop closure matrix equation:
[~ i gT =97 =97 1T %T

O —sOp 0 xg
sOp cOfp 0 yg
0 0 1 0
0 0 0 1

€123 —S123 0 aycq +azcip +azcops
123 C123 0 a;5; +ays;; +assios
0 0 1 0 '
Lo 0o o0 1
Shorthand notation (FK)

a1€1 + axcip +azci3 = Xg

181 + azS12 +a3S123 =Yg

®E = 91 + 92 + 93

or-

S
o7 = 97 47 37 =

K. N. Toosi University of Technology, Faculty of Electrical Engineering,

Robotics: Mechanics and Control
Department of Systems and Control, Advanced Robotics and Automated Systems

Prof. Hamid D. Taghirad
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Ly Forward Kinematics

 Examples:
v' Example 2: SCARA Manipulator

Robotics: Mechanics and Control

Prof. Hamid D. Taghirad

Algorithmic Approach (Paul’s Convention)

DenOte q = [61,62,d3,g4]T and X - [XE,yE,ZE, @E]T

Affix the frames and find DH-parameters.
Find the homogeneous transformations:

-Cl _51 0 a1C1 C2 SZ 0 a2C2
OT _ S1 Cq1 0 a, S, 1T — Sy —C 0 a;s;
1 0 0 1 4| o 0 -1 o0 |
|0 O 0 1 0 0 0 1
[1 0 0 0 €4 =S4 0 O
27 — 01 0 O 37— Sa € 0 O
3 0 0 1 ds|'* 0 0 1 duf
0 0 0 1 0 O 0 1

Find the loop closure equation in matrix form:
pT = 3T = 9T 3T 5T 3T

Joint 2
Z4 .
i Joint 3
Joint 1 0, )
- l .,S*_‘__" A2 F | Link 3
— —TH | i ‘
Link 1 * -
y F “—w- . Link2 —l——- Xo
; ¥z : 3
0 Zo lL»
A d Joint 4 T T X,
H‘(_’_ 1 / 84 “ 3
[ 1 Vs 7, d,
I, Link 4 L s,
o 0 Q
Xy Link 0 Ya
T Za
1 0 aq dl 91
2 T a; 0 62
3 0 0 ds 0
4 0 0 d, 0,

K. N. Toosi University of Technology, Faculty of Electrical Engineering,

Department of Systems and Control, Advanced Robotics and Automated Systems

March 2, 2021



Ly Forward Kinematics

« Examples: 2
v' Example 2: (Cont.) W, 0 N
= Algorithmic Approach (Paul’'s Convention) " AR d;
. . 0 Q X; y
Calculate the loop closure matrix equation: Y yz,
pT =37 =1T 3T 5T 5T 6D @ X3
C@E —S(:.')E 0 Xg N V3 X4
OT — S@E C@E 0 VE & ;
E 0 0 1 2z Y N
0 0 0 1
23, 24
C12€4 + 81284 —C1254+S12€4 0 asc; +azcqp
0 0 17 27 3 §12€4 — C1254  —S51254 — C12C4 0 a;s;+azsy
T =73T 5T 5T ;T =
SR 0 0 —1 dy—ds—d,
0 0 0 1
Shorthand notation (FK)
aiCy + axciz = Xg, zZg = dy —d3 —dy,
aiS, + azs12 = Yg, —0p = —0; — 0, + 0,.
Robotics: Mechanics and Control K. N. Toosi University of Technology, Faculty of Electrical Engineering,
Prof. Hamid D. Taghirad Department of Systems and Control, Advanced Robotics and Automated Systems March 2, 2021



Ly Forward Kinematics

« Examples: -
22 03
v Example 3: Cylindrical Robot (RPP) iz &
> = Algorithmic Approach (Paul’'s Convention) Ty
.._ Denote q = [0;,d,,ds |7 and y = [xg, zg, 05]T

Affix the frames and find DH-parameters.
Find the homogeneous transformations:

[c; —S1 0 O 1 0 0 O
op—|5t & 0 O0f 1,0 0 1 0
1 0 O 1 dq| 2 0 -1 0 d,)|’
|0 O 0 1 0 0 0 1
[1 0 0 0
21 — 01 0 O
3710 0 1 dsf
Find the loop closure equation in matrix form: 2 —n/2 0 dy 0
O _ 0 _ O 1 2 3 0 0 d 0
or =91 =91 it 2T 3
Robotics: Mechanics and Control K. N. Toosi University of Technology, Faculty of Electrical Engineering,
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Ly Forward Kinematics

« Examples:
v' Example 3: (Cont.)

= Algorithmic Approach (Paul’'s Convention) ds
. : : P
Calculate the loop closure matrix equation: 22 05
e 0 0 o 1p 2 % %3
gl = 3T = 3T 3T 3T X »/l
¥2 X3
c®p —sOp 0 xg o Y3
0T — sOg O 0 yg 4
E 0 0 1 z 2o )
0 0 0 1 X1
¢t 0 —s51 —s1d3 C%o 4
op _op 1pm 20 _|S1 0 ¢ c1ds N
T =3T ;T 3T = .
4 23 0 -1 0 dy+d, \g% Yo
0 0 0 1 o
Shorthand notation (FK)
_Sld3 :xE, ZE = d1+d2,
c1dsz = Y, Op= f(61).
Robotics: Mechanics and Control K. N. Toosi University of Technology, Faculty of Electrical Engineering,
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Ly Forward Kinematics

 Examples:
v' Example 4: Spherical Wrist (RRR)
= Algorithmic Approach (Paul’s Convention)
- Denote q = [0,4,05,05]" and y = [¢,0,y]T
Affix the frames and find DH-parameters.
Find the homogeneous transformations:

[(c, 0 —s, O] cs 0 s O
3 _|Sae 0 ¢4 O 4. _|ss 0 —c5 O
T = T =
* 0 -1 0 o} 0 1 0 of
L0 O 0 1. 0 O 0 1
[ce 0 —s¢ 0 4 /2 0 0 0,
5 _ |Se 0 Ce 0
T = .
[0 0 0 1. 6 0 0 dg O
Find the loop closure equation in matrix form:
3 _ 37 _ 3 40 5
ET_6T_4T ST 6T
Robotics: Mechanics and Control K. N. Toosi University of Technology, Faculty of Electrical Engineering,

Prof. Hamid D. Taghirad Department of Systems and Control, Advanced Robotics and Automated Systems
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eg‘ja Forward Kinematics

« Examples:
v' Example 4: (Cont.) xs

= = Algorithmic Approach (Paul's Convention) , _
. . To Gripper
Calculate the loop closure matrix equation: 24 :
37 _ 37 _ 3 41 5 0/
3T =3T=3T %T 2T 4
3
E3'T — lR((prer 1/)) dEl
0 1
[ CAC5C — S4S6 —CAC5S6 — S4C6  C4S5  C4S5dg
3 _ 3m 4 Sov | 84C5C6 +CaS¢  —854C586 +CaCs 5485 S4S5dg
o = al 5T ¢TI = —85Cg 556 ¢ csdg
0 0 0 1
Robotics: Mechanics and Control K. N. Toosi University of Technology, Faculty of Electrical Engineering,
Prof. Hamid D. Taghirad Department of Systems and Control, Advanced Robotics and Automated Systems March 2, 2021



Ly Forward Kinematics

 Examples:
v' Example 5: Scorbot 5R Manipulator

= Algorithmic Approach (Paul’'s Convention) B [g 2 22
o T T
Denote q = [04,60,,05,0,,05]" and y = [xg, O]
Affix the frames and find DH-parameters. Xe
X3
-ﬂﬂﬂﬂ —
™ X
1 —m/2 a,
2 0 a, 0 6,
3 0 as 0 93
4 —1/2 0 0 0,
5 0 0 d5 95 BB E R TR SNl R 74 1 |
Base
Robotics: Mechanics and Control K. N. Toosi University of Technology, Faculty of Electrical Engineering,
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Ly Forward Kinematics

 Examples:

v' Example 5: (Cont.)

= Algorithmic Approach (Paul’s Convention)
Calculate the loop closure matrix equation:

ROBOT

ANALYSIS

- o o
OT = 0T = A, A, A3 A, As
0
oT = [R (OF) xE]
0 1
¢ 0 —sfh ach ¢ —st 0 azcth
04, — s8, 0 oy 86, 4y = st cfr 0 axsth
'=lo -1 0o 4 |70 o 1 0o |
0 0 0 1 0 0 0 1
chy —sfh 0 asch; ey 0 —sby O cfs —sfs 0 0
2, _ | s by 0 aishy 1, _|s6s 0 By O ,  |sfs s 0O 0
B=10o o0 1 o | ™T|lo -1 0 ol M=o o0 1 ds
0 0 0 1 0 0 0 1 0 0 0 1
Robotics: Mechanics and Control K. N. Toosi University of Technology, Faculty of Electrical Engineering,

Prof. Hamid D. Taghirad Department of Systems and Control, Advanced Robotics and Automated Systems March 2, 2021




%ﬁ Forward Kinematics 30

v' Example 5: (Cont.)

w=[5 5% 1)
u, = cfcfizachs + s6,s65,
uy = s6chzachs — ctsds,
u, = —sb34c0s, w, = —c@s6234,
v, = —cBcO234505 + 86, ¢Hs, w, = —s6,56:34,
vy = —5§6,c6h345865 — O cts, w; = —cf34,
v; = 88234565, gx = cBi(a) + axch; + ascly — dssbny),

gy = s8i(a) + axc6z + azchy — dssbna),

g, = d| — ayst — azsfn — (I'S(!E'zjg,.

Robotics: Mechanics and Control K. N. Toosi University of Technology, Faculty of Electrical Engineering,
Prof. Hamid D. Taghirad Department of Systems and Control, Advanced Robotics and Automated Systems March 2, 2021




sg‘ja Forward Kinematics

 Examples:

v' Example 6: Stanford Manipulator (2RP3R)
= Algorithmic Approach (Paul’s Convention)

Denote q = [04,0,,d5,0,,0<,0,]7 and y = [xg, O]’

Affix the frames and find DH-parameters.

EEIEEER SRE

1 -m/2 0 P 22
2 /2 0 d, 0, Al é% 1
W VAVEEY V2
3 0 0 d; 0 X} _1.2*
4 —1/2 0 0 oy o,
5 /2 0 0 05 % N- d, —— -
6 0 0 dg O¢
Robotics: Mechanics and Control K. N. Toosi University of Technology, Faculty of Electrical Engineering,

Prof. Hamid D. Taghirad Department of Systems and Control, Advanced Robotics and Automated Systems March 2, 2021




Ly Forward Kinematics

 Examples:

v' Example 6: (Cont.)
- Algorithmic Approach (Paul’s Convention)
Calculate the loop closure matrix equation:
gT - OT :A1A2A3A4A5A6

§T — [R(GE) x%]

0 1
|'r:1 0 —s D'I "ng 0 sz 07 L oo o
s 0 e 0O ] 82 0 —e2 0 Ay = 010 0
0 0 01 Do 0 1 000 1
o4 0 —s4 0 C5 1] 55 D- g —sg 0
_ S4 0 ey 0 o S5 0 —cs 0 _ 56 g 0
Ai=1"% 1 0 o0 =19 1 9o Ads=19 01
D0 01 0 0 0 1| 0 00

Robotics: Mechanics and Control
Prof. Hamid D. Taghirad
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Ly Forward Kinematics

v Example 6: (Cont.)

11 Ti2 T13 dg _

»
T T T d
Tg:Al---AG: 21 T22 T23 Gy "
r31 T32 T33 dy
0O 0 0 1 d,
. . - ."' -
in which g |
_ _ _ _ L2 Tasigs |
ri1 = cilea(cacscs — s486) — s285¢6] — s1(Sacs506 + ca56) =,
ro1 = si1[ea(cacses — s456) — sasscs] + c1(sacsce + casg) Ly
y
r31 = —s2(cac5ce — S456) — C255C6
ri2 = c1|—ca(cacsse + sace) + s28586] — $1(—s40586 + cacs) ds
roa = —si[—calcacsss + sace) + s28556] + c1(—sacsse + cace) 20 2
r32 = 83(caCs586 + S4C6) + C25556 & é%
T g _ - I{ 1'I - .
13 c1(cacyss + s2c5) — 815485 C = Vs
T93 = 81 (626485 + 3265) + ¢15485 X] _1-;
T33 = —389C485 + CaCs C...-) &
dr: = c189d3 — s1da + —I—d6(61020485 —+ c1C589 — 518485) o
dy = s152d3+ c1da + de(c15455 + cacas155 + €55152) AN
d, = cods—+ ds(CzCs — 648285)
Robotics: Mechanics and Control K. N. Toosi University of Technology, Faculty of Electrical Engineering,

Prof. Hamid D. Taghirad Department of Systems and Control, Advanced Robotics and Automated Systems March 2, 2021




‘,'?33 Forward Kinematics 3¢

e Successive Screw Method

v' Use Screw Displacement Representation
- = Screw axis § along
the rotation axis in R joints
the translation axis in P joints
= The screw displacement sq In base frame.
Consider the screw representation $; in home configuration
Find the target screw axis by consecutive screw displacement
= Find the Homogeneous transformations A;from screw
representation $;

The joint variables 6; and d; are used in the homogeneous
transformations

= Apply the loop closure equation by Ay = A; A, -+ A,,_1 4,

No Frame assignment; just the base and the end effector frames are
needed

End-effector

Base

Xo

Robotics: Mechanics and Control K. N. Toosi University of Technology, Faculty of Electrical Engineering,

Prof. Hamid D. Taghirad Department of Systems and Control, Advanced Robotics and Automated Systems March 2, 2021
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‘,'?33 Forward Kinematics 35

Successive Screw Method

v" Review Screw Displacement Formulation
= General Motion =

Rotation about § + Translation along §

{5,6} + {s0,d}
where §Ts=1;, sls=d.

End-effector
n

Given Screw Parameters Find A; by:

s;‘:vﬂ' + c@ SxSyv8 — 556

S¢S 08 + 5,56
s_.,sxvﬁ + 5:56 s;vﬁ' + cf

p
sl.,,s;vﬂ —sxs8 | p

x

i=

v
Sz5xv8 —5ysH  SzS, w6 + 5456 5221-9 +ch Pz (2.64) Xy
0 0 0 | 1
while,
P = d sy — g, (s§ —1ve — Sgy(SISyUB — 5z58) — Sp_(Sys-v0 + sysf?)
Py = d Sy — Sg, (SySy 08 + 5256) — soy(sﬁ — Dl — 55, (sy5:08 — 5:56) (2.65)

pz=d sz — Sp, (528,08 — syst) — say(szsyvf? + 5.50) — soz(szl — 1)
Robotics: Mechanics and Control K. N. Toosi University of Technology, Faculty of Electrical Engineering,
Prof. Hamid D. Taghirad

Department of Systems and Control, Advanced Robotics and Automated Systems March 2, 2021
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Ly Forward Kinematics

* Successive Screw Method
v" Recipe
= Consider the manipulator in Reference Position [} — S
Where the joint variables are all zero 6; =d; =0
Determine the end effector position x%
and orientation R} = [, D, W]
And the Screw axis representations for n joints

End-effector
ii = {g'i,SOi} for i= 1,2, e, N
Consider the manipulator in target Position

Determine the end effector position xg and orientation Ry = [t v W]
This is found based on task space variables y. %

Apply the loop closure equation
Calculate the homogeneous transformation of §;
Determine the target screw axis by consecutive screw displacement
Ap = A1 Ay Ap 1 Ay 2 Xp = A1 Ay A1 Ay xg
In forward kinematics given q the task space variable y is found.
= Ininverse kinematics given y the joint space variable q is found.

Robotics: Mechanics and Control K. N. Toosi University of Technology, Faculty of Electrical Engineering,

Prof. Hamid D. Taghirad Department of Systems and Control, Advanced Robotics and Automated Systems March 2, 2021
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sﬁ‘ja Forward Kinematics

 Successive Screw Method
v' Example 1

ROBOT
S

B .

Robotics: Mechanics and Control
Prof. Hamid D. Taghirad

Consider Planar RRR Manipulator

Reference Pose:

Consider all the joint variables 6; = 0.
Consider the base frame x — y — z and
The end effector frameu —v —w
Derive the reference pose by:

uy =[1,0,0]",v, = [0,1,0]7,w, = [0,0,1]7 ¥,

xy =qo =la; +a; +as0,0]"

And for the wrist point P >—
pO = [a1 + az, O, O]T $1

K. N. Toosi University of Technology, Faculty of Electrical Engineering,
Department of Systems and Control, Advanced Robotics and Automated Systems

March 2, 2021



sg‘ja Forward Kinematics

 Successive Screw Method

y
s ¥ Example 1: (Cont.) 1 "
- _ a a |
= Reference Pose: , L~ z_n_qgo
Denote the screws $; as on the diagram x/ “
: $ $ $
Find the screw parameters s; and s,; as ' ’ ’
given in the table
= Target Pose: m 50
Let the target position of the wrist be: 1 (0,0,1) (0,0,0)
u= [u,h iy, uZ]T, V= [U.ts vya Uz]Tv W= [wx, wy’ wz]T; 2 (0; 0; 1) (all O; 0)
P =I[pc py P 3 (0,0,1) (@, +02,0,0)
T
And for the end effector q = [q, g5, 9] -
Robotics: Mechanics and Control K. N. Toosi University of Technology, Faculty of Electrical Engineering,

Prof. Hamid D. Taghirad Department of Systems and Control, Advanced Robotics and Automated Systems March 2, 2021




Ly Forward Kinematics

 Successive Screw Method

v' Example 1: (Cont.)
=  Screw Transformation Matrices:

cf; —s6;, 0 0 c6, —s6, 0 a v, cl; —s03 0 (a; +ay)vl;
A = s6; c6; 0 0. A = s8, cO, 0 —a;s6,]. A = s83 cO3; 0 —(a; +ay)sbs].
o o 1o o o 1 o | *7]o o 1 0 ’
0 0 01 0 0 O 1 0 0 O 1

€O123 —sb123 0 a,c0; + ac;; — (ag + az)chyy3]

sé co 0 a;s0; +a,s6,, — (a; + a,)s6,3].

A Ao = 123 123 1501 25012 1 2)50123 |
14243 0 0 1 0

0 0 0 1

Loop closure equation: g = A;4,A3q, ; Orientation Equivalence:

Gy = 101 + aycO;5 + a3ch;,3 0 cOp —sOp 0]  [cO1z3 —Sb123 0

ER = S@E C@E 0 = 50123 C9123 0

qy = a1591 + a25912 + a359123 0 0 1 0 0 1

q,=0 OR - 0p=0;+6,+0;

The results is the same as before.

Robotics: Mechanics and Control K. N. Toosi University of Technology, Faculty of Electrical Engineering,
March 2, 2021

Prof. Hamid D. Taghirad Department of Systems and Control, Advanced Robotics and Automated Systems
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sg‘ja Forward Kinematics

 Successive Screw Method

v Example 2

ROBOT
S

€ = Consider 6DoF Elbow Manipulator (6R)
= Reference Pose:

Consider all the joint variables 6; = 0.
Consider the base frame x — y — z and
The end effector frameu —v —w
Derive the reference pose by:
u, = [0,0,1]%,v, = [0,—-1,0]7,w, = [1,0,0]7

x% =qo =la, +as +a, +dg0,0]"
And for the wrist point P

b0 = [a, + a + ay, 0,01 =
Robotics: Mechanics and Control K. N. Toosi University of Technology, Faculty of Electrical Engineering,

Prof. Hamid D. Taghirad Department of Systems and Control, Advanced Robotics and Automated Systems March 2, 2021




%ﬁ Forward Kinematics

 Successive Screw Method
v Example 2: (Cont.) Joint s

5359;@ Soi
!l 1 (0,0, 1) (0, 0, 0)
= Reference Pose: 2 0, —1,0) ,0,0)
~ i 3 0,—-1,0 (a2,0,0)
Denote the screws $; as on the diagram 4 (0, —-1,0) (a2 + a3,0,0)
. N 5 0,0,1) (ap +a3z +ay,0,0)
Find the screw parameters s; and s,; as 6 (1,0,0) (0,0,0)
given in the table
$,
= Target Pose: A ; N
o ] 2“4 a P ag _ ‘34_“% A
Let the target position of the wrist be: - - RN |
u= [MX1 u}'! uZ]T1 V= [U.ts Uy, Uz]Tv W= [w.ta wy, wz]Tv @ sﬂ) / s ) "o
T P
p=I[p. Py Pl -
T
And for the end effector q = [q, g5, 9] -
Base
Robotics: Mechanics and Control K. N. Toosi University of Technology, Faculty of Electrical Engineering,

Prof. Hamid D. Taghirad Department of Systems and Control, Advanced Robotics and Automated Systems March 2, 2021



%ﬁ Forward Kinematics 2

e Successive Screw Method
v' Example 2: (Cont.)

ROBOT
S

e = Screw Transformation Matrices:
c —-s6, 0 O chy 0 —s6, 0 coh 0 *893 ax(1 —093)_
A_591 cp 0 0 A__Ol 0 O A_Ol 0 0
'Z1 0 0 10" T s 0 ch O TPT s 0 o —axshy |’
0 0 0 I 0 0 0 I 00 0 1
¢y 0 —s@y (a2 4+ az)(l —chy) cfs —sbs 0 (a2 +asz+aq)(l —cbs) ]
Ay — 0 1 0 0 A — ss cfs O —(a + a3 + a4)sPs
YT s 0 8y —(a2+a3)shy Tlo 0 1 0 :
0 0 0 1 0 0 0 1 |
1 0 0O 0
A 0 C96 —896 0
6710 s cbg O
0 0 0 1
Robotics: Mechanics and Control K. N. Toosi University of Technology, Faculty of Electrical Engineering,

Prof. Hamid D. Taghirad Department of Systems and Control, Advanced Robotics and Automated Systems March 2, 2021



sg‘ja Forward Kinematics

 Successive Screw Method

v’ Example 3
= Consider 6DoF Stanford Arm (2RP3R)

= Reference Pose:
Consider all the joint variables 8; = d; = 0.

ROBOT
S

B

Consider the base frame x — y — z and
The end effector frameu —v —w
Derive the reference pose by:
u, = [1,0,0]%,v, = [0,0,—1]7,w, = [0,1, 0]
xg' =qo = [g' hr O]T
And for the wrist point P
Po = [g,0,0]".

Robotics: Mechanics and Control K. N. Toosi University of Technology, Faculty of Electrical Engineering,
Prof. Hamid D. Taghirad Department of Systems and Control, Advanced Robotics and Automated Systems March 2, 2021




sﬁ‘ja Forward Kinematics

e Successive Screw Method
v Example 3: (Cont.)
= - Reference Pose:

Denote the screws $; as on the diagram 2™ Si(5x. 5y. 52 Soi (Sox. Soy: So2)
: A 1 (0,0, 1) (0,0,0)
Find the screw parameters §; and s,; as (1.0, 0) (0.0.0)
given in the table 431 Eg, 1’8; g, g, g;
= Target Pose: 5 (0,0, 1) (8.0,0)
6 ©, 1,0) (£, 0,0)

Let the target position of the wrist be:
u= [y, uy, 1], v=1[v, 0, 0], w=[w,w,w]",
p=I[p:. py. P

And for the end effector q = gy, g, qZ]T,
Where p = q — hw.

Robotics: Mechanics and Control K. N. Toosi University of Technology, Faculty of Electrical Engineering,

Prof. Hamid D. Taghirad Department of Systems and Control, Advanced Robotics and Automated Systems March 2, 2021
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%ﬁ Forward Kinematics s

o Successive Screw Method
v' Example 3: (Cont.)

ROBOT
S

B
=  Screw Transformation Matrices:
¢ —s6, 0 0]J[1 0o o0 oO][1 00 O
AAiAa— |6 B 0 010 cB —s6 0|0 1 0 ds
B =10 o0 1 0[]|0 s c2 0|0 0 1 0O
0o 0o o1]J[o 0o o 1]J{0O0O0 1
[cO —sOichr  sO;s0;  —dss6icH;
| 61 cHietr  —cOisfr  dzcict
-1 0 s6, cha dss6s (2.165)
| 0 0 0 1
Px = g091 — d3SI91C92,
Wrist Position: p = A1A;A3 Do p, = gs61 + dsch e,
pz=d3892.
Robotics: Mechanics and Control K. N. Toosi University of Technology, Faculty of Electrical Engineering,

Prof. Hamid D. Taghirad Department of Systems and Control, Advanced Robotics and Automated Systems March 2, 2021



sg‘ja Forward Kinematics

e Successive Screw Method

v Example 3: (Cont.)

= Screw Transformation Matrices:
End Effector Orientation:

ROBOT
S

B

B 094 0 894 095 —395 0 C96 0 396
R4R5Rg = 0 1 0 sfs ¢ O 0 1 0
B —-*894 0 094 0 0 1 —896 0 095
[ C94095096 — 894896 —C94895 C94C95596 + 894096
= $O5CHq cBs s85s66
i —804C05ch — cO488¢  SO4805  —SO4c0580¢ + cO4COg

Robotics: Mechanics and Control K. N. Toosi University of Technology, Faculty of Electrical Engineering,

Prof. Hamid D. Taghirad Department of Systems and Control, Advanced Robotics and Automated Systems March 2, 2021
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Ly Forward Kinematics

* Frame Terminology

v

v
v
v
v

Robotics: Mechanics and Control

Prof. Hamid D. Taghirad

The Base Frame, {B}
The Station Frame, {S}
The Wrist Frame, {W}
The Tool Frame, {T}

The Goal Frame, {G}

=  Where is The Tool?
Where means the position and orientation

2T indicates where the tool is with respect to
the station frame {S}

S _Bp—1Bp W
TT_ST wl 7T

To reach the tool to the goal one may solve
the kinematics problem of:

ST=2T.

{B}

5}

{w}

T}

~1G}

K. N. Toosi University of Technology, Faculty of Electrical Engineering,

Department of Systems and Control, Advanced Robotics and Automated Systems

March 2, 2021
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Introduction

1 Definitions, kinematic loop closure, forward and inverse
kinematics, joint and task space variables,

Forward Kinematics

2 Motivating example, geometric and algorithmic approach, frame assignment, DH
parameters, Craig’s and Paul’s conventions, DH homogeneous transformations, case studies.
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polynomials, Pieper’s solution, method of successive screws, Case studies.

In this chapter we define the forward and inverse kinematic of serial manipulators. Different geometric, algorithmic, and screw-based solution
methods will be examined, and Denavit- Hartenberg, and homogeneous transformation is introduced. The loop closure method in forward and

inverse problem is solved for a number of case studies.
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<3 Kinematic Analysis

* Inverse Kinematics
v Solve the inverse problem g

Inverse kinematics
Given y find q

= Forward kinematics
Given q find y

= Solve the loop closure equation for: Given y find g
9T =T =T 3T 223T "7AT
(8T )T'GT )™H(T )7'pT = 4T - 23T "4T
Direct inversion is not practical, and usually using the wrist frame {w} for
separation of position and orientation equation is very effective

Robotics: Mechanics and Control K. N. Toosi University of Technology, Faculty of Electrical Engineering,
Prof. Hamid D. Taghirad Department of Systems and Control, Advanced Robotics and Automated Systems March 2, 2021




eﬁ? Inverse Kinematic

«  Solvability

v" The vector loop closure equations are nonlinear and trigonometric
. For 6DoF manipulator, the number of variables are six
= The number of equations are twelve (9 for 2T, 3 for xJ)
= Only three out of 9 equations are independent
= Finding the solution is difficult
= IK might have no solution (out of workspace) or multiple solutions
v' Existence of Solutions
= Solution exists if the end-effector is within the reachable workspace of the robot (might have multiple solutions)
= Onthe border of the reachable workspace the solution is unique.
= Reachable Workspace (RW)
The Volume of Space (6DoF space in general) that the end-effector of the robot can reach
= Dexterous Workspace (DW)
The Volume of space that the end-effector of the robot can reach with all configuration
Dextereous Workspace is a subset of Reachable Workspace
= Constant Orientation Workspace (COW)

The Volume of Space (6DoF Space) that the end-effector of the robot can reach with constant configuration
This is used to better visualization (6DoF workspace)

Robotics: Mechanics and Control K. N. Toosi University of Technology, Faculty of Electrical Engineering,

Prof. Hamid D. Taghirad Department of Systems and Control, Advanced Robotics and Automated Systems March 2, 2021
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eﬁﬁ Inverse Kinematic

*  Workspace

v' Reachable & Dexterous Workspace

8pr T T
g " —Lka1=4 |
On the boundaries of the workspace: ok
One double solution for A gk
Fully extended/folded Arm o ap
s
G Q g. i
» ot
1
0 Y é i
' ' 00
A} A FC s . 305915150 4
0 i . ‘
8 6 4 2 0 4 6 8
x-position

Robotics: Mechanics and Control
Prof. Hamid D. Taghirad

Consider Planar RR Manipulator
IF L, = L, (with no joint limit)
RW: A disc with radius 2L, DW: Only one point; the origin
IF L, > L, (with no joint limit)

RW: A Ring with outer radius L; + L,, and the inner radius L; — L,;
DW: Empty Set; @

Workspace of Two link RR Manipulator

K. N. Toosi University of Technology, Faculty of Electrical Engineering,
Department of Systems and Control, Advanced Robotics and Automated Systems

March 2, 2021



eg‘ja Inverse Kinematic @

« Methods of Solution

v" Closed-Form Solution & Numerical Solution
= Restrict ourselves to closed-form solution
= |K of a 6DoF manipulator with R and P joints are solvable

Algebraic (Trigonometric) Solution

Analytical Geometric Solution

Reduction to Polynomial

Pieper’s Solution (When three axes intersects)
Method of Successive Screws

Robotics: Mechanics and Control K. N. Toosi University of Technology, Faculty of Electrical Engineering,
Prof. Hamid D. Taghirad Department of Systems and Control, Advanced Robotics and Automated Systems March 2, 2021



eﬁﬁ Inverse Kinematics

« Algebraic (Trigonometric) Solution
v" Kinematic loop closure
Consider Planar RRR Manipulator

ROBOT
ANALYSIS

Robotics: Mechanics and Control
Prof. Hamid D. Taghirad

Shorthand notation (FK)
ai€; + azcip +azCip3 = Xg
aiS1 + azsiz + A3S123 = Vg

p=0p=0,+0,+0;

Consider the wrist point P vs the end effector point Q

Px = Xg — azCe; Py =YE — azs¢

On the other side,

Px = aict) + axch,,

py = a156) + asbiz,

By this means 6 disappears. Note that the distance between P to O is independent of 6.
Hence eliminate 6; by summing the squares of above equations:

Pl + pﬁ = a + a3 + 2a;a;ch;.

6 = cos 'k,

2 2 2 2
_px+py—alwa2

2a,a;
K. N. Toosi University of Technology, Faculty of Electrical Engineering,
Department of Systems and Control, Advanced Robotics and Automated Systems March 2, 2021

Solving for@,:

where




eﬁﬁ Inverse Kinematic

AnlAs

« Algebraic Approach

v" Kinematic loop closure
ROBOT

= Consider Planar RRR Manipulator
.‘. Inverse cosine equation yields to two real roots if |k| < 1.
If 8, = 6" is the solution, then 8, = —6* is as well.
(Elbow up and Elbow down config)
One double root if |k| = 1 (Border of the workspace).
No solution if [k| > 1 (Out of workspace).
= Solve for 6, , by expanding the loop closure equations
(a) + axcf)ch — (axsd2)s6) = px,
(as82)cl) + (a) + azcth)sth = py.
Pxlay + a208:) + pyagsty

C@| =

Solve for 6, A
> — pe@288y + pyla) + ascth)
| = .
A
In which

A = a} + a2 + 2a1a2c6;.

We might use Atan2. 8, = Atan2(s8,, ¢f,).

Robotics: Mechanics and Control K. N. Toosi University of Technology, Faculty of Electrical Engineering,

Yo

(Elbow up) A,

A, (Elbow down)

- Xg

Two solutions for || < 1
One double root for fully extended Arm

Prof. Hamid D. Taghirad Department of Systems and Control, Advanced Robotics and Automated Systems March 2, 2021




sg‘ja Inverse Kinematics

« Geometric Approach

v' Decompose the spatial geometry to a number of plane-geometry

= When a; = 0 or /2 itis plausible. 9,
A
= Consider Planar RRR Manipulator .
Consider the solid triangle apply the law of cosines 0 ,"II
x4+ y? =12+ 12 — 211, cos(180 - 6,). L, e,
In which, cos(180 — 6,) = —c,, therefore B _"”,,J/:‘/
x2 4 y? - l% — l; 7;7; x =X
2= 20,1,
This has a solution if the radius of the goal point P is less than [, + [,.
To solve for 8, follow the procedure given in the previous slide.
Note that the geometric approach gives much faster solution.
K. N. Toosi University of Technology, Faculty of Electrical Engineering,
March 2, 2021

Robotics: Mechanics and Control

Department of Systems and Control, Advanced Robotics and Automated Systems

Prof. Hamid D. Taghirad



eﬁﬁ Inverse Kinematic

* Reduction to Polynomial

v" Trigonometric relation to polynomial
= Use half-angle tangent relation

1 —u? . 2u
1+ u? 14 u?

W = tan —, cosf =

Example: Convert the following equation to algebraic polynomials

acosf + bsinf = ¢
Substitute the above relation and manipulate:

a(l — uz) + 2bu = (1 + uz).
Collecting the powers:
{a+c}u2—2bu+(c—a) =0,

. : : : b+ Vb2 +a?—c?
This is solved by quadratic polynomial solution == - —

a+c
b+ b2 +a?2—c?
Hence: 6 =2tan™" ( :
a—+c
Robotics: Mechanics and Control K. N. Toosi University of Technology, Faculty of Electrical Engineering,

Prof. Hamid D. Taghirad Department of Systems and Control, Advanced Robotics and Automated Systems March 2, 2021



eﬁﬁ Inverse Kinematic

* Pieper’s Solution (When three axes intersects)
v For 6DoF robots with three consecutive joint axis intersection

= Consider the three last joint intersecting (most of commercial Robots)
Origin of frames {4}, {5}, and {6} are at the point of intersection
Po4 = T 3T 5T P§,

e
ROBOTICS

Use DH-convention a
3

—d,sas
dscas
1

POy =TT T

Determine this point by calculation of general DH-transformation 97 1T 3T

€191 — 5192
po _ 51911 €192
04 — g
3
1
gr=6f1—5hH+a. f1 = a303 + dysogsy + as,

In which &2 = sacaq fi + ey fr — say fy — dysey, while, fr = agconsy — dysageo, ey — dysayeony — dysog,

g3 = 53509 f1 + a5y o +eoq 3 Fdheoy. f3 = agswasy — dyvossascy + dycascos + dycos.
Robotics: Mechanics and Control K. N. Toosi University of Technology, Faculty of Electrical Engineering,
Prof. Hamid D. Taghirad Department of Systems and Control, Advanced Robotics and Automated Systems

March 2, 2021



eﬁﬁ Inverse Kinematic

* Pieper’s Solution (When three axes intersects)
= Find magnitude of P, as r
r=gi+g+8: therefore r= SE+ 13+ 13+ af +d5 +2d, f3 + 2a1 (2 f — 5, f)-
Write this equation along with the z-component of P3,

ky = 11,
r = (k1C2 + k2s2)2a1 + k3, k2 = _f2’
where .
= (lez — szz)SOfl + k4, k3 = f1 - f2 - fg -+ aj =+ d2 + 2d2f3,

ky = fzcaq + dycoy.
In this equation 8, is eliminated and is of simple form of 8,. Now Solve for 65:

1. If a; =0, then we have r = k3, where r is known. The right-hand side (k;) is a
function of 65 only. After the substitution (4.35), a quadratic equation in tan 973
may be solved for 6;.

2. If sey = 0, then we have z = k4, where z is known. Again, after substituting
via (4.35), a quadratic equation arises that can be solved for 6;.

Robotics: Mechanics and Control K. N. Toosi University of Technology, Faculty of Electrical Engineering,
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eﬁﬁ Inverse Kinematic

« Pieper’s Solution (When three axes intersects)

Furthermore,
3. Otherwise, eliminate s, and ¢, from (4.50) to obtain

(r—ky)? (2 —ky)?

2 2
401 540y

=k + k. (4.52)

This equation, after the (4.35) substitution for 65, results in an equation of
degree 4, which can be solved for 6.3

Having solved for 8; , one may solve for 8,, and then for 8;.

= Complete the solution:
We need to solve for 6,, 85, 8¢, since these axis intersect:
These joint angles determines the orientation of the end effector
This can be computed by the orientation of the goal 2R.
First determine the orientation of link frame {4} relative to the base frame when 6, = 0, denote
this with $R|g,-o. This found by

4 0p—1 0
6RJ94=0 - 4R |'94=0 6R‘
This part of the orientation may be found by suitable Euler angles, usually Z — Y — Z one.
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sg% Inverse Kinematic

« Examples:

v' See IK solution examples in the references.
ey = Example 1: Consider the 6DoF Fanuc S-900w robot
-W = Algorithmic Approach (Paul’s Convention)
Denote q = [0, 0,,05,04,05,0]" and y = [xg, 0]
Affix the frames and find DH-parameters as given in the next slide.
Find the homogeneous transformations:

ety 0 s aich chy —sBy 0 axch chy 0 sB;  aschs
04, — s¢p 0 —cb; a;so . _ sty ¢ 0 axsty | s0; 0 —cby asss
01 0 0 > 27| o 0O 1 0 1Az =
0 1 O 0
| 0 0 0 1 0 0O 0 1 0O 0 0 1
[c6, 0 —s64 O chs 0 sbs O g —s 0 O
3A4 _ SOy 0 C|94 0 4[_,‘5 _ 895 0 —cf; 0 5A6 — S@() C96 0 0 Uy Ux Wy Gy
0 -1 0 di|’ 0 1 0 of” 0 0 1 ds Oqe — | ¥y Uy Wy 4y
0 0 o0 1 00 0 1 0 0 01 “Tlu v ow g
0 0 0 1
Robotics: Mechanics and Control K. N. Toosi University of Technology, Faculty of Electrical Engineering,

Prof. Hamid D. Taghirad Department of Systems and Control, Advanced Robotics and Automated Systems March 2, 2021




fﬁ?} Inverse Kinematic

= Example 1: Fanuc S-900w robot

Algorithmic Approach (Paul’'s Convention)

ROBOT

ANALYSIS

e Denavit-Hartenberg parameters
1 /2 a, 0 0,4
2 0 a, 0 0,
3 /2 as 0 05
4 —1/2 0 d, 0,
5 /2 0 0 Os
6 0 0 dg O¢
Robotics: Mechanics and Control K. N. Toosi University of Technology, Faculty of Electrical Engineering,
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eﬁﬁ Inverse Kinematic

=  Example 1: Fanuc S-900w robot
Note that the last three joints intersect @ P

Dx qx — deWy

While: *p=0P =10,0,—de, 1I". and: ®p=0F = | P | = | &~
P: q. — dsw;
1 1

By inspection it is easy to see o
3p=CP =10,0,d4, 1]".

Transform it to the base frame by: °p = A5 °p.

Now manipulate CAp~'%p ="A3"p.
Use homogeneous transformations to find ...
PxCOL + pysO) — ay = a0, + aschys + dasb, (2.81)
P = a56h + azsby; — duchya, (2.82)
PxsO — pyed =0, (2.83)

Where p,, py, p; is found from gy, q,, q.
A solution for 6,is found by the last equation:

6, = tan_' &
. - - - - px
There will be two solutions for this joint angle.
Robotics: Mechanics and Control K. N. Toosi University of Technology, Faculty of Electrical Engineering,
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AnlAs

GE’ Inverse Kinematic

ROBOT

Robotics: Mechanics and Control
Prof. Hamid D. Taghirad

Example 1: Fanuc S-900w robot
By observation the distance between A and P is independent to 6, and

Sum the squares of (2.81) — (2.83)
k1563 + K263 = K3, (2.85)
Where K1 = 2axds, k2 = 2aas,
k3 = p2 + p2 + p? — 2p.aich —2pyash +af —aj —al —d.

Convert (2.85) into polynomial by half angle relations
2 213

1—1¢ 3
ch; = 3 and s = —, where f3=tan—.
. 14172 1412 2
to obtain £ +h
(k3 + fCZ)t32 — 2i113 + (k3 — Kp) = 0. (2.86) o f Elbow uz configuration
Hence, F
) k1 £ Jkl i} — K2
% _ tan™! Lt 7 (2.87)
2 K3+ 10
This yields to two real roots (Elbow up and down solution) A - S
Elbow down configuration
K. N. Toosi University of Technology, Faculty of Electrical Engineering,
Department of Systems and Control, Advanced Robotics and Automated Systems March 2, 2021




eﬁﬁ Inverse Kinematic

ROBOT

o

Robotics: Mechanics and Control
Prof. Hamid D. Taghirad

Example 1: Fanuc S-900w robot
Once 6, and 65 are known, 6, is found by back substitution
Expand (2.81) and (2.82)

M]C92 + vis62 = 1, (2.88)

12cly + vasth = va, (2.89)
Where

1 = ay + azcts + dssbs, M2 = azsth — dschs,
v = —asshs + dschs, V) = ap + ascls + dysos,

Y1 = pxCOy + pyso — ay, Y2 = Pz.

Solve (2.88) and (2.89) for c6, and c6,, a unique solution is found for 6,

9, = Atan2(sdy, cbs). (2.90)

Four solution is found for wrist position, but only two is physically possible.

K. N. Toosi University of Technology, Faculty of Electrical Engineering,

Department of Systems and Control, Advanced Robotics and Automated Systems
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sﬁﬁ Inverse Kinematic

=  Example 1: Fanuc S-900w robot
Loop closure equation for end effector orientation:
Ag = ("A3)™ s (2.91)
In which (34)~* can be found, knowing 6,, 8, and 65

Using homogeneous transformations

cOichs  s6,  cOsfz  ch(ai + axchr + aschas)
0 _0 1 2 . 8910923 —091 891 8923 SB] (a1 + axc6r + a3c923)
A3 - Al A2 A3 - s6h3 0 —COxy a;862 + azsbx
0 0 0 1

ROBOT

ANALYSIS

o

CO4cO5C0s — 045605 —CO4CO5805 — SO4COs  CO4sO5  deCO4S0s
884C05C06 + CO1860 —S04CO580¢ + CO4COq 504505  dgsO4585

3 _ 3 44 5 —
A6 - A4 AS A6 B —sB5c0q S6550, cOs dy + dgcs
0 0 0 1
From the rotation matrices 65 can be found
05 = cos™ ' ri3, (2.92)

r3z = w,cH5623 + w,s6,5023 — w,CcHx.
Two real roots are found.

Robotics: Mechanics and Control K. N. Toosi University of Technology, Faculty of Electrical Engineering,
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G nverse Kinematic &

= Example 1: Fanuc S-900w robot
Assuming s8; # 0 we can solve for 8, and 64
Use (1,3) and (2,3) components of the rotation matrix:

ROBOT

o

wxChi1cts + w,s61c023 + w, 56023 64 — w,s0; — wych,
s6s ' s6s

Hence, a unique solution can be found by
04 = Atan2(sby, cbs).
Similarly, se (3,1) and (3,2) components of the rotation matrix:

C94 =

u,cO1s63 + uy3915923 — Uu,CH

Cls = —
¢ $0s

VxCO18623 + vysth sty — v,COx;3

B =
o6 595

A unique solution of 6, is found
e = Atan2(sbg, cOg).

Robotics: Mechanics and Control K. N. Toosi University of Technology, Faculty of Electrical Engineering,
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eg‘ja Inverse Kinematic

« Method of Successive Screws
ROBOT

v Loop closure for wrist position P
B P=AA,..A P
= Matrix manipulation: for given x, find the joint space variable q.
AT'P = A, . A Py, ...
v Loop closure end effector orientation.

use w = Rl R2 R6 WO
or u = Rl Rz R6 uo
or V= Rl R2 R6 1.70

=  Where R; is the rotation matrix corresponding to 4;
= Matrix manipulation: for given x , find the joint space variable q.

RYRTRTwW = R, RsRg wy, ...,

Robotics: Mechanics and Control K. N. Toosi University of Technology, Faculty of Electrical Engineering,
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sﬁ‘) Inverse Kinematics

 Successive Screw Method
v’ Example 1

= Consider 6DoF Elbow Manipulator (6R)
Screw Transformation Matrices:

ROBOT
S

cd —s6p 0 O cO, 0 —s6, O cOs 0 —893 a2(1—093)_
A_| & 00f o _fo0o 1 0 o , |01 0 0
10 0 1 0| T|s6 0 co O 2T s 0 cfs —a,s63
0 0 0 1 0 0 0 1 0 O 0 1 )
cfy 0 —s8y (az+a3)(l —chy) cfs —sfs 0 (az+as+ag)(l —chs) |
Ay = 0 1 0 0 A — sds cOs O —(az + as + a4)s0s
= s, 0 oty —(@4ansts |7 77 0 0 1 0
0 O 0 1 0 0 0 1 i
1 0 0
Ae = 0 096 —s6¢ 0
6710 s cBg O
0 0 1

Robotics: Mechanics and Control
Prof. Hamid D. Taghirad

K. N. Toosi University of Technology, Faculty of Electrical Engineering,
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sﬁﬁ Inverse Kinematics

 Successive Screw Method
ey v' Example 1: (Cont.)
¥ v Loop closure for wrist position P
P = AA,A3A, Py

Manipulate
Px a, + %3 T a, ch st 0 0
-1|Py| _ —s6 0
Pz 0 0O 1 0
1 1 0 0 0 1
Cthas 0 —sbhay axchd +aschn — (a2 + az)chg
0 1 0 0
ArA3Ay =
$634 0 cOy4  az86r + a3sthh; — (a2 + az)sbs
0 O 0 1
Robotics: Mechanics and Control K. N. Toosi University of Technology, Faculty of Electrical Engineering,
Prof. Hamid D. Taghirad Department of Systems and Control, Advanced Robotics and Automated Systems March 2, 2021



eﬁﬁ Inverse Kinematics

e Successive Screw Method
e v Example 1: (Cont.)
 > * This leads to: pxcb + pyst) = axct + asctyz + aschyas,

—pxst + pyCGI =0,
P: = a;8th + azsthy + ass6;3.

From (2.145) two solutions are found by
—1 &

Px
= For this manipulator position and orientation is not decoupled
Write the orientation loop closure
RTw = RyR3R4R5wy,

6, = tan

This results in:
wxCl + wysH) = cbazychs,

—wysH + wych; = sbs,
w, = 89234095.

Robotics: Mechanics and Control K. N. Toosi University of Technology, Faculty of Electrical Engineering,
Prof. Hamid D. Taghirad Department of Systems and Control, Advanced Robotics and Automated Systems
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sg‘ja Inverse Kinematics

 Successive Screw Method
v' Example 1: (Cont.)

ROBOT
S

e From (2.150) two solutions are found by
0s = sin” ' (—w,s6; + wy,coy). (2.152)
Equations (2.149) and (2.151) may be used to solve for 6,3,
0234 = Atan2 [wz/c6‘5, (w,cl; + wysfi‘])/cﬂs] . (2.153)
Next use (2.144) and (2.146) to solve for 8, and 5. Lets rewrite them as
axch + ascby = ky, (2.154)
as0; + assty = ka, (2.155)
Where ki = picf; + pys61 — asctny and ky = p, — ass6rq.
Summing the squares ;2 4 ;2 | 24,4:00; = k2 + k2. (2.156)
K+ k2 —a3 —a?
This results in: 63 = cos™' - ; S— (2.157)
ards
Robotics: Mechanics and Control K. N. Toosi University of Technology, Faculty of Electrical Engineering,
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sg‘ja Inverse Kinematics

 Successive Screw Method
v' Example 1: (Cont.)

ROBOT
S

e To solve for 64, write the orientation loop closure for u.
(R{R2R3R:)™u = RsReuy. (2.158)
This results in:
uxc91c9234 + uy591 09234 + u259234 = 595896, (2.159)
—u,s6; + uyc91 = —c0O5s0g, (2.160)
—uxc9|st9234 — uy891 89234 + u309234 = 096. (2161)

Solve (2.159) and (2.160) for sf
80 = 505 (1, CO1CO 34+, 501CO34 41 ;50234) —COs (—u, 501 +uycOy). (2.162)
And use (2.161)

66 = Atan2(s8g, cbg). (2.163)
By this means the inverse kinematics is completed.
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sg% Inverse Kinematics

o Successive Screw Method
v' Example 2: Stanford Arm (2RP3R)

ROBOT
S

B
=  Screw Transformation Matrices:
[c6, —s& 0 01 O 0 O0][l 00 O
_ SQ] 09! 00 0 092 -—862 0 010 d3
AhAs=1"9 0 1 0|0 % o O0[|0 0 1 O
LO 0 o0 1 0 0 0 1 0 00 1
[cO, —sOich2  sO;s6,  —dss0,c6,
| s61 cOchr  —cOisty  dichich,
-10 s6, ch dist, (2.165)
L 0 0 0 1
Wrist Position: p = A14,A43 py
Px = gch — dys6ich,, (2.167)
Py = gs61 + dschchy, (2.168)
p, = d3s0;. (2.169)
Robotics: Mechanics and Control K. N. Toosi University of Technology, Faculty of Electrical Engineering,
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2

% Inverse Kinematics

e Successive Screw Method
v' Example 2: (Cont.)

Find d; by summing the squares of the equations:
pi+pl+pl=g"+di. (2.170)

Hence,

dy =t [p2+ p} + p2 - g2 2.171)
This equation yield to two real roots if the end-effector is in the reachable workspace, but only the

positive d5 is acceptable.

Now use (2.169) to solve for 8,: 6, = sin”! %. (2.172)

3

Here two solutions could be found, 6, = 65, T — 65

Now solve for 6;: o = B TPy 2.173)
g+ d320292
— dyp,co
s0) = 8Py — d3pxCt2 (2.174)
22 + d?*c?0,
hence
6, = Atan2(s6,, c6). (2.175)
Robotics: Mechanics and Control K. N. Toosi University of Technology, Faculty of Electrical Engineering,
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eﬁﬁ Inverse Kinematics

Successive Screw Method

v' Example 2: (Cont.)
= End effector orientation loop closure equation for w

w = R1R2R3R4R5R6W0. (21?7)
Manipulate
RTRTRTwW = R4RsRewy. (2.178)
In which T 0 s [t —sos 0 c6s O s
R4R5 R(, = 0 1 0 895 C95 0 0 1 0
L —sty 0 cOy 0 0 1 —sb 0 cbg
B CO4cOscls — 50480  —CO4805  CH4CO5806 + 884Cs
= s05C0s s s05 506 ’
i —804CH5c0s — CO488s 804805  —804c5806 + CH4COg

Let us define *w = R} R) R] w.

3

Jw, = weeh) + w,so, —CO4s605 = "Wy, (2.179)

Swy = (—w,s6) + wych)ch, + w,shy,  Where chs = w,, (2.180)

3w, = (w,s01 — wychy)st + w,co;. 04865 = w,, (2.181)

Note that w is independent of 6. Solve (2.180) for 05:

fs = cos ' Cw,). (2.182)

This equation yields to two real roots in the reachable workspace.
Robotics: Mechanics and Control K. N. Toosi University of Technology, Faculty of Electrical Engineering,
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eﬁﬁ Inverse Kinematics

e Successive Screw Method

v' Example 2: (Cont.)
Assume that s8; # 0 use (2.179) and (2.181) solve for 65:

ROBOT
S

6, = Atan2(Cw, /sfs, —w, /565). (2.183)
Now solve for 84 by using loop closure equation for u.
u = R1R2R3R4R5Rs1. (2.184)
Manipulate
P R} R} Rlu = R4RsRguo. (2.185)
Define *u= RIR]RTu. This yields to:
Suy = uycl) + 1,50, YU, = ch4chsc — s04s06, (2.186)
Sy = (—u, 501 + uycO)ch + u,s6,, where u, = sfschs, (2.187)
2uy = (U801 — uyc))s0y + u chs. Pu, = —s04c05c06 — O35, (2.188)
Multiply (2.186) by s6, and (2.188) by c8,
s04 Uy + ¢y Ju, = —sbs. (2.189)
This yields to O = Atan2(—sfy 1, — cOs3u;, uy/s6s). (2.190)
And completes the IK solution.
Robotics: Mechanics and Control K. N. Toosi University of Technology, Faculty of Electrical Engineering,
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