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Chapter 3: Kinematic Analysis
In this chapter we define the forward and inverse kinematic of 
serial manipulators. Different geometric, algorithmic, and 
screw-based solution methods will be examined, and Denavit-
Hartenberg, and homogeneous transformation is introduced. 
The loop closure method in forward and inverse problem is 
solved for a number of case studies.
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About ARAS

ARAS Research group originated in 1997 and is proud of its 22+ years of brilliant background, and its contributions to

the advancement of academic education and research in the field of Dynamical System Analysis and Control in the

robotics application.ARAS are well represented by the industrial engineers, researchers, and scientific figures graduated

from this group, and numerous industrial and R&D projects being conducted in this group. The main asset of our

research group is its human resources devoted all their time and effort to the advancement of science and technology.

One of our main objectives is to use these potentials to extend our educational and industrial collaborations at both

national and international levels. In order to accomplish that, our mission is to enhance the breadth and enrich the

quality of our education and research in a dynamic environment.
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Kinematic Analysis

Å Definitions

V The study of the geometry of motion in a robot, without considering the 

forces and torques that cause the motion.

V A serial robot consist of 

Á A single kinematic loop

Á A number of links and joints

Á The joints might be primary (P or R) or compound (U, C, S)

V Kinematic loop closure 

Á A loop consists of the consecutive links and joint to the end-effector 

Á Rigid links with primary joints 

Á Compound joints are reduced to a number of primary joints

Á The loop is written in a vector form 

Á The joint motion variables form the Joint Space

Á The end-effector final motion DoFôs form the Task Space 

5
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Kinematic Analysis

VExample: Elbow Manipulator

Á 3DoF spatial manipulator (RRR)

Joint variables: ▲ — — —

Task variables: Ⱶ ὼ ώ ᾀ

The position and orientation variables of end-effector

Á Forward kinematics                                Inverse kinematics 

Given ▲find Ⱶ Given Ⱶfind ▲
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Forward Kinematics

Å Motivating Example

V Kinematic loop closure 

Á Assign base coordinate frame π

Denote ▲ —ȟ— and Ⱶ ὼȟώ

Denote the link vectors     

and the end-effector vector

Write the loop closure vector equation:

ὰ ὰ Ⱶ

ὰÃÏÓ— ὰÃÏÓ— — ὼ

ὰÓÉÎ— ὰÓÉÎ— — ώ

Shorthand notation (FK)

ὰὧ ὰὧ ὼ

ὰί ὰί ώ

In which ὧ ÃÏÓ—ȟί ÓÉÎ—ȟὧ ÃÏÓ— — ȟί ÓÉÎ— — .

Given joint variables ▲ —ȟ— , the task space variables Ⱶ ὼȟώ is found from FK formulation.

Inverse problem (IK) may be found by algebraic calculations.

8
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Forward Kinematics

Å Algorithmic Approach

V General Link Parameters

Á Link length ὥand link twist 

Start from zero frame based on the joint axes

Link lengthὥ common normal line lengths

Link twist relative angle of two joint axes 

Á Link offset Ὠ and joint angle —

Neighboring link distance Ὠ and angle —

For rotary joints ή — is the joint variable

For prismatic joints ή Ὠ is the joint variable

Á First and Last link in the chain

Consider base of the robot the 0 link and frame

For the last frame on the end-effector coplanar to the 

previous frame

9



Robotics: Mechanics and Control K. N. Toosi University of Technology, Faculty of Electrical Engineering,                              

Prof. Hamid D. Taghirad Department of Systems and Control, Advanced Robotics and Automated Systems March 2, 2021

Forward Kinematics
Å Algorithmic Approach

V Frame Assignment (Craigôs Convention)

Å The ὤ axis of rotation of Ὥjoint (R) 

Å OR the axis of translation of Ὥjoint (P) 

Å The origin of frame Ὥis at the intersection of 

perpendicular line to the axis ὭȢ

Å The ὢ axis points along ὥ along the common 

normal. In case ὥ is zero ὢ is normal to the 

plane of ὤ and ὤ

V Denavit-Hartenberg (DH) Parameters

ὥ The distance from ὤ to ὤ measured along ὢ

 The angle from ὤ to ὤ measured about ὢ

Ὠ The distance from ὢ to ὢmeasured along ὤ

— The angle from ὢ to ὢmeasured about ὤ.

10
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Forward Kinematics
Å Algorithmic Approach

V Frame Assignment (Paulôs Convention)

Å The ὤ axis of rotation of Ὥjoint (R) 

Å OR the axis of translation of Ὥjoint (P) 

Å The origin of frame Ὥis at the intersection of 

perpendicular line to the axis ὭȢ

Å The ὢ axis points along ὥ along the common 

normal. In case ὥ is zero ὢ is normal to the 

plane of ὤ and ὤ

V Denavit-Hartenberg (DH) Parameters

ὥ The distance from ὤ to ὤmeasured along ὢ

 The angle from ὤ to ὤmeasured about ὢ

Ὠ The distance from ὢ to ὢmeasured along ὤ

— The angle from ὢ to ὢmeasured about ὤ .

11
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Forward Kinematics

Å Algorithmic Approach

VDenavit-Hartenberg (DH) Parameters

12
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Forward Kinematics

Å Algorithmic Approach

V DH Homogeneous Transformations (Craigôs Convention)

Á Consider three intermediate Frames

Ὥ ρȟ Ὑȟὗȟὖȟ Ὥ

The general transformation will be found by:

Considering four transformation about fixed

Frames (post-multiplication)

In which,

Or 

13
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Forward Kinematics

Å Algorithmic Approach

V DH Homogeneous Transformations (Craigôs Convention)

Ὕ

ρ π
π ὧ

π ὥ
ί π

π ί
π π

ὧ π
π ρ

ὧ— ί—
ί— ὧ—

π π
π π

π π
π π

ρ Ὠ
π ρ

Ὕ

ὧ— ί—
ί—ὧ ὧ—ὧ

π ὥ
ί ί Ὠ

ί—ί ὧ—ί
π π

ὧ ὧ Ὠ
π ρ

And the inverse is:

Ὕ

ὧ— ί—ὧ
ί— ὧ—ὧ

ί—ί ὥ ὧ—
ὧ—ί ὥ ί—

π ί
π π

ὧ Ὠ
π ρ

.

14
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Forward Kinematics

Å Algorithmic Approach

VDH Homogeneous Transformations (Paulôs Convention)

Á Consider three intermediate Frames

Ὥ ρȟ ὖȟὗȟὙȟ Ὥ

The general transformation will be found by

Considering four transformation about moving

frames (pre-multiplication)

Ὕ Ὕ Ὕ Ὕ Ὕ

In which,  

Ὕ Ὀ Ὠ Ὑ —Ὀ ὥὙ 

Or

Ὕ 3ÃÒÅ×Ὠȟ—3ÃÒÅ×ὥȟ

15
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Forward Kinematics

Å Algorithmic Approach

V DH Homogeneous Transformations (Paulôs Convention)

Ὕ

ὧ— ί—
ί— ὧ—

π π
π π

π π
π π

ρ Ὠ
π ρ

ρ π
π ὧ

π ὥ
ί π

π ί
π π

ὧ π
π ρ

Ὕ

ὧ— ί—ὧ
ί— ὧ—ὧ

ί—ί ὥὧ—
ὧ—ί ὥί—

π ί
π π

ὧ Ὠ
π ρ

And the inverse is

Ὕ

ὧ— ί—
ί—ὧ ὧ—ὧ

π ὥ
ί Ὠί

ί—ί ὧ—ί
π π

ὧ Ὠὧ
π ρ
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Forward Kinematics

Å Examples:

V Example 1: Planar RRR Manipulator

Á Geometric Approach (3DoFs)

Denote ▲ ήȟήȟή and Ⱶ ὼȟώȟɡ

Denote the link, and the end-effector vectors:

Write the loop closure vector equation:

ὰ ὰ ὰ ⱵȠɡ ή ή ήȢ

ὰÃÏÓή ὰÃÏÓή ή ὰÃÏÓή ή ή ὼ

ὰÓÉÎή ὰÓÉÎή ή ὰÓÉÎή ή ή ώ

ɡ ή ή ή

Shorthand notation (FK)

ὰὧ ὰὧ ὰὧ ὼ

ὰί ὰί ὰί ώ

ɡ ή ή ή

In which ὧ ÃÏÓήȟί ÓÉÎήȟὧ ÃÏÓή ή ȟί ÓÉÎή ή ȟὧ
ÃÏÓή ή ή ȟί ÓÉÎή ή ή Ȣ

17
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Forward Kinematics

Å Examples:

VExample 1: Planar RRR Manipulator

Á Algorithmic Approach (Craigôs Convention)

Denote ▲ —ȟ—ȟ— and Ⱶ ὼȟώȟɡ

Affix the frames and find DH-parameters.

Find the homogeneous transformations:

Ὕ

ὧ ί
ί ὧ

π π
π π

π π
π π

ρ π
π ρ

,  Ὕ

ὧ ί
ί ὧ

π ὰ
π π

π π
π π

ρ π
π ρ

,

Ὕ

ὧ ί
ί ὧ

π ὰ
π π

π π
π π

ρ π
π ρ

, Ὕ

ρ π
π ρ

π ὰ
π π

π π
π π

ρ π
π ρ

. 

Find the loop closure equation in matrix form:

Ὕ Ὕ Ὕ Ὕ Ὕ Ὕ
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Forward Kinematics

Å Examples:

V Example 1: (Cont.)

Á Algorithmic Approach (Craigôs Convention)

Calculate the loop closure matrix equation:

Ὕ Ὕ Ὕ Ὕ Ὕ Ὕ

Ὕ

ὧɡ ίɡ
ίɡ ὧɡ

π ὼ
π ώ

π π
π π

ρ π
π ρ

Ὕ Ὕ Ὕ Ὕ Ὕ

ὧ ί
ί ὧ

π ὰὧ ὰὧ ὰὧ
π ὰί ὰί ὰί

π π
π π

ρ π
π ρ

. 

Shorthand notation (FK)

ὰὧ ὰὧ ὰὧ ὼ

ὰί ὰί ὰί ώ

ɡ — — —
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Forward Kinematics

Å Examples:

V Example 1: Planar RRR Manipulator

Á Algorithmic Approach (Paulôs Convention)

Denote ▲ —ȟ—ȟ— and Ⱶ ὼȟώȟɡ

Affix the frames and find DH-parameters.

Find the homogeneous transformations:

Ὕ

ὧ ί
ί ὧ

π ὥὧ
π ὥί

π π
π π

ρ π
π ρ

,  Ὕ

ὧ ί
ί ὧ

π ὥὧ
π ὥί

π π
π π

ρ π
π ρ

,

Ὕ

ὧ ί
ί ὧ

π ὥὧ
π ὥί

π π
π π

ρ π
π ρ

. 

Find the loop closure equation in matrix form:

Ὕ Ὕ Ὕ Ὕ Ὕ
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Forward Kinematics

Å Examples:

V Example 1: (Cont.)

Á Algorithmic Approach (Paulôs Convention)

Calculate the loop closure matrix equation:

Ὕ Ὕ Ὕ Ὕ Ὕ

Ὕ

ὧɡ ίɡ
ίɡ ὧɡ

π ὼ
π ώ

π π
π π

ρ π
π ρ

Ὕ Ὕ Ὕ Ὕ

ὧ ί
ί ὧ

π ὥὧ ὥὧ ὥὧ
π ὥί ὥί ὥί

π π
π π

ρ π
π ρ

Ȣ

Shorthand notation (FK)

ὥὧ ὥὧ ὥὧ ὼ

ὥί ὥί ὥί ώ

ɡ — — —
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Forward Kinematics

Å Examples:

V Example 2: SCARA Manipulator

Á Algorithmic Approach (Paulôs Convention)

Denote ▲ —ȟ—ȟὨȟ— and Ⱶ ὼȟώȟᾀȟɡ

Affix the frames and find DH-parameters.

Find the homogeneous transformations:

Ὕ

ὧ ί
ί ὧ

π ὥὧ
π ὥί

π π
π π

ρ Ὠ
π ρ

,  Ὕ

ὧ ί
ί ὧ

π ὥὧ
π ὥί

π π
π π

ρ π
π ρ

,

Ὕ

ρ π
π ρ

π π
π π

π π
π π

ρ Ὠ
π ρ

, Ὕ

ὧ ί
ί ὧ

π π
π π

π π
π π

ρ Ὠ
π ρ

. 

Find the loop closure equation in matrix form:

Ὕ Ὕ Ὕ Ὕ Ὕ Ὕ
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Forward Kinematics

Å Examples:

V Example 2: (Cont.)

Á Algorithmic Approach (Paulôs Convention)

Calculate the loop closure matrix equation:

Ὕ Ὕ Ὕ Ὕ Ὕ Ὕ

Ὕ

ὧɡ ίɡ
ίɡ ὧɡ

π ὼ
π ώ

π π
π π

ρ ᾀ
π ρ

Ὕ Ὕ Ὕ Ὕ Ὕ

ὧὧ ί ί ὧ ί ί ὧ
ίὧ ὧ ί ί ί ὧ ὧ

π ὥὧ ὥὧ
π ὥί ὥί

π π
π π

ρ Ὠ Ὠ Ὠ
π ρ

Ȣ

Shorthand notation (FK)

ὥὧ ὥὧ ὼ,            ᾀ Ὠ Ὠ Ὠ,

ὥί ὥί ώ,           ɡ — — —Ȣ
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Forward Kinematics

Å Examples:

V Example 3: Cylindrical Robot (RPP)

Á Algorithmic Approach (Paulôs Convention)

Denote ▲ —ȟὨȟὨ and Ⱶ ὼȟᾀȟɡ

Affix the frames and find DH-parameters.

Find the homogeneous transformations:

Ὕ

ὧ ί
ί ὧ

π π
π π

π π
π π

ρ Ὠ
π ρ

,  Ὕ

ρ π
π π

π π
ρ π

π ρ
π π

π Ὠ
π ρ

,

Ὕ

ρ π
π ρ

π π
π π

π π
π π

ρ Ὠ
π ρ

. 

Find the loop closure equation in matrix form:

Ὕ Ὕ Ὕ Ὕ Ὕ

24

Ᵽ░▀░╪░♪░░

—Ὠππρ

πὨπ“Ⱦςς

πὨππσ



Robotics: Mechanics and Control K. N. Toosi University of Technology, Faculty of Electrical Engineering,                              

Prof. Hamid D. Taghirad Department of Systems and Control, Advanced Robotics and Automated Systems March 2, 2021

Forward Kinematics

Å Examples:

V Example 3: (Cont.)

Á Algorithmic Approach (Paulôs Convention)

Calculate the loop closure matrix equation:

Ὕ Ὕ Ὕ Ὕ Ὕ

Ὕ

ὧɡ ίɡ
ίɡ ὧɡ

π ὼ
π ώ

π π
π π

ρ ᾀ
π ρ

Ὕ Ὕ Ὕ Ὕ

ὧ π
ί π

ί ίὨ
ὧ ὧὨ

π ρ
π π

π Ὠ Ὠ
π ρ

Ȣ

Shorthand notation (FK)

ίὨ ὼ,            ᾀ Ὠ Ὠ,

ὧὨ ώ,           ɡ Ὢ— Ȣ
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Forward Kinematics

Å Examples:

V Example 4: Spherical Wrist (RRR)

Á Algorithmic Approach (Paulôs Convention)

Denote ▲ —ȟ—ȟ— and Ⱶ ‰ȟ—ȟ

Affix the frames and find DH-parameters.

Find the homogeneous transformations:

Ὕ

ὧ π
ί π

ί π
ὧ π

π ρ
π π

π π
π ρ

, Ὕ

ὧ π
ί π

ί π
ὧ π

π ρ
π π

π π
π ρ

,

Ὕ

ὧ π
ί π

ί π
ὧ π

π π
π π

ρ Ὠ
π ρ

. 

Find the loop closure equation in matrix form:

Ὕ Ὕ Ὕ Ὕ Ὕ
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Forward Kinematics

Å Examples:

VExample 4: (Cont.)

Á Algorithmic Approach (Paulôs Convention)

Calculate the loop closure matrix equation:

Ὕ Ὕ Ὕ Ὕ Ὕ

Ὕ Ὑ‰ȟ—ȟ Ὠ
π ρ

Ὕ Ὕ Ὕ Ὕ

27
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Forward Kinematics

Å Examples:

V Example 5: Scorbot 5R Manipulator

Á Algorithmic Approach (Paulôs Convention)

Denote ▲ —ȟ—ȟ—ȟ—ȟ— and Ⱶ ●ȟɡ

Affix the frames and find DH-parameters.

28
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Forward Kinematics

Å Examples:

V Example 5: (Cont.)

Á Algorithmic Approach (Paulôs Convention)

Calculate the loop closure matrix equation:

Ὕ Ὕ ὃὃ ὃ ὃ ὃ

Ὕ Ὑ ╔ ●╔
π ρ
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Forward Kinematics
V Example 5: (Cont.)
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