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In this chapter we review the Jacobian analysis for serial robots. First the
definition to angular and linear velocities are given, then the Jacobian
matrix is defined in conventional and scretvased representation, while
their general and iterative derivation methodare given. Next the static
wrench and its relation to Jacobian transpose is introduced, and Jacobian
characteristics such as singularity, isotropy, dexterity and manipulability
areelaborated. Inverse Jacobian solution for fullyjunder- and
redundantly-actuator robots are formulated, and redundancy resolution
schemes areletailed. Finally, Stiffness analysis of robotic manipulatdss
reviewed in detail.
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About ARAS

ARAS Research group originated in 1997 and is proud of its 22+ years of brilliant background, and its contributions to
the advancement of academic education and research in the field of Dynamical System Analysis and Control in the
robotics application.ARAS are well represented by the industrial engineers, researchers, and scientific figures graduated
from this group, and numerous industrial and R&D projects being conducted in this group. The main asset of our
research group is its human resources devoted all their time and effort to the advancement of science and technology.
One of our main objectives is to use these potentials to extend our educational and industrial collaborations at both
national and international levels. In order to accomplish that, our mission is to enhance the breadth and enrich the
quality of our education and research in a dynamic environment.
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eﬁ‘ja Introduction

A Preliminaries
V Angular Velocity of a Rigid Body

A Attribute of the whole rigid body {43 A
A The rate of instantaneous rotation of frame 0 attached " af
to the rigid body with respect to a fixed frame 0 . B
A vector denoted by along the screw axis v 5
With the value equal to the rate of rotation —
Q=0s. )
A Angular velocity vector can be expressed in any frame: % "y
A0 = Qi + Q) + Q:2
=0 (8xX + SyY + 5;2) x
In which, m) hm hm are the components of this vector. ’
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eﬁ?’ Preliminaries

V Angular Velocity & Rotation Matrix Rate
A Angular velocity is defined based-on screw representation
A What is its relation to the rotation matrix representation?
Note that

AR 1RL =1,
Differentiate both side with respect to time
AR “RY + “Rp 4RT, = 0.
Substitute: “R} = “R3!and “Rp = (“R3")"
(ARB ARgl) + (ARB ARBl)T =0.
This means that Rz “R;' Isa o o skew symmetric matrix

. O _QZ Qy
Q=4RpR;'=| Q. 0 -
—Q, Q 0

It can be shown that the three parameters m) hm hrm are the components of

angular velocity vector.
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eﬁ?’ Preliminaries

V Angular Velocity & Euler Angles Rate
A Angular velocity is a vector but Euler angels are not.
A Angular velocity is not equal to the rate of Euler Anaels

d_{ o
Q+£|B But Q=E@,B,y)|B
y 4

AR ~1

Qy = 731721 + 732122 + 733723,
Or equivalently Qy = F11r31 + 712732 + 713733,
2, = Fo17r11 + Po2112 + 23713,

To derive O| § i . Forexamplefor0 0 0 Euler angles we have:

Ryvuw(a, B,y) = Ry(a)Ry(B)Ry (y)

cacfcy —sasy  —cacBsy —sacy casp
= | sacBcy +casy —soacfsy +cacy sasf

0 —sa casp
and E'a}'ga} = 0 cw SOlSﬁ

—sfBcy sBsy ofé} 1 0 cp
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6533 Preliminaries

V Linear Velocity of a Point

A Linear velocity of a point |} is the time derivative of the position
vector =mVith respect to a fixed frame.

: dp
r=P= (a)ﬁx

A Relative velocity with respect to a moving frame is denoted by

Vyo] = P
rd B at moov

In which the partial derivative notation is used to denote relativeness
A Golden Rule

dOY (a0 @) _(&) X,
(E)ﬁ;(ﬂmﬁ‘““' OR (df o ot ) T

In which  denotes the angular velocity of the moving frame with respect to
the fixed frame, and denotes its skew-symmetric matrix representation
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eﬁ‘ja Preliminaries U

V Linear Velocity of a Point

A Verify the derivative of the rotation matrix

d(“Rp)\ _ [3(“Ra) A
(&%), - (57, oo

0(“Rp)\
( at )mov B 0

ARB = Q~ ARB.

While

Hence,

This verifies the relation of angular velocity vector with the rate of

rotation matrix Q" = AR, ARB?1
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sﬁa Preliminaries

V Linear Velocity of a Point
A Consider the position vector |t
AP = 4Po, + “Rp *P,
Differentiate with respect to time
Ap = 4Pp, + ARp BP + 4Rp BP

B Avp = ATJOB + ARB Bp - ARB BTJp,
where "Up = Uyl

The time derivative of rotation matrix is given

ARB = AQx ARB.
Hence,
A,Up — A,UOB _|_ ARB va + Aszx ARB BP.
. . . . . . B
If |} is embedded in the rigid body, the relative velocity is ~¢» zero. Then
Avp = Y0, + 2% Rp BP.
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sﬁa Preliminaries

A Twist: Screw Coordinates

V General Motion: Screw Representation

A General Motion =
Rotation about ¥ Translation along v

(W3 v O
Assume the ratio of Qto —is denoted by pitch _
- or _ - in afi oanit

A Define Screw Coordinate @ p

Unit Screw coordinate Aby pair of two vectors:
$1
$2

G — [ ] _|%s

So X §+ A8 $4
$5
$6 |

> W

In which i could be selected on any arbitrary point on the axis W8
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sﬁa Preliminaries

A Twist: Screw Coordinates

V General motion of a point |} on the rigid body
A Twistt A @ p Tuple
|
s [T g A
To find the screw for point |}, attach an instantaneous fixed frame
On point P aligned with the reference frame {0} then
Twist: A nA
In which, the first vector reads: 50 = 4Q.

and the second vector is: (s, x § + A8)d = s, x 05 + 163

=5, X @+ 168
=Q x (—s,) +4ds
=@ x BPo, +ds.

This gives the linear velocity of the interested embedded point ||- on the rigid body
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eﬁﬁa Preliminaries

A Twist: Screw Coordinates

V General motion of a point | on the rigid body

A To find the screw for point ||, attach an instantaneous fixed frame
On point |} aligned with the reference frame {0} then

O p T C o0 MO AGEONE GE A U
Twist [ CET BADITAGEDAD E[}@ [IP]

Both vectors with respect to the fixed frame 1t

A Screw coordinate 3
Twist: A nA N [So X 8+ Ag}
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GE% Preliminaries

A Twist: Screw Representation
V Twist for Revolute joint (R)

A For pure rotational joint _
The twist is represented by

mand n

S .
[ A] 9.
So X S
where, instantaneous frame {0} is attached on point ||-
V  Twist for Prismatic joint (P)

A For pure translational joint _
The twist is represented by

$

Hhandnp Q

Hd.

A Since we use the primary joint in serial
manipulators these two screw representations are
used in the differential kinematics.

0

A

S

$
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Consider the angular and linear
velocity of a point |} in a circular
disk with rotary joint

A [vvJ_

ZF © o

S

Consider a point |} on a moving piston:
o)

A lee

- Qv
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eﬁ? Jacobian

A Definition

V Differential Kinematic Map IL

A Forward Map
Given afind F

Inverse Map
Given  find a

A Forward kinematics is a nonlinear map

A M Bm) Al Q pithB ke

A Take time derivative:
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|_

|
|
mhh

LA a, inwhich, La é

[T TP
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2 Jacobian

A Motivating Example

V Direct approach
A Consider 2R manipulator
Denote o [—h—] and F [o o ]
Forward Kinematics:
® 0w aw
w ai o ai

Take time derivative:
) af — ai — —
) aO— a0 — —
Determine Jacobian:

: : aiai ai
F La, inwhich, L |.» .= e
adw adw aw
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<% Jacobian

A Definition
V In General

A [MMMBMN] inwhichn

ATAOA OT EIOBIAOD
Q EIADOEOIEA EE D
A While for the task space variable

O
F h [co] For Conventional Jacobian and

0]
F h [O] For Screw-based Jacobian

In which o is the velocity of the end effector, © denotes the angular velocity of the end effector
link.

A Linear velocity and angular velocity sub-Jacobians
F o] wa [y]
A A
© %
In which L corresponds to the linear velocity Jacobian,
While &, corresponds to the angular velocity Jacobian.

Robotics: Mechanics and Control K. N. Toosi University of Technology, Faculty of Electrical Engineering,

Prof. Hamid D. Taghirad Department of Systems and Control, Advanced Robotics and Automated Systems April 27, 2021
D ' mmmmTYTYTYUOUhmmmmmmmmmmS . SSSSSSBHHEEEEEUEEREEEEEEREREEEEEEEES



eﬁ‘ja Jacobian

A Definition
V In General

A MWBW] andk b [, |

The joint and task variable can be given with reference to any frame
Hence,

In which
From 4y 3R] O By
)= ot | Lo )
B

We may conclude : le &) [ ] 4] e 8
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2 Jacobian

A Motivating Example

V Different Frames
A Consider task variables in end 7 effector frame ¢

Denote o [—h—| and F [0 ]

o ai o ol
While in base frame: L [‘7 o e ]
AR aw O
@ [ ai ai
Inframe ¢ : L L [ % ”~ e
S 1 l o Ilad ad
ve [, N
Ao a a

A Note: Although the appearance is different, the invariant properties of the
Jacobians are the same, i.e.

Q'qolb a0i @ ai 0w aawi aw i adi
Qo aai Q'qolb
Robotics: Mechanics and Control K. N. Toosi University of Technology, Faculty of Electrical Engineering,
April 27, 2021

Prof. Hamid D. Taghirad Department of Systems and Control, Advanced Robotics and Automated Systems
D ' mmmmTYTYTYUOUhmmmmmmmmmmS . SSSSSSBHHEEEEEUEEREEEEEEREREEEEEEEES



2 Jacobian

A Conventional Jacobian:
V General Derivation Method

IL
Folkda lf]A
(0]
In which
J:[Jls J2a°'°a‘Iﬂ]v

[z, x ~lp* .

Ji= - " for a revolute joint, 0 End effector
L b Base
(2, . .

Ji= 10 : ] for a prismatic joint.

Where as shown in the figure == is defined as a vector from origin of the ("Q p)link
frame to the origin of the end effector frame ¢

All the vectors shall be expressed in the frame of interest.
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2 Jacobian

A Conventional Jacobian:

V General Derivation Method
A To derive the Jacobian
The direction and location of each
joint shall be determined.

0
zi 1 ="Ri_,|0],
|

End effector

(=1 % 0 i=1 [ Base
pu = Rf—' rf + pr:’ Xg

Where,
a; CQ,‘
r = | a;so;
d;

i—1

Denotes the vector 0 U expressed in frame "Q p .
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%a Conventional Jacobians

A Examples:
V Example 1: Planar RRR Manipulator

A Denote A [—h—h—| andF
First compute the vectors »

[ i e
and ~'p} , for Q pltio

Robotics: Mechanics and Control
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0 [ aychy2 + aschizs
Zo=21=2=|0], 1p§ = | az80)> + assbas |,
1] 0
aschins | [ aict) + axciz + aschin
ps = | azshins |, Opt = | aisO +axsbpp + azsbin |,
0 ] 0
Hence Lawhere, —(ais0 + axshy + assbizz)  —(azxsfi + azsbins) —asstias |
J=| (aich) +axchip +aschz)  (axchiz +ascbinz)  azchin
1 1 1
—(a1s6 + azsbz)  —(azsbp2) O]
Note Jacobian of the wrist position |} will be: J=| (ach +axchn) (axhbp) 0
1 1 1
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%a Conventional Jacobians

A Examples:

V Example 2: SCARA Manipulator

&
oy l
Tt
L TT
[p
.,Y T
Tt
Tt

4404

A Denote A

i
A
T
T

Tt
T

p

Tt

|—h—RQ h—| andF

Recall DH-parameters and homogeneous transformations:

T OO
m Qi
p Q
p

Tt
I
T o
ol Y
p

y

T
Tt

First compute the vectors »

A
i

5 3 e

[fvdp] h

Now computed, == hfor "Q oft by inspection (red/purple vectors):
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o
T
T

40434

’

© 04 5

[oho A ]

T OO
T Qi
p T
m p

»  [nfmh p]

T
Tt .
Q Q
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Joint 2
z
“1 Joint 3
Joint 1
- a 02.5*: g2 Link 3
-t -
Link 1
— ——
A 2
ds
2y
A d [ X
H‘Q* 1 A 3
| d,
|'= y L> Xy
o o
Xg Link 0
P Tt
c 13
(e)
T
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%a Conventional Jacobians

A Examples:

V Example 2: SCARA Manipulator

A Denote A
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D':|8'=::|:|8:‘

Lawhere, lisa@ Tt matrix as:

[ Feo b

]

|—h—RQ h—| andF
Furthermore, calculate

== Nfor ‘Q plt iteratively:

@ i
Q Q
Wi i

8

[Q Q Q

Note: The angular velocity is found as

Joint 2
Z1 .
'\ Joint 3
Joint 1 0, Q o
- & - s e | Link3
— —H n | i ‘
Link 1 : It |
‘i x‘ LITTR = —_— X?
/ ) .
20 . ¥
d\ f w int 4 ‘_“L’ X3
By / Tt G
[ A Q Y3 d4
| 1) L> Xq
0 0 Q

Xp

Link 0

Wi  Oi wi T T
OO OO OO m m
11 s p T
Tt s n T
Tt Tt m T
Y P T P
— in a direction.

Ya

Zs

Matlab Program:Jacobian_scara.m
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%ﬁ Conventional Jacobians

V Example 3: Stanford Manipulator
A For wrist || position o [—h—HQ h—h—h—] and+ [e o |

ROBOT

ANALYSIS

- Recall DH parameters, and homogeneous transformations ---n
)
cdy 0 —s6; O ¢, 0 s6 O P “Tc m s —
o, _|sth 0O c6 O | s 0 —ch, O o o _
M=o -1 0 o 2=l 1 0 &l - —
0 0 0 1 0 0 0 1 o L L Q T
"— T “¥q m m —
0 10 0 v (S T Tt —
5 | -1 000 -
=10 01 d S I I
0 0 0 1
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