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Chapter 6: Motion Control
In this chapter we review the motion control of serial robots. First different control 
topology in joint and task space will be introduced and trajectory planning id briefly 
reviewed. Considering the linear regression model obtained in dynamic formulations 
for geared robots, PD and PID controller design, with actuator saturation concerns is 
elaborated. Considering full dynamics of the robot with actuators, PD, feedforward 
and computed torque controllers are designed, partial feedback linearization is 
studied, and torque controllers in task space is formulated. Finally robust and 
adaptive schemed based on inverse dynamics control is given for a system with 
modeling uncertainty.

Robotics: Mechanics & Control



Robotics: Mechanics and Control K. N. Toosi University of Technology, Faculty of Electrical Engineering,                              

Prof. Hamid D. Taghirad Department of Systems and Control, Advanced Robotics and Automated Systems June 1, 2021

Welcome
To Your Prospect Skills

On Robotics :

Mechanics and Control



Robotics: Mechanics and Control K. N. Toosi University of Technology, Faculty of Electrical Engineering,                              

Prof. Hamid D. Taghirad Department of Systems and Control, Advanced Robotics and Automated Systems June 1, 2021

About ARAS

ARAS Research group originated in 1997 and is proud of its 22+ years of brilliant background, and its contributions to

the advancement of academic education and research in the field of Dynamical System Analysis and Control in the

robotics application.ARAS are well represented by the industrial engineers, researchers, and scientific figures graduated

from this group, and numerous industrial and R&D projects being conducted in this group. The main asset of our

research group is its human resources devoted all their time and effort to the advancement of science and technology.

One of our main objectives is to use these potentials to extend our educational and industrial collaborations at both

national and international levels. In order to accomplish that, our mission is to enhance the breadth and enrich the

quality of our education and research in a dynamic environment.
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Introduction

• Facts and Requirements

5

Motion Control
Requirement

1
Robot Output 
Measurement

2
Robot Input 

Command

3
Forward 

Kinematics

4
Jacobian Wrench

Mapping

5

Motion planning is 
preferably done in the 

task space 𝝌𝒅 but 
probable in the joint 

space 𝒒𝒅

Joint output 
motion 𝒒 𝒕 is 

easier to be 
measured in 

practice.

The torque input to 
the robot motors 
𝝉 𝒕 are required to 

be commanded.

Notice that forward 
kinematics may be 
used in the control 

feedback

The torque input 
may be derived by 
Jacobian transpose 

map 𝝉 𝒕 = 𝑱𝑻𝓕.
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Introduction

• Control Topology (I)

 Joint Space Controller

+ Output measurement is 𝒒 𝑡 .

+ The controller is designed in joint space.

+ The robot joint actuator torques 𝝉 is designed based on joint angle 

motion error 𝒆𝒒 𝑡 = 𝒒𝑑 𝑡 – 𝒒 𝑡 .

- Motion planning shall be done in joint space too!

6

𝒒𝒅
RobotController

𝒒𝒆𝒒 𝝉

+
−

Trajectory 
Planner
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• Control Topology (II)

 Task Space Controller

+ The controller is designed in task space.

+ The controller output 𝓕 is designed based on task space motion error 𝒆𝝌 𝑡

= 𝝌𝑑 𝑡 –𝝌 𝑡 .

+ The robot joint actuator torques 𝝉 is generated from 𝝉 = 𝑱𝑻𝓕.

+ Motion planning is done in task space.

- Measurement of 𝝌 𝑡 is very expensive.

Introduction
7

𝝌𝒅
RobotController

𝝌𝒆𝝌 𝝉

+
−

𝑱𝑇
𝓕
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• Control Topology (III)

 Task Space Controller

+ Output measurement is 𝒒 𝑡 .

+ The controller is designed like in topology (II)

+ Motion planning is done in task space.

- The controller needs calibrated kinematics and Jacobian.

Introduction
8

𝝌𝒅
RobotController

𝒒𝒆𝝌 𝝉

+
−

𝑱𝑇
𝓕

Forward Kinematics
𝝌
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Trajectory Planning

• Path and Trajectory

 Path is referred to the motion curve of the robot 

tool in Cartesian space 𝝌

 This is usually derived by the initial and final position 

and orientations of the end effector with respect to 

the base frame

Initial and goal points in the path

 If the motion is defined in more details, one may 

identify the via points:

Intermediate points between the initial and final point

 Trajectory is referred to the motion curve either 

in the task or joint space with respect to time

 In task space:  𝝌 𝑡 , ሶ𝝌 𝑡 , ሷ𝝌(𝑡)

 In joint space: 𝒒 𝑡 , ሶ𝒒 𝑡 , ሷ𝒒(𝑡)

10
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Trajectory Planning

• Point to Point Motion

 Joint Space Trajectories

 Consider the initial value 𝒒 𝑡𝑜 = 𝒒𝟎 and the goal position 𝒒 𝑡𝑓 = 𝒒𝒇 are given

 Consider the initial and goal velocities ሶ𝒒 𝑡𝑜 = 𝝎𝟎,  ሶ𝒒 𝑡𝑓 = 𝝎𝒇 are given

Generate a smooth trajectory passing through each component 𝑞𝑖(𝑡)

 Cubic Polynomials
Consider a third order polynomial for each joint with respect to time:

𝑞𝑖 𝑡 = 𝑎0 + 𝑎1𝑡 + 𝑎2𝑡
2 + 𝑎3𝑡

3 → ሶ𝑞𝑖 𝑡 = 𝑎1 + 2𝑎2𝑡 + 3𝑎3𝑡
2

Substitute the initial and final position and velocity values:  

1
1
0
0

𝑡0
𝑡𝑓
1
1

𝑡0
2

𝑡𝑓
2

2𝑡0
2𝑡𝑓

𝑡0
3

𝑡𝑓
3

3𝑡0
2

3𝑡𝑓
2

𝑎0
𝑎1
𝑎2
𝑎3

=

𝑞𝑖0
𝑞𝑖𝑓
𝜔𝑖0
𝜔𝑖𝑓

If 𝑡0 ≠ 𝑡𝑓 then the matrix is invertible and the cubic polynomial coefficients may be found

If the initial and final velocities are zero:  found as: 𝜔𝑖0 = 𝜔𝑖𝑓 = 0, then

𝑞𝑖 𝑡 = 𝑞𝑖0 +
3

𝑡𝑓
2 𝑞𝑖𝑓 − 𝑞𝑖0 𝑡2 −

2

𝑡𝑓
3 𝑞𝑖𝑓 − 𝑞𝑖0 𝑡3

11
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Trajectory Planning

• Point to Point Motion

 Cubic Polynomials

 Example: Generate trajectory for a joint for 𝜃0 = 15𝑜, 𝜃𝑓
= 75𝑜, 𝜔0 = 𝜔𝑓 = 0 in three seconds 𝑡𝑓 = 3.

Use   𝑞𝑖 𝑡 = 𝑞𝑖0 +
3

𝑡𝑓
2 𝑞𝑖𝑓 − 𝑞𝑖0 𝑡2 −

2

𝑡𝑓
3 𝑞𝑖𝑓 − 𝑞𝑖0 𝑡3 to find:

𝜃 𝑡 = 15 + 20t2 − 4.44t3

Then        ሶ𝜃 𝑡 = 40𝑡 − 13.33𝑡2,

And ሷ𝜃 𝑡 = 40 − 26.66𝑡.

The position, velocity and acceleration plot are illustrated:

Note that the velocity is zero at the start and end of motion

But the acceleration is not zero at the start and end of 

motion!

12
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Trajectory Planning

• Point to Point Motion

 Cubic polynomials for a path with via points

 For via points the velocity could be nonzero

If the initial and final velocities are given 

as: 𝜔𝑖0
, 𝜔𝑖𝑓

, then

𝑞𝑖 𝑡 = 𝑎0 + 𝑎1𝑡 + 𝑎2𝑡
2 + 𝑎3𝑡

3

In which, 

𝑎0 = 𝑞𝑖0 , 𝑎1 = 𝜔𝑖0
,

𝑎2 =
3

𝑡𝑓
2 𝑞𝑖𝑓 − 𝑞𝑖0 −

2

𝑡𝑓
𝜔𝑖0 −

1

𝑡𝑓
𝜔𝑖𝑓 ,

𝑎3 = −
2

𝑡𝑓
3 𝑞𝑖𝑓 − 𝑞𝑖0 +

1

𝑡𝑓
2 𝜔𝑖𝑓

+ 𝜔𝑖0
.

13

𝑞0

𝑞𝑎

𝑞𝑏

𝑞𝑐

𝑞𝑓

𝑞𝑖

𝑡
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𝑎0 = 𝑞𝑖0 , 𝑎0 = 𝜔𝑖0 , 𝑎2 =
1

2
𝛼i0

𝑎3 =
1

2𝑡𝑓
3 20 𝑞𝑖𝑓 − 𝑞𝑖0 − 8𝜔𝑖𝑓 + 12 𝜔𝑖0 𝑡𝑓 − 3𝛼𝑖𝑓 − 𝛼𝑖0 𝑡𝑓

2

𝑎4 =
1

2𝑡𝑓
4 30 𝑞𝑖𝑓 − 𝑞𝑖0 + 14𝜔𝑖𝑓 + 16 𝜔𝑖0 𝑡𝑓 + 3𝛼𝑖𝑓 − 2𝛼𝑖0 𝑡𝑓

2

𝑎5 =
1

2𝑡𝑓
5 12 𝑞𝑖𝑓 − 𝑞𝑖0 − 6 𝜔𝑖𝑓 + 𝜔𝑖0 𝑡𝑓 − 𝛼𝑖𝑓 − 𝛼𝑖0 𝑡𝑓

2

Point to Point Trajectory Planning

• Joint Space Trajectories

 Quintic Polynomial

 Consider the initial and goal accelerations ሷ𝒒 𝑡𝑜 = 𝜶𝟎, ሷ𝒒 𝑡𝑓 = 𝜶𝒇 as well

Consider a fifth order polynomial for each joint with respect to time:

𝑞𝑖 𝑡 = 𝑎0 + 𝑎1𝑡 + 𝑎2𝑡
2 + 𝑎3𝑡

3 + 𝑎4𝑡
4 + 𝑎5𝑡

5

ሶ𝑞𝑖 𝑡 = 𝑎1 + 2𝑎2𝑡 + 3𝑎3𝑡
2 + 4𝑎4𝑡

3 + 5𝑎5𝑡
4

ሷ𝑞𝑖 𝑡 = 2𝑎2 + 6𝑎3𝑡 + 12𝑎4𝑡
2 + 20𝑎5𝑡

3

Substitute the initial and final position, velocity and acceleration values

𝑎0
𝑎1
𝑎2
𝑎3
𝑎4
𝑎5

=

1
1
0
0
0
0

𝑡0
𝑡𝑓
1
1
0
0

𝑡0
2

𝑡𝑓
2

2𝑡0
2𝑡𝑓
2
2

𝑡0
3

𝑡𝑓
3

3𝑡0
2

3𝑡𝑓
2

6𝑡0
6𝑡𝑓

𝑡0
4

𝑡𝑓
4

4𝑡0
3

4𝑡𝑓
3

12𝑡0
2

12𝑡𝑓
2

𝑡0
5

𝑡𝑓
5

5𝑡0
4

5𝑡𝑓
4

20𝑡0
3

20𝑡𝑓
3

−1

𝑞𝑖0
𝑞𝑖𝑓
𝜔𝑖0
𝜔𝑖𝑓

𝛼𝑖0
𝛼𝑖𝑓

→
𝑖𝑓 𝑡0 ≠ 𝑡𝑓

14
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Trajectory Planning

• Joint Space Trajectories

 Linear path with parabolic blend

15

01

Linear path is the simplest choice that has constant velocity
• The maximum velocity of the actuator could be used to minimize the time of maneuver

• But the velocity is not zero at the start and end of motion

02

Add parabolic blend to create smooth path
• Parabolic motion means constant acceleration (deceleration)

• The maximum torque of the actuator could be used to minimize the time of maneuver
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Trajectory Planning

• Joint Space Trajectories

 Linear path with parabolic blend

 Assume that 𝜔0 = 𝜔𝑓 = 0

 The velocity at the linear segment is given by Ω

 The acceleration at parabolic blend is given by 𝛼

If 0 ≤ 𝑡 ≤ 𝑡𝑏 then 

𝑞 𝑡 = 𝑞0 +
Ω

2𝑡𝑏
𝑡2, ሶ𝑞 𝑡 =

Ω

𝑡𝑏
𝑡 = 𝛼𝑡

If 𝑡𝑏 ≤ 𝑡 ≤ 𝑡𝑓 − 𝑡𝑏 then 

𝑞 𝑡 = 𝑞(𝑡𝑏) + Ω(𝑡 − 𝑡𝑏), ሶ𝑞 𝑡 = Ω

In which, 𝑞 𝑡𝑏 =
1

2
𝑞0 + 𝑞𝑓 − Ω(

1

2
𝑡𝑓 − 𝑡𝑏)

16

𝑞𝑓

𝑞0
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Trajectory Planning

• Joint Space Trajectories

 Linear path with parabolic blend

 To blend two segments gently at time 𝑡𝑏
If the motion velocity Ω is set then

𝑡𝑏 =
𝑞0 − 𝑞𝑓 + Ω𝑡𝑓

Ω

 We have the constraint that 0 < 𝑡𝑏 < 𝑡𝑓/2, therefore:

17

𝑞𝑓

𝑞0
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Trajectory Planning

• Joint Space Trajectories

 Linear path with parabolic blend

 Find the final segment

for 𝑡𝑓 − 𝑡𝑏 ≤ 𝑡 ≤ 𝑡𝑓 by symmetry of the motion:

18
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Motion Control in Joint Space

• Independent Linear Control

 For geared actuator the robot dynamic model is reduced to:

𝜏𝑖 = 𝐼𝑒𝑖 ሷ𝑞𝑖 + 𝑏𝑒𝑖 ሶ𝑞𝑖 + 𝑔𝑖(𝑞)

 Linear controller might be considered for:

Desired trajectory tracking

Disturbance 𝐺𝑖(𝑞) rejection

Despite modeling uncertainty and actuator limitations

20

1

𝐼𝑒𝑖𝑠
2 + 𝑏𝑒𝑖𝑠

𝑔𝑖 𝑞

+

𝑞𝑖(𝑠)𝜏𝑖 −
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Motion Control in Joint Space

• Independent Linear Control

 Design a linear controller for each joint

 PD Control: 𝐶𝑖 𝑠 = 𝑘𝑝𝑖 + 𝑘𝑑𝑖𝑠

The closed-loop transfer function is:

𝑞𝑖 𝑠 =
𝑘𝑝𝑖 + 𝑘𝑑𝑖𝑠

Ω𝑖 𝑠
𝑞𝑑𝑖 𝑠 −

1

Ω𝑖 𝑠
𝑔𝑖 𝑠

Where, Ω𝑖 𝑠 is the closed-loop characteristic equation:

Ω𝑖 𝑠 = 𝐼𝑒𝑖𝑠
2 + 𝑏𝑒𝑖 + 𝑘𝑑𝑖 𝑠 + 𝑘𝑝𝑖

21

1

𝐼𝑒𝑖𝑠
2 + 𝑏𝑒𝑖𝑠

𝑔𝑖 𝑞

+

𝑞𝑖(𝑡)𝜏𝑖 −
𝐶𝑖(𝑠)

+
−

𝑞𝑖𝑑(𝑡)
𝑒𝑞𝑖(𝑡)
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Motion Control in Joint Space

• Independent Linear Control

 PD Control: 𝐶𝑖 𝑠 = 𝑘𝑝𝑖 + 𝑘𝑑𝑖𝑠

The tracking error will be:

𝑒𝑖 𝑠 = 𝑞𝑑𝑖 𝑠 − 𝑞𝑖 𝑠 =
𝐼𝑒𝑖𝑠

2 + 𝑏𝑒𝑖𝑠

Ω𝑖 𝑠
𝑞𝑑𝑖 𝑠 +

1

Ω𝑖 𝑠
𝑔𝑖 𝑠

For a step input 𝑞𝑑𝑖 𝑠 =
1

𝑠
and a constant disturbance 𝑔𝑖 𝑠 =

𝑔𝑖

𝑠
∶

𝑒𝑖 𝑠 =
𝐼𝑒𝑖𝑠 + 𝑏𝑒𝑖
Ω𝑖 𝑠

+
𝑔𝑖

𝑠 Ω𝑖(𝑠)

The steady-state error is:

𝑒𝑖𝑠𝑠 𝑠 = lim
𝑡→∞

𝑒𝑖 𝑡 = lim
𝑠→0

𝑠 𝑒𝑖 𝑠 =
𝑔𝑖
𝑘𝑝𝑖

If 𝑔𝑖 → 0 as times evolve, then the steady-state error will vanish, but for non-

vanishing disturbance 𝑔𝑖, the steady-state error exists. However, it can become 

arbitrary small by increasing 𝑘𝑝𝑖.

22



Robotics: Mechanics and Control K. N. Toosi University of Technology, Faculty of Electrical Engineering,                              

Prof. Hamid D. Taghirad Department of Systems and Control, Advanced Robotics and Automated Systems June 1, 2021

Motion Control in Joint Space

• Independent Linear Control

 PD Control: 𝐶𝑖 𝑠 = 𝑘𝑝𝑖 + 𝑘𝑑𝑖𝑠

The tracking error transient can be shaped by suitable tuning of 𝑘𝑝𝑖 , and 𝑘𝑑𝑖
Rewrite the characteristics equation into:

Ω𝑖 𝑠 = 𝐼𝑒𝑖 𝑠
2 + 2𝜉𝑖𝜔𝑛𝑖𝑠 + 𝜔𝑛𝑖

2

where 𝜔𝑛𝑖
2 =

𝑘𝑝𝑖
𝐼𝑒𝑖

and 2𝜉𝑖𝜔𝑛𝑖 =
𝑏𝑒𝑖+𝑘𝑑𝑖

𝐼𝑒𝑖

by setting suitable 𝜉𝑖 , 𝜔𝑛𝑖 the tracking

error transient can be shaped as 

desired:

Review properties of second-order 

linear systems
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• Independent Linear Control

 PID Control: 𝐶𝑖 𝑠 = 𝑘𝑝𝑖 + 𝑘𝑑𝑖𝑠 +
𝑘𝑖𝑖
𝑠

The closed-loop transfer function is:

𝑞𝑖 𝑠 =
𝑘𝑑𝑖𝑠

2 + 𝑘𝑝𝑖𝑠 + 𝑘𝑖𝑖
Δ𝑖 𝑠

𝑞𝑑𝑖 𝑠 −
𝑠

Δ𝑖 𝑠
𝑔𝑖 𝑠

Where, Δ𝑖 𝑠 is the closed-loop characteristic equation:

Δ𝑖 𝑠 = 𝐼𝑒𝑖𝑠
3 + 𝑏𝑒𝑖 + 𝑘𝑑𝑖 𝑠

2 + 𝑘𝑝𝑖𝑠 + 𝑘𝑖𝑖

24

1

𝐼𝑒𝑖𝑠
2 + 𝑏𝑒𝑖𝑠

𝑔𝑖 𝑞

+

𝑞𝑖(𝑡)𝜏𝑖 −
𝐶𝑖(𝑠)

+
−

𝑞𝑖𝑑(𝑡)
𝑒𝑞𝑖(𝑡)



Robotics: Mechanics and Control K. N. Toosi University of Technology, Faculty of Electrical Engineering,                              

Prof. Hamid D. Taghirad Department of Systems and Control, Advanced Robotics and Automated Systems June 1, 2021

Motion Control in Joint Space

• Independent Linear Control

 PID Control: 𝐶𝑖 𝑠 = 𝑘𝑝𝑖 + 𝑘𝑑𝑖𝑠 +
𝑘𝑖𝑖
𝑠

Apply Routh-Hurwitz criterion to find stability conditions: 

𝑘𝑝𝑖 , 𝑘𝑑𝑖 , 𝑘𝑖𝑖 > 0 and 𝑘𝑖𝑖 <
𝑏𝑒𝑖+𝑘𝑑𝑖

𝐼𝑒𝑖
𝑘𝑝𝑖

For a step input 𝑞𝑑𝑖 𝑠 =
1

𝑠
and a constant disturbance 𝑔𝑖 𝑠 =

𝑔𝑖

𝑠
∶

𝑒𝑖 𝑠 =
𝐼𝑒𝑖𝑠

2 + 𝑏𝑒𝑖𝑠

Δ𝑖 𝑠
+

𝑔𝑖
Δ𝑖(𝑠)

The steady-state error will vanish:

𝑒𝑖𝑠𝑠 𝑠 = lim
𝑠→0

𝑠 𝑒𝑖 𝑠 = 0
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• Independent Linear Control

 The effect of actuator limitation

 In theory fast transient response can be obtained by high controller gains

In presence of actuator limitations the performance will be limited.

The maximum torque attainable is 𝜏𝑚𝑎𝑥 = 𝐾𝑚𝑖𝑚𝑎𝑥

The output response becomes much slower

If integral control is used, actuator windup will result, which make the response much slower.

 Use tuned PD gains to get the suitable performance with small integral gain. 

26

1

𝐼𝑒𝑖𝑠
2 + 𝑏𝑒𝑖𝑠

𝑔𝑖 𝑞

+

𝑞𝑖(𝑡)𝜏𝑖 −
𝐶𝑖(𝑠)

+
−

𝑞𝑖𝑑(𝑡)
𝑒𝑞𝑖(𝑡)

Saturation Block
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Motion Control in Joint Space

• Independent Linear Control

 Feedforward Control

 The previous analysis is limited to step input and constant disturbance

In robotic application we require higher order smooth trajectory tracking

To remove steady-state error for vanishing disturbance use FF control:

 For a general transfer function 𝑃(𝑠) we have two degrees of freedom controllers 𝐹(𝑠), 
and 𝐶(𝑠)
The closed-loop transfer function is:

𝑞𝑖 𝑠 =
𝐶𝑖 𝑠 𝐹𝑖 𝑠 𝑃𝑖(𝑠)

1 + 𝐶𝑖 𝑠 𝑃𝑖 𝑠
𝑞𝑑𝑖 𝑠 −

𝑃𝑖 𝑠

1 + 𝐶𝑖 𝑠 𝑃𝑖 𝑠
𝑔𝑖 𝑠
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𝑃𝑖 𝑠

𝑔𝑖 𝑠

+

𝑞𝑖(𝑡)𝜏𝑖 −
𝐶𝑖(𝑠)+

−

𝑞𝑖𝑑(𝑠) 𝑒𝑞𝑖

𝐹𝑖(𝑠)

+
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• Independent Linear Control

 Feedforward Control

 The error dynamics is:

𝑒𝑖 𝑠 =
1 − 𝐹𝑖 𝑠 𝑃𝑖(𝑠)

1 + 𝐶𝑖 𝑠 𝑃𝑖 𝑠
𝑞𝑑𝑖 𝑠 +

𝑃𝑖 𝑠

1 + 𝐶𝑖 𝑠 𝑃𝑖 𝑠
𝑔𝑖 𝑠

 Compare to that of without FF:

𝑒𝑖 𝑠 =
1

1 + 𝐶𝑖 𝑠 𝑃𝑖 𝑠
𝑞𝑑𝑖 𝑠 +

𝑃𝑖 𝑠

1 + 𝐶𝑖 𝑠 𝑃𝑖 𝑠
𝑔𝑖 𝑠

 Note that if  

1 − 𝐹𝑖 𝑠 𝑃𝑖 𝑠 = 0 or   𝐹𝑖 𝑠 = 𝑃𝑖
−1 𝑠

The first term will cancelled for any arbitrary desired trajectory, and the error will 

asymptotically converge to zero.
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 Feedforward Control for Robots

 FF + PD Control:

 The error dynamics becomes:

𝐼𝑒𝑖 ሷ𝑒𝑞𝑖 + 𝑏𝑒𝑖 + 𝑘𝑑𝑖 ሶ𝑒𝑞𝑖 + 𝑘𝑝𝑖 = 𝑔𝑖

 In absence of 𝐺𝑖 the error dynamics is a second order system

By setting suitable gains 𝑘𝑝𝑖 and 𝑘𝑑𝑖 the transient response is shaped while 𝑒𝑠𝑠 → 0.

 If 𝑔𝑖 is well calibrated by identification, it can be compensated by feedforward control 

as well.

29

1

𝐼𝑒𝑖𝑠
2 + 𝑏𝑒𝑖𝑠

𝑔𝑖 𝑠

+

𝑞𝑖(𝑡)𝜏𝑖 −
𝑘𝑝𝑖 + 𝑘𝑑𝑖𝑠+

−

𝑞𝑖𝑑(𝑠) 𝑒𝑞𝑖

𝐼𝑒𝑖𝑠
2 + 𝑏𝑒𝑖𝑠

+
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Contents

In this chapter we review the motion control of serial robots. First different control topology in joint and task space will be introduced and 
trajectory planning id briefly reviewed. Considering the linear regression model obtained in dynamic formulations for geared robots, PD and PID 
controller design, with actuator saturation concerns is elaborated. Considering full dynamics of the robot with actuators, PD, feedforward and 
computed torque controllers are designed, partial feedback linearization is studied, and torque controllers in task space is formulated. Finally 
robust and adaptive schemed based on inverse dynamics control is given for a system with modeling uncertainty.

30

Multivariable Control
Robot full dynamics, PD + feedforward control, computed 
torque controller, partial feedback linearization, computed 
torque in task space.

4

Robust and Adaptive Control
Model uncertainty, Robust inverse dynamics control, stability 
analysis, Controller structure, chattering reduction. Adaptive 
inverse dynamics control, stability analysis, controller structure.

5

Introduction
Facts and requirements, control topologies, joint space 
controller, task space controller, with and without task variable 
measurement. 

1

Trajectory Planning
Path and trajectory, point to point trajectory, cubic 
polynomials, via points, quantic polynomial, linear path with 
parabolic blend.

2

Linear Controllers
Independent joint model for geared actuator robot, joint 
independent PD, PID, control, feedforward control. 3
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Motion Control in Joint Space

• Multivariable Control

 If the linear model found to be not consistent in identification process

 Consider the full dynamics of the robot with geared actuators as:

𝝉 − 𝒃𝒆 ሶ𝒒 = 𝑴𝒆 ሷ𝒒 + 𝑪 𝒒, ሶ𝒒 ሶ𝒒 + g 𝒒

In which:

𝑴𝒆 𝒒 = 𝑴 𝒒 +

𝜂1
2𝐼𝑚1

… 0

⋮ ⋱ 0
0 … 𝜂𝑛

2𝐼𝑚𝑛

and  𝒃𝒆 =

𝑏1 + 𝜂2𝑏𝑚1

⋮
𝑏𝑛 + 𝜂2𝑏𝑚𝑛

 Notice that the joint variable is a multivariable vector 𝒒(t)

 The dynamic formulation is multivariable and nonlinear

 If the independent linear joint controller is not performing well in practice

Use a multivariable control scheme for the robot. 

Laplace transform and linear analysis would not be useful anymore

Use nonlinear control Lyapunov stability analysis

31



Robotics: Mechanics and Control K. N. Toosi University of Technology, Faculty of Electrical Engineering,                              

Prof. Hamid D. Taghirad Department of Systems and Control, Advanced Robotics and Automated Systems June 1, 2021

Motion Control in Joint Space

• Multivariable Control

 Start with the simplest form: PD + FF Controller

 Consider the nominal values of dynamics matrices and vectors 𝑴𝑒 , 𝒃𝑒 , 𝑪, ොg and the 

desired trajectory in joint space 𝒒𝑑 𝑡 are given

 Consider a multivariable feedforward controller calculated at the desired trajectory.

𝛕𝑓𝑓 = 𝑴𝑒 𝒒𝒅 ሷ𝒒𝑑 + (𝒃𝑒+𝑪(𝒒𝒅, ሶ𝒒𝒅)) ሶ𝒒𝑑 + ොg(𝒒𝑑)

 Consider PD controllers for joints are represented by diagonal matrices: 

𝛕𝑝𝑑 = 𝑲𝑑𝑠 + 𝑲𝑝

 Apply PD + FF controller to the robot as shown in the block diagram.

32

Robot

𝝉𝑑

+

𝒒(𝑡)𝛕𝑝𝑑
𝑲𝑑𝑠 + 𝑲𝑝

+
−

𝒒𝑑(𝑡) 𝒆𝑞

𝑴𝑒 ሷ𝒒𝑑 + (𝒃𝑒+𝑪) ሶ𝒒𝑑 + ොg

+

𝛕𝑓𝑓𝒒𝑑 , ሶ𝒒𝑑 , ሷ𝒒𝑑

𝛕
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Motion Control in Joint Space

• Multivariable Control

 PD + FF Controller

 The FF controller 𝛕𝑓𝑓 is available beforehand

 The PD controller is executed online

 The closed loop dynamics in the presence of disturbance torque 𝛕𝑑 is:

𝑴𝒆(𝒒) ሷ𝒒 + (𝒃𝒆 + 𝑪 𝒒, ሶ𝒒 ) ሶ𝒒 + g 𝒒 = 𝛕𝑝𝑑 + 𝛕𝑓𝑓 + 𝛕𝑑

= 𝑲𝑑 ሶ𝒆𝑞 + 𝑲𝑝𝒆𝑞 + 𝑴𝒆 𝒒𝒅 ሷ𝒒𝑑 + (𝒃𝑒+𝑪(𝒒𝒅, ሶ𝒒𝒅)) ሶ𝒒𝑑 + ොg(𝒒𝑑) + 𝛕𝑑

 Assume full information is available:
𝑴𝒆 = 𝑴𝒆, 𝒃𝑒 = 𝒃𝒆, 𝑪 = 𝑪, ොg = g.

 Furthermore, assume the trajectory tracking is well performed:

𝒒 𝒕 ≈ 𝒒𝒅 𝒕 , ሶ𝒒 𝒕 ≈ ሶ𝒒𝒅 𝒕 .

 Then, the closed loop dynamics is simplified to:

𝑴𝒆 ሷ𝒒𝑑 − ሷ𝒒 + 𝑲𝑑 ሶ𝒆𝑞 + 𝑲𝑝𝒆𝑞 + 𝛕𝑑 = 𝟎
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Motion Control in Joint Space

• Multivariable Control

 PD + FF Controller

 Finally the closed loop dynamics becomes a multivariable second-order system,

𝑴𝒆 ሷ𝒆𝑞 + 𝑲𝑑 ሶ𝒆𝑞 +𝑲𝑝𝒆𝑞 + 𝛕𝑑 = 𝟎

+ By suitable selection of the PD gains the transient response and steady state 

error are shaped as required.

+ If the disturbance torque is vanishing, the steady-state error converges to zero

+ Except for the mass matrix, the error dynamics is configuration independent and 

PD gain selection is easy.

- Full information requirement is very stringent assumption

- The assumption 𝒒 𝒕 ≈ 𝒒𝒅 𝒕 , ሶ𝒒 𝒕 ≈ ሶ𝒒𝒅 𝒕 will never hold!

The error dynamics is not fully configuration dependent because of the mass 

matrix
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Motion Control in Joint Space

• Multivariable Control

 Computed Torque Controller (IDC)

 In order to remedy the drawbacks of the previous controller consider 

the following controller

𝝉 = 𝑴𝒆 𝒒 𝒂𝒒 + 𝝉𝒇𝒍

In which

𝒂𝒒 = ሷ𝒒𝒅 +𝑲𝒅 ሶ𝒆𝒒 +𝑲𝒑𝒆𝒒 and 𝛕𝑓𝑙 = (𝒃𝑒+𝑪( ሶ𝒒, 𝒒)) ሶ𝒒 + ොg(𝒒)

35

Robot

𝝉𝑑

+

𝒒(𝑡)
𝛕𝑝𝑑

𝑲𝑑𝑠 + 𝑲𝑝
+

−

𝒒𝑑(𝑡) 𝒆𝑞

(𝒃𝑒+𝑪) ሶ𝒒 + ොg

+

𝛕

𝛕𝑓𝑙

+

+
𝑴𝒆(𝒒)

ሷ𝒒𝑑

ሶ𝒒

𝒂𝒒

Inner LoopOuter Loop
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Motion Control in Joint Space

• Multivariable Control

 Computed Torque Controller (IDC)

 The Closed loop dynamics is:

𝑴𝒆 𝒒 ሷ𝒒 + 𝒃𝒆 + 𝑪 ሶ𝒒, 𝒒 ሶ𝒒 + g 𝒒 = 𝑴𝒆 𝒒 𝒂𝒒 + 𝝉𝑓𝑙 + 𝝉𝑑

= 𝑴𝒆 𝒒 ሷ𝒒𝒅 + 𝑲𝒅 ሶ𝒆𝒒 +𝑲𝒑𝒆𝒒 + (𝒃𝑒+𝑪( ሶ𝒒, 𝒒)) ሶ𝒒 + ොg(𝒒) + 𝛕𝑑

 Assume full information is available:
𝑴𝒆 = 𝑴𝒆, 𝒃𝑒 = 𝒃𝒆, 𝑪 = 𝑪, ොg = g.

 Then, the closed loop dynamics is simplified to:
𝑴𝒆 𝒒 ሷ𝒆𝒒 +𝑲𝑑 ሶ𝒆𝑞 +𝑲𝑝𝒆𝑞 + 𝛕𝑑 = 𝟎

 If the disturbance torque 𝛕𝑑 = 𝟎, then the closed loop dynamics 

becomes configuration independent and second order system:

ሷ𝒆𝒒 +𝑲𝑑 ሶ𝒆𝑞 +𝑲𝑝𝒆𝑞 = 𝟎
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Motion Control in Joint Space

• Multivariable Control

 Computed Torque Controller (IDC)

+ By suitable selection of the PD gains the transient response and steady state error are 

shaped as required.

+ If the disturbance torque is vanishing, the steady-state error converges to zero

+ The error dynamics is configuration independent and PD gain selection is easy.

+ This method is a base control method and very popular.

- The full information requirement is never hold practically

- In case that: 𝑴𝒆 ≠ 𝑴𝒆, 𝒃𝑒 ≠ 𝒃𝒆, 𝑪 ≠ 𝑪, ොg ≠ g, and 𝛕𝑑 ≠ 𝟎, then

ሷ𝒆𝒒 + 𝑲𝑑 ሶ𝒆𝑞 +𝑲𝑝𝒆𝑞 = 𝑴𝒆
−𝟏 𝑴𝒆 − 𝑴𝒆 ሷ𝒒 + 𝒃𝒆 − 𝒃𝑒 ሶ𝒒 + 𝑪 − 𝑪 ሶ𝒒 + g − ොg − 𝛕𝑑

- The right hand side may be treated as an external torque (disturbance) its effect to be 

attenuated by high gain PD control.

- The control is model based and not robust but may be robustified.
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 Partial Linearization

 To reduce the full information requirement use:

𝝉 = 𝑲𝒅 ሶ𝒆𝒒 +𝑲𝒑𝒆𝒒 + ොg(𝒒)

 If ොg = g and 𝝉𝒅 = 𝟎, then the closed loop system dynamics is:

𝑴𝒆 ሷ𝒒 + 𝒃𝒆 + 𝑪 ሶ𝒒, 𝒒 ሶ𝒒 = 𝑲𝒅 ሶ𝒆𝒒 + 𝑲𝒑𝒆𝒒

 Lyapunov second method is used to show asymptotic stability for a constant desired 

trajectory ሶ𝒒𝒅 = 𝟎. 

 Consider the following Lyapunov function candidate:

𝑉 =
1

2
ሶ𝒒𝑻𝑴𝒆 ሶ𝒒 +

1

2
𝒆𝒒
𝑻𝑲𝒑𝒆𝒒

for the particular constant desired trajectory ሶ𝒒𝒅 = 𝟎, find the derivative with respect to the trajectory:

ሶ𝑽 = ሶ𝒒𝑻𝑴𝒆 ሷ𝒒 +
𝟏

𝟐
ሶ𝒒𝑻 ሶ𝑴𝒆 ሶ𝒒 + ሶ𝒆𝒒𝑲𝒑𝒆𝒒
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Motion Control in Joint Space

• Multivariable Control

 Partial Feedback Linearization

 Substitute 𝑴𝒆 ሷ𝒒 from closed form formulation, and note that since ሶ𝒒𝒅 = 𝟎 → ሶ𝒆𝒒
= − ሶ𝒒, Hence,

ሶ𝑽 = ሶ𝒒𝑻 𝑲𝒅 ሶ𝒆𝒒 + 𝑲𝒑𝒆𝒒 − 𝒃𝒆 ሶ𝒒 − 𝑪 ሶ𝒒 +
𝟏

𝟐
ሶ𝒒𝑻 ሶ𝑴𝒆 ሶ𝒒 − ሶ𝒒𝑻𝑲𝒑𝒆𝒒

In which ሶ𝒒𝑻 ሶ𝑴𝒆 − 𝟐𝑪 ሶ𝒒 = 0, since  ሶ𝑴𝒆 = ሶ𝑴.

Furthermore, the second term cancels the last term, hence

ሶ𝑽 = − ሶ𝒒𝑻 𝑲𝒅 + 𝒃𝒆 ሶ𝒒 ≤ 0

 Use Lasalle’s Theorem to prove asymptotic convergence of the tracking error to 

zero.

This is the simplest control structure to reduce steady-state error to zero.
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Motion Control in Task Space

• Computed Torque in Task Space

 Using inner/outer loop structure

 Keep inner loop with dynamic formulation unchanged

 Design the outer loop in task space

Note that: ሶ𝝌 = 𝑱 𝒒 ሶ𝒒

and: ሷ𝝌 = 𝑱 𝒒 ሷ𝒒 + ሶ𝑱 𝒒 ሶ𝒒

 If 𝒂𝒒 is chosen using this equation as:

𝒂𝒒 = 𝑱−𝟏(𝒒) 𝒂𝝌 − ሶ𝑱 𝒒 ሶ𝒒

In which, 𝒂𝝌 is chosen in the task space by

𝒂𝝌 = ሷ𝝌𝒅 +𝑲𝒅 ሶ𝒆𝝌 + 𝑲𝒑𝒆𝝌

 Then the task space error dynamics will result into

ሷ𝒆𝝌 +𝑲𝒅 ሶ𝒆𝝌 + 𝑲𝒑𝒆𝝌 = 𝟎

A linear and decoupled error dynamics in task space.
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Motion Control in Task Space

• Computed Torque in Task Space 

 The Control Block diagram

 Minimal change in the control structure

 The inner loop unchanged to use simpler dynamic formulations

 The outer loop PD gains shall be tuned in task space
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Contents

In this chapter we review the motion control of serial robots. First different control topology in joint and task space will be introduced and 
trajectory planning id briefly reviewed. Considering the linear regression model obtained in dynamic formulations for geared robots, PD and PID 
controller design, with actuator saturation concerns is elaborated. Considering full dynamics of the robot with actuators, PD, feedforward and 
computed torque controllers are designed, partial feedback linearization is studied, and torque controllers in task space is formulated. Finally 
robust and adaptive schemed based on inverse dynamics control is given for a system with modeling uncertainty.
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Multivariable Control
Robot full dynamics, PD + feedforward control, computed 
torque controller, partial feedback linearization, computed 
torque in task space.

4

Robust and Adaptive Control
Model uncertainty, Robust inverse dynamics control, stability 
analysis, Controller structure, chattering reduction. Adaptive 
inverse dynamics control, stability analysis, controller structure.

5

Introduction
Facts and requirements, control topologies, joint space 
controller, task space controller, with and without task variable 
measurement. 

1

Trajectory Planning
Path and trajectory, point to point trajectory, cubic 
polynomials, via points, quantic polynomial, linear path with 
parabolic blend.

2

Linear Controllers
Independent joint model for geared actuator robot, joint 
independent PD, PID, control, feedforward control. 3
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Robust and Adaptive Control

• Computed torque method is a model-based controller

43

Adaptive 
Control

Robust 
Control

Robust Adaptive
vs.

Adaptive robust

Robust 
Control

Structured Uncertainty in Model
Structured or parametric uncertainty
Not calibrated robot kinematics and dynamics.

01

Unstructured Uncertainty in Model
Unstructured or unmodeled uncertainty

Unmodeled flexibility, friction, actuator, high frequency dynamics
02

Linear ℋ∞ controller might be used to replace PD or PID controller
Nonlinear Lyapunov-based robust controller might be used

The family of sliding mode controllers is developed for robotic application
04

Combined Schemes
In robust-adaptive scheme, an adaptive controller is robustified
In adaptive-robust, a robust controller is enforced by adaptive schemes

03
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Robust Inverse Dynamics

• Consider Modeling Uncertainty

 Denote uncertainty or error by: ǁ⋅ = Ƹ⋅ − ⋅
෩𝑴𝒆 = 𝑴𝒆 −𝑴𝒆, ෩𝒃𝒆 = 𝒃 − 𝒃, ෩𝑪 = 𝑪 − 𝑪, g = ොg − g,
𝒒 = 𝒒 − 𝒒𝒅 = −𝒆𝒒, ෩ሶ𝒒 = ሶ𝒒 − ሶ𝒒𝒅 = − ሶ𝒆𝒒

 Design the IDC by nominal values Ƹ⋅ but robustify the outer loop control 𝒂𝒓 by 𝜹𝒂
as: 

𝝉 = 𝑴𝒆 𝒒 𝒂𝒓 + 𝝉𝒇𝒍

In which

𝒂𝒓 = ሷ𝒒𝒅 −𝑲𝒅
෩ሶ𝒒 − 𝑲𝒑𝒒 + 𝜹𝒂 and 𝛕𝑓𝑙 = (𝒃𝑒+𝑪( ሶ𝒒, 𝒒)) ሶ𝒒 + ොg(𝒒)

 Derive the closed-loop dynamics:

ሷ𝒒 = 𝒂𝒓 + 𝜼(𝒒, ሶ𝒒, 𝒂𝒓)

In which 𝜼 is a measure of modeling uncertainty

𝜼 = 𝑴𝒆
−𝟏 ෩𝑴𝒆𝒂𝒓 + ෩𝒃𝒆 ሶ𝒒 + ෩𝑪 ሶ𝒒 + g
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Robust Inverse Dynamics

• Robust IDC

 Design (cont.)

 Substitute 𝜼 in closed loop dynamics

ሷ𝒒𝒅 +𝑲𝒅
෩ሶ𝒒 + 𝑲𝒑𝒒 = 𝜹𝒂 + 𝜼

If 𝜼 was known, we might use 𝜹𝒂 = −𝜼 to cancel its effect on the closed loop dynamics, but 𝜼 is 

the modeling uncertainty, and only its bound might be known. Use robust Lyapunov redesign 

method to remedy the worst case uncertainty effect.

 Rewrite the closed-loop dynamics in state-space form

ሶ𝜺 = 𝑨𝜺 + 𝑩 𝜹𝒂 + 𝜼

 In which

𝜺 =
𝒒
ሶ𝒒
, 𝐀 =

𝟎 𝑰
−𝑲𝒑 −𝑲𝒅

, 𝑩 =
𝟎
𝑰
.

 To stabilize the system, the linear matrix shall be Hurwitz, while 𝜹𝒂 shall be 

designed such that to stabilize the nonlinear dynamics.
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Robust Inverse Dynamics

• Robust IDC

 Design the PD gains such that the matrix 𝑨 becomes Hurwitz

 Use Lyapunov matrix equation:

If ∃ a symmetric positive definite matrix 𝑃 for any symmetric positive definite Q, ∋

𝑨𝑻𝑷 + 𝑷𝑨 = −𝑸

The linear subsystem is stable.

 Use Lyapunov direct method for the stability analysis of  closed loop system:

𝑉 = 𝜺𝑻𝑷𝜺

Differentiate along trajectory:

ሶ𝑉 = ሶ𝜺𝑻𝑷𝜺 + 𝜺𝑻𝑷 ሶ𝜺 = 𝜺𝑻 𝑨𝑻𝑷 + 𝑷𝑨 𝜺 + 2𝜺𝑻𝑷𝑩 𝜹𝒂 + 𝜼

ሶ𝑉 = −𝜺𝑻𝑸𝜺 + 2𝜺𝑻𝑷𝑩 𝜹𝒂 + 𝜼

The second term shall become negative definite for worst case uncertainty 𝜼.
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Robust Inverse Dynamics

• Robust IDC

 Note that the uncertainty 𝜼 is not a known term

 Assume it is norm bounded by
𝜼 ≤ 𝜌 𝜺, 𝑡

Furthermore, for simplicity of notation denote: 𝒗 = 𝑩T𝐏𝜺, then
ሶ𝑉 = −𝜺𝑻𝑸𝜺 + 2𝒗𝑻 𝜹𝒂 + 𝜼

 Design the robust controller term such that ሶ𝑉 becomes negative definite:

𝜹𝒂 = −𝜌
𝒗

𝒗

This controller consist of a multivariable switching term in the direction of 𝒗 vector.

Negative definiteness may be proven by:

𝒗𝑻 𝜹𝒂 + 𝜼 = 𝒗𝑻 −𝜌
𝒗

𝒗
+ 𝜼 ≤ −𝜌 𝒗 + 𝒗 𝜼

= 𝒗 −𝝆 + 𝜼 ≤ 0

Since 𝜼 ≤ 𝜌. Hence,
ሶ𝑉 ≤ −𝜺𝑻𝑸𝜺 < 0
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Robust Inverse Dynamics

• Robust IDC

 Controller Structure

𝜹𝒂 = ቐ
−𝜌

𝒗

𝒗
𝑖𝑓 𝒗 ≠ 0

𝟎 𝑖𝑓 𝒗 ≠ 0

 The corrective term 𝜹𝒂 is discontinuous, and high gain.

 This results into chattering
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Robust Inverse Dynamics

• Robust IDC

 Chattering

 High gain controller + sign function

 True zero never found

 Chattering Reduction

 Continufy the discontinuous function

𝜹𝒂 =
−𝜌

𝒗

𝒗
𝑖𝑓 𝒗 > 𝜖

−𝜌
𝒗

𝜖
𝑖𝑓 𝒗 ≤ 𝜖

In which, 𝜖 is a threshold width on the variable 𝒗

If 𝒗 ≤ 𝜖 the switching controller is changed to a linear 

controller
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Adaptive Inverse Dynamics

• Adaptive Control

 Denote uncertainty or error by: ǁ⋅ = Ƹ⋅ − ⋅
෩𝑴𝒆 = 𝑴𝒆 −𝑴𝒆, ෩𝒃𝒆 = 𝒃 − 𝒃, ෩𝑪 = 𝑪 − 𝑪, g = ොg − g,
𝒒 = 𝒒 − 𝒒𝒅 = −𝒆𝒒, ෩ሶ𝒒 = ሶ𝒒 − ሶ𝒒𝒅 = − ሶ𝒆𝒒

 In adaptive control the estimated values of IDC is adapted by tracking error

 consider the nominal IDC:

𝝉 = 𝑴𝒆 𝒒 𝒂𝒒 + 𝝉𝒇𝒍

In which

𝒂𝒒 = ሷ𝒒𝒅 + 𝑲𝒅 ሶ𝒆𝒒 +𝑲𝒑𝒆𝒒 and 𝛕𝑓𝑙 = (𝒃𝑒+𝑪( ሶ𝒒, 𝒒)) ሶ𝒒 + ොg(𝒒)

 The Closed loop dynamics is:

𝑴𝒆 𝒒 ሷ𝒒 + 𝒃𝒆 + 𝑪 ሶ𝒒, 𝒒 ሶ𝒒 + g 𝒒 = 𝑴𝒆 𝒒 ሷ𝒒𝒅 +𝑲𝒅 ሶ𝒆𝒒 +𝑲𝒑𝒆𝒒 + (𝒃𝑒+𝑪( ሶ𝒒, 𝒒)) ሶ𝒒 + ොg(𝒒) + 𝛕𝑑

 Add and subtract 𝑴𝒆 𝒒 ሷ𝒒 into the left hand side and simplify to

෩𝑴𝒆 𝒒 ሷ𝒒 + ෩𝒃𝒆 + ෩𝑪 ሶ𝒒, 𝒒 ሶ𝒒 + g 𝒒 + 𝝉𝒅 = 𝑴𝒆 𝒒 ሷ𝒒𝒅 −𝑲𝒅 ሶ𝒆𝒒 −𝑲𝒑𝒆𝒒
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Adaptive Inverse Dynamics

• Adaptive Control

 In absence of disturbance 𝝉𝒅, rewrite the closed loop equation in regressor form

ሷ𝒒𝒅 −𝑲𝒅 ሶ𝒆𝒒 − 𝑲𝒑𝒆𝒒 = 𝑴𝒆
−𝟏 ෩𝑴𝒆 𝒒 ሷ𝒒 + ෩𝒃𝒆 + ෩𝑪 ሶ𝒒, 𝒒 ሶ𝒒 + g 𝒒

= 𝑴𝒆
−𝟏 𝓨 𝒒, ሶ𝒒, ሷ𝒒 ෩𝚽

 In which, 𝓨 𝒒, ሶ𝒒, ሷ𝒒 is the linear regression augmented model of the system

 And, ෩𝚽 is the error of dynamic parameter estimates

 Rewrite the closed-loop dynamics in state-space form

ሶ𝜺 = 𝑨𝜺 + 𝑩𝚼෩𝚽

 In which

𝜺 =
𝒒
ሶ𝒒
, 𝐀 =

𝟎 𝑰
−𝑲𝒑 −𝑲𝒅

, 𝑩 =
𝟎
𝑰
, 𝚼 = 𝑴𝒆

−𝟏𝓨 𝒒, ሶ𝒒, ሷ𝒒

 To stabilize the system, the linear matrix shall be Hurwitz, while the adaptation law 

shall be designed such that the total nonlinear system becomes stable.
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Adaptive Inverse Dynamics

• Adaptive Control

 Design the PD gains such that the matrix 𝑨 becomes Hurwitz

 Use Lyapunov matrix equation:

If ∃ a symmetric positive definite matrix 𝑃 for any symmetric positive definite Q, ∋

𝑨𝑻𝑷 + 𝑷𝑨 = −𝑸

The linear subsystem is stable.

 Use Lyapunov direct method for the stability analysis of closed loop system:

𝑉 = 𝜺𝑻𝑷𝜺 + ෩𝚽𝑻𝚪෩𝚽

Differentiate along trajectory:

ሶ𝑉 = 𝜺𝑻 𝑨𝑻𝑷 + 𝑷𝑨 𝜺 + 2෩𝚽𝑻𝚼𝑻𝑩𝑻𝑷𝜺 + 2෩𝚽𝑻𝚪 ሶ෩𝚽

= −𝜺𝑻𝑸𝜺 + 2෩𝚽𝑻 𝚼𝑻𝑩𝑻𝑷𝜺 + 𝚪 ሶ෩𝚽

 To have negative definite ሶ𝑉, it is sufficient to acquire the following adaptation law

𝚼𝑻𝑩𝑻𝑷𝜺 + 𝚪 ሶ෩𝚽 = 0 → ሶ෩𝚽 = −𝚪−𝟏𝚼𝑻𝑩𝑻𝑷𝜺

By this means:                            ሶ𝑉 = −𝜺𝑻𝑸𝜺
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Adaptive Inverse Dynamics

• Adaptive Control

 Controller Structure

 The adaptation law requires 𝒒, ሶ𝒒, ሷ𝒒 and 𝒒, ሶ𝒒 among which the measurement 

of ሷ𝒒 is costly and not recommended

One may use ሷ𝒒𝒅 instead for practical implementation

Or Use passivity based methods to rectify this requirement
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Chapter 6: Motion Control
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