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Question 1 — first solution)
Given the rotation axis and angle s = 65, the rotation matrix becomes:

s2(1—ch) + co SxSy(1—c0) — 5,50  sys,(1—cO) + 5,56
ARg = |sysy(1—cO) +5,50  sE(1—cO)+cO  sps,(1—cO) — 5,56
SzSx (1 —cO) — 5,50 5,5,(1 —cO) + 5,56 s2(1—ch) + co

Defining unit quaternion as:

. (0 . (0 . (0 0
€1 = S, Sin (E)’GZ = 5y, sin (E) ,€3 = S, Sin <§> ,€4 = COS <§>

We get €2 + €2 + €3 + €3 = 1 and using trigonometric relations:

6 1
sin? (—) =3 (1 —rcos0)

2
6 1
cos? (§> = 5(1 + cos 0)
) /0 0
sinf = 2sin (Z) cos (E)
We derive:
T R & 2¢2
X 0 ¥ 50y (1-cosh)
g 2 (2
sin (3) sin? ()
. ZI e 26
yo (0 Yo o(0y (1-cosh)
sin (7) sin (7)
L T & 26
zZ z -
sin (g) sin? (g) (1 —cos )

0
cosH=2cosz<§>—1=>c050=262—1

Using foregoing relations, screw axis rotation matrix ARB elements can be expressed in terms of unit
guaternion elements as:

11 =52(1—cO)+cO =26 +2e2—1=2—2€5+265—1=1—-265+ 265

€€ 0 0
12 (1—co)— -2sin (—) cos (—) = 2€,€, — 2€3€,

T2 = SxSy(1—cB) — 5,56 = @ smeﬁ 2 2



_ €163 € . (0 0\
T13 = SxSz(1 —cO) + 5,50 = Te)(l —cO) + . ) - 2sin 5)cos5) = 2€1€3 + 2€,5€,
sin? (5 sin(
2 2
_ 663 3 . (0 0\
T3 = Sy5,(1 — c0) — 5,560 = —9(1 —cO) — — 2sin 5)cos(5)= 26,65 — 2€1€4
sin? 7) sin (7)

Likewise, we derive other elements:

Ty =1—2€2 — 263
r33 =1 — 2€? — 263
Ty = 26165 + 2€3€,
T31 = 26163 — 2€5€,
T3, = 26563 + 2€,€4

Therefore, ARB in terms of unit quaternion elements becomes:

1—265—265 2(e16; —€3€4) 2(€165 + €3€4)
ARp = |2(e16, + €365) 1—2€2 — 262 2(eye3 — €1€4)
2(e165 — €36,) 2(€p63 + €1€4) 1 —2€2 — 263

Question 1 — second solution)
A quaternion can be expressed in the following form:
€E=€li+e6j+ek+e,

Regarding p = (pxi + pyJj + p.k) is a vector expressed in quaternion number system and p’
(p,'Ci + p;,j + p;k) is rotated vector of p around unit quaternion € = (€;i + €,j + €3k + €,).

The operator that maps p to p’ in the quaternion number system is p’ = L.(p) = epe”.

p = epe’ = (€1i + € +esk + 64)(Pxi +pyj t+ sz)(—€1i — €] — €3k + €4)
= [(1 — 265 — 26})p, + (2€1€; — 2€3€,)py, + (26163 + 26264,
+[(25152 + 2€3€,)py + (1 — 26§ — 25§)Py + (26363 — 26154)pz]j
+[ (26,63 — 2€2€,)px + (26263 + 2€1€4)py + (1 — 267 — 2€5)p, |k

By expressing preceding terms in matrix form:

Px 1265 — 265 2(e16; — €365)  2(€165 + €2€4)] [0y
Dy| = |2(e16; + €3€,) 1—2€2 — 262 2(er63 — €16€4) [Py
o 2(€163 — €,6,) 2(ep63 +€1€,) 1—2€2 —2e5 | 1Pz
And in respect ofp' = ARBp, rotation matrix in quaternion number system will be:

1—2€3—265 2(e16; —€3€4) 2(€165 + €3€4)
ARp = |2(e16; + €36,) 1 —263 — 264 2(e,63 — €1€4)
2(5163 - 6254) 2(5263 + 6164) 1-— 26% - 26%

Question 2)

1. Forward Kinematics:



Method1: DH parameters:

a; | a; | d; 0;
i=1 L 0 0 0,
i = 0 0 0 0, +m/2
i=3 0 /2 [, 05

So:

OTE - 0T1 1T2 2T3

—51'11(81, + 83) cos(eg) 51'11(61, + 83) sin(eg) cos(e. +8

- cos(ej + 83) cos(eg) —cos(ej + 83) sin(eg} sin(e
L

sin(eg} cos(eg) 0

0 0 ]

cos(@}. + 83) .?':_ + '?; cos(ei)
P = sin(ef+sg}33+sssin(e,)

4

]

—sin(ﬁl. + 83) cos(es) sin(ei, + 63) sin(e_:) cos(el, + 83)
Ri= cos(ef + 83} cosceg} —cos(@), + 83) since_:} sin(EJ), + 83)

sin(eg) cos(eg) 0

Method2: Screw parameters:

S; So;
i=1 [0,0,1]7 [0,0,0]7
i=2 [0,0,1]7 [a,,0,0]7
i=3 [1,0,0]7 [a, + a,,0,0]”

uo = [O,l,O]T, 1.70 = [0,0,1]T, WO == [1,0,0]T, PO = [al + az, O,O]T

| 3) CUS(GJ + 83} .’:_ + E'J. cos(@

;+ e:_) sin(ej + ej} L+1, sin(e

0
1

4

H

4

)

) Z



SCREW

So:

—sin(ei, + 8_._.} cos(e } 51'11(8), —+ 8_,_.] 51'11(8,} cos(e, —+ 6,.) cos(e,

3 k) i & )

—+ 8_._.} a, +a cos(ﬁi}
SPINAL cos( 8, + 8:_} cos( 83} —cos(ef —+ 8_,_.) sin(eg} sin(ej
sin(eg} cos(e } 0 0

T

—+ 8_,_.] sin(ez, —+ 8:_} a, +a, sin(e,}

4
0 0 0 1

2. Inverse Kinematics:

For 6, and 6, , use 2-RR serial robot solution and 6; = atan2(R(3,1), R(3,2))
3. Jacobian:

Methodl: DH parameters:

zo = [0,0,1]7

z; = R;[0,0,1]7

z, = R,[0,0,1]7

Jw = 20,71, 23]

[a,cos5(61 + 6,)]

p3 = |aysin(6; + 6)
i 0

[a,cos5(61 + 6,)]

p3 = |aysin(6; + 6)
i 0

[a,cos(0, + 0,) + a,cos(6;)

Pz = | a,sin(6; + 6,) + a,sin(6;)
i 0

Iy = [Zo X Ops z; X 'p3 zy X 2P3]

Finally:
_[w
=[]



] 0

] ]

| |
—51'11(61, + E'_ﬁ_) a, — 51'11(51,) a —51'11(6} + E'_,_.) a,
cus(E'J, + E'_,_.) a, + 1:05( E'J,) a cns(E'J, + E'_ﬁ_) a,

] ]

Method2: Screw parameters:
i=4,s,=1[00,1]7,s,4 = [0,0,0]"

i = 3,53 = R,[0,0,1]", 503 = s,, — R3[0,0,0]"
i =2,5, = Ry[0,0,1]7, 50, = 5o, — R2[0,0,0]"

i=1,5, =[0,0,1]",5,, = So, — R,[0,0,0]"

0 0
0 0
1 1
Jop = . . .

—5111(9} + E'_ﬁ_) a, — 5111(81,) a —5111(6; + E'_ﬁ_} a,

cos(E'J, + E'_ﬁ_} a, + cos( Eil,) a 1:05( 6, + Ei_ﬁ_) a,
0 1]

4. Velocities:

q = [qll éI2: éI3]T
Generelized Velocity =] ¢




Generelized Velocity ==

(ms{ﬂj + 62) a, + ms(ﬁj) aj) g; + ms(EI*F + 82) a4,
0
Question 3)
a; a; di Oi
i=3 | a 0 ds —0;

So:
—sin(ﬁj} sin(e_?) ajms(ﬂg} — cos(ﬁj} aj.sin(ej.] — sin(ej] cos(ﬂz] d3 — cos(ﬂj] d2
Pi= cos(ej] sin(ﬂz) a3m5(83] - sin(ej} ay sin(ﬂj.) + cos(ﬂj) cos(ezj d3 - sin(el,} d2

ms{ 82) ajcos(ﬂj) - sin(eg) d3 + a’j

—sin(ﬂ‘,] sin(ﬁ,]cos(ﬂj]—cos(ej} sin(ej] —sin ( ] ( }sm( )+c,os( ]ms(ej] —sin(ej}ms(e_,]
Re= | cos(8,) sin(8,) cos(8;) — sin(8;) sin(8;)  cos(®,) sin(8,) sin(8;) + sin(8;) cos(8;) ~ cos(8,) cos(8,)
c05(8,) cos(8;) cos(8,) sin(8;) -sin(8)

Linear part of Jacobian matrix:

rdx  dx  0x ]
36, 96, 06,
dy dy Oy
I =30, 30, o0,
dz 0z 0z
106, 00, 006,




with(VectorCalculus);

Jv :=Jacobian([X, Y, Z], [thetal, theta2, theta3]);

unwith(VectorCalculus);
—cos(ﬂj) sin('ﬂ:,) dz cus(ﬁj) + siu(ﬂj) ay siu(ﬂj.) — cns(ﬂj) cus(ﬂj) dj. + sin('EIJ,) .:;":.

Jir-“ 3.1) = —sin(ﬂj) siu(ﬂ_,_,) a cos(ﬁj) — cus(ﬂj) az siu(ﬂj.) — sin(ﬂj) cus(ﬁj) c:i'j. — cos(EJ,) I:;"_q
0

—sin(ﬂj) ccrs(ﬂ:,} az ::crs( Ej) + sin('ElJ,) siu(ﬂj,) dj-.

J(1.3,2) = ccrs('ElJ,} ccrs( 'B:,) a, cos(ﬂi) — cos( E!J,) siu( Ej) d;

—sin(ﬂj) ay cns(ﬂj) — cns(ﬂj) dj-.

sin(EI ) sm('El ) ay sm(ﬂj.) — cus(ﬂ ) dy ccrs(ﬂj.)
J(1.3,3) = —ccrs( )sm( )aj sm(ﬂj..) — sm( )aicns(ﬂj) -
—cns(ﬂ,_,) ay sm( )
det(J,) = 0 » —cos(65)d,(sin(0,)ascos(03) + cos(0,)d3)as; = 0

km
cos(63) =0 - 05 # >

d
sin(08;)azcos(63) + cos(6,)d; = 0 = 6, # —arctan <a3 cos3(93)>



