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Question 1 – first solution) 

Given the rotation axis and angle 𝑠 = 𝜃𝑠̑, the rotation matrix becomes: 

𝑅𝐴
𝐵 = [

𝑠𝑥
2(1 − 𝑐𝜃) + 𝑐𝜃 𝑠𝑥𝑠𝑦(1 − 𝑐𝜃) − 𝑠𝑧𝑠𝜃 𝑠𝑥𝑠𝑧(1 − 𝑐𝜃) + 𝑠𝑦𝑠𝜃

𝑠𝑦𝑠𝑥(1 − 𝑐𝜃) + 𝑠𝑧𝑠𝜃 𝑠𝑦
2(1 − 𝑐𝜃) + 𝑐𝜃 𝑠𝑦𝑠𝑧(1 − 𝑐𝜃) − 𝑠𝑥𝑠𝜃

𝑠𝑧𝑠𝑥(1 − 𝑐𝜃) − 𝑠𝑦𝑠𝜃 𝑠𝑧𝑠𝑦(1 − 𝑐𝜃) + 𝑠𝑥𝑠𝜃 𝑠𝑧
2(1 − 𝑐𝜃) + 𝑐𝜃

] 

Defining unit quaternion as: 

ϵ1 = 𝑠𝑥 𝑠𝑖𝑛 (
𝜃

2
) , ϵ2 = 𝑠𝑦 𝑠𝑖𝑛 (

𝜃

2
) , ϵ3 = 𝑠𝑧 𝑠𝑖𝑛 (

𝜃

2
) , ϵ4 = 𝑐𝑜𝑠 (

𝜃

2
) 

We get ϵ1
2 + ϵ2

2 + ϵ3
2 + ϵ4

2 = 1 and using trigonometric relations: 

𝑠𝑖𝑛2 (
𝜃

2
) =

1

2
(1 − 𝑐𝑜𝑠 𝜃) 

𝑐𝑜𝑠2 (
𝜃

2
) =

1

2
(1 + 𝑐𝑜𝑠 𝜃) 

𝑠𝑖𝑛 𝜃 = 2 𝑠𝑖𝑛 (
𝜃

2
) 𝑐𝑜𝑠 (

𝜃

2
) 

We derive: 

𝑠𝑥 =
ϵ1

𝑠𝑖𝑛 (
𝜃
2)

⇒ 𝑠𝑥
2 =

ϵ1
2

𝑠𝑖𝑛2 (
𝜃
2)

=
2ϵ1

2

(1 − 𝑐𝑜𝑠 𝜃)
 

𝑠𝑦 =
ϵ2

𝑠𝑖𝑛 (
𝜃
2)

⇒ 𝑠𝑦
2 =

ϵ2
2

𝑠𝑖𝑛2 (
𝜃
2)

=
2ϵ2

2

(1 − 𝑐𝑜𝑠 𝜃)
 

𝑠𝑧 =
ϵ3

𝑠𝑖𝑛 (
𝜃
2)

⇒ 𝑠𝑧
2 =

ϵ3
2

𝑠𝑖𝑛2 (
𝜃
2)

=
2ϵ3

2

(1 − 𝑐𝑜𝑠 𝜃)
 

 

𝑐𝑜𝑠 𝜃 = 2 𝑐𝑜𝑠2 (
𝜃

2
) − 1 ⇒ 𝑐𝑜𝑠 𝜃 = 2ϵ4

2 − 1 

 

Using foregoing relations, screw axis rotation matrix 𝑅𝐴
𝐵 elements can be expressed in terms of unit 

quaternion elements as: 

𝑟11 = 𝑠𝑥
2(1 − 𝑐𝜃) + 𝑐𝜃 = 2ϵ1

2 + 2ϵ4
2 − 1 = 2 − 2ϵ2

2 + 2ϵ3
2 − 1 = 1 − 2ϵ2

2 + 2ϵ3
2 

𝑟12 = 𝑠𝑥𝑠𝑦(1 − 𝑐𝜃) − 𝑠𝑧𝑠𝜃 =
ϵ1ϵ2

𝑠𝑖𝑛2 (
𝜃
2)

(1 − 𝑐𝜃) −
ϵ3

𝑠𝑖𝑛 (
𝜃
2)

⋅ 2 𝑠𝑖𝑛 (
𝜃

2
) 𝑐𝑜𝑠 (

𝜃

2
) = 2ϵ1ϵ2 − 2ϵ3ϵ4 



𝑟13 = 𝑠𝑥𝑠𝑧(1 − 𝑐𝜃) + 𝑠𝑦𝑠𝜃 =
ϵ1ϵ3

𝑠𝑖𝑛2 (
𝜃
2
)
(1 − 𝑐𝜃) +

ϵ2

𝑠𝑖𝑛 (
𝜃
2
)

⋅ 2 𝑠𝑖𝑛 (
𝜃

2
) 𝑐𝑜𝑠 (

𝜃

2
) = 2ϵ1ϵ3 + 2ϵ2ϵ4 

𝑟23 = 𝑠𝑦𝑠𝑧(1 − 𝑐𝜃) − 𝑠𝑥𝑠𝜃 =
ϵ2ϵ3

𝑠𝑖𝑛2 (
𝜃
2)

(1 − 𝑐𝜃) −
ϵ1

𝑠𝑖𝑛 (
𝜃
2)

⋅ 2 𝑠𝑖𝑛 (
𝜃

2
) 𝑐𝑜𝑠 (

𝜃

2
) = 2ϵ2ϵ3 − 2ϵ1ϵ4 

 

Likewise, we derive other elements: 

𝑟22 = 1 − 2ϵ1
2 − 2ϵ3

2 
𝑟33 = 1 − 2ϵ1

2 − 2ϵ2
2 

𝑟21 = 2ϵ1ϵ2 + 2ϵ3ϵ4 
𝑟31 = 2ϵ1ϵ3 − 2ϵ2ϵ4 
𝑟32 = 2ϵ2ϵ3 + 2ϵ1ϵ4 

Therefore, 𝑅𝐴
𝐵 in terms of unit quaternion elements becomes: 

𝑅𝐴
𝐵 = [

1 − 2ϵ2
2 − 2ϵ3

2 2(ϵ1ϵ2 − ϵ3ϵ4) 2(ϵ1ϵ3 + ϵ2ϵ4)

2(ϵ1ϵ2 + ϵ3ϵ4) 1 − 2ϵ1
2 − 2ϵ3

2 2(ϵ2ϵ3 − ϵ1ϵ4)

2(ϵ1ϵ3 − ϵ2ϵ4) 2(ϵ2ϵ3 + ϵ1ϵ4) 1 − 2ϵ1
2 − 2ϵ2

2

] 

 

Question 1 – second solution) 

A quaternion can be expressed in the following form: 

ϵ = ϵ1𝑖 + ϵ2𝑗 + ϵ3𝑘 + ϵ4 

Regarding 𝑝 = (𝑝𝑥𝑖 + 𝑝𝑦𝑗 + 𝑝𝑧𝑘) is a vector expressed in quaternion number system and 𝑝′ =

(𝑝𝑥
′ 𝑖 + 𝑝𝑦

′ 𝑗 + 𝑝𝑧
′ 𝑘) is rotated vector of 𝑝 around unit quaternion ϵ = (ϵ1𝑖 + ϵ2𝑗 + ϵ3𝑘 + ϵ4). 

The operator that maps 𝑝 to 𝑝′ in the quaternion number system is 𝑝′ = 𝐿ϵ(𝑝) = ϵ𝑝ϵ∗. 

𝑝′ = ϵ𝑝ϵ∗ = (ϵ1𝑖 + ϵ2𝑗 + ϵ3𝑘 + ϵ4)(𝑝𝑥𝑖 + 𝑝𝑦𝑗 + 𝑝𝑧𝑘)(−ϵ1𝑖 − ϵ2𝑗 − ϵ3𝑘 + ϵ4) 

= [(1 − 2ϵ2
2 − 2ϵ3

2)𝑝𝑥 + (2ϵ1ϵ2 − 2ϵ3ϵ4)𝑝𝑦 + (2ϵ1ϵ3 + 2ϵ2ϵ4)𝑝𝑧]𝑖 

+[(2ϵ1ϵ2 + 2ϵ3ϵ4)𝑝𝑥 + (1 − 2ϵ1
2 − 2ϵ3

2)𝑝𝑦 + (2ϵ2ϵ3 − 2ϵ1ϵ4)𝑝𝑧]𝑗 

+[(2ϵ1ϵ3 − 2ϵ2ϵ4)𝑝𝑥 + (2ϵ2ϵ3 + 2ϵ1ϵ4)𝑝𝑦 + (1 − 2ϵ1
2 − 2ϵ2

2)𝑝𝑧]𝑘 

By expressing preceding terms in matrix form: 

[

𝑝𝑥
′

𝑝𝑦
′

𝑝𝑧
′

] = [

1 − 2ϵ2
2 − 2ϵ3

2 2(ϵ1ϵ2 − ϵ3ϵ4) 2(ϵ1ϵ3 + ϵ2ϵ4)

2(ϵ1ϵ2 + ϵ3ϵ4) 1 − 2ϵ1
2 − 2ϵ3

2 2(ϵ2ϵ3 − ϵ1ϵ4)

2(ϵ1ϵ3 − ϵ2ϵ4) 2(ϵ2ϵ3 + ϵ1ϵ4) 1 − 2ϵ1
2 − 2ϵ2

2

] [

𝑝𝑥

𝑝𝑦

𝑝𝑧

] 

And in respect of 𝑝′ = 𝑅𝐴
𝐵𝑝, rotation matrix in quaternion number system will be: 

𝑅𝐴
𝐵 = [

1 − 2ϵ2
2 − 2ϵ3

2 2(ϵ1ϵ2 − ϵ3ϵ4) 2(ϵ1ϵ3 + ϵ2ϵ4)

2(ϵ1ϵ2 + ϵ3ϵ4) 1 − 2ϵ1
2 − 2ϵ3

2 2(ϵ2ϵ3 − ϵ1ϵ4)

2(ϵ1ϵ3 − ϵ2ϵ4) 2(ϵ2ϵ3 + ϵ1ϵ4) 1 − 2ϵ1
2 − 2ϵ2

2

] 

Question 2) 

1. Forward Kinematics: 



Method1: DH parameters: 

 𝒂𝒊 𝜶𝒊 𝒅𝒊 𝜽𝒊 

𝑖 = 1 𝑙1 0 0 𝜃1 

𝑖 = 2 0 0 0 𝜃2 + 𝜋/2 

𝑖 = 3 0 𝜋/2 𝑙2 𝜃3 

 

 

So: 

𝑇𝐸
0 = 𝑇1

0 𝑇2
1 𝑇3

2  

 

 

 

Method2: Screw parameters: 

 𝒔𝒊 𝒔𝒐𝒊
 

𝑖 = 1 [0,0,1]𝑇 [0,0,0]𝑇 

𝑖 = 2 [0,0,1]𝑇 [𝑎1, 0,0]𝑇 

𝑖 = 3 [1,0,0]𝑇 [𝑎1 + 𝑎2, 0,0]𝑇 

 

𝑢0 = [0,1,0]𝑇 , 𝑣0 = [0,0,1]𝑇 , 𝑤0 = [1,0,0]𝑇 , 𝑃0 = [𝑎1 + 𝑎2, 0,0]𝑇 



 

 

So:  

 

2. Inverse Kinematics: 

For 𝜃1 and 𝜃2 , use 2-RR serial robot solution and 𝜃3 = 𝑎𝑡𝑎𝑛2(𝑅(3,1), 𝑅(3,2))  

3. Jacobian: 

Method1: DH parameters: 

𝑧0 = [0,0,1]𝑇 

𝑧1 = 𝑅1[0,0,1]𝑇 

𝑧2 = 𝑅2[0,0,1]𝑇 

𝐽𝑤 = [𝑧0, 𝑧1, 𝑧2] 

 

𝑝3
2 = [

𝑎2𝑐𝑜𝑠(𝜃1 + 𝜃2)
𝑎2𝑠𝑖𝑛(𝜃1 + 𝜃2)

0

] 

𝑝3
1 = [

𝑎2𝑐𝑜𝑠(𝜃1 + 𝜃2)
𝑎2𝑠𝑖𝑛(𝜃1 + 𝜃2)

0

] 

𝑝3
0 = [

𝑎2𝑐𝑜𝑠(𝜃1 + 𝜃2) + 𝑎1𝑐𝑜𝑠(𝜃1)

𝑎2𝑠𝑖𝑛(𝜃1 + 𝜃2) + 𝑎1𝑠𝑖𝑛(𝜃1)
0

] 

𝐽𝑣 = [𝑧0 × 𝑝3
0 𝑧1 × 𝑝3

1 𝑧2 × 𝑝3
2 ] 

Finally: 

𝐽 = [
𝐽𝑤
𝐽𝑣

] 



 

Method2: Screw parameters: 

𝑖 = 4, 𝑠4 = [0,0,1]𝑇 , 𝑠𝑜4 = [0,0,0]𝑇 

𝑖 = 3, 𝑠3 = 𝑅2[0,0,1]𝑇 , 𝑠𝑜3 = 𝑠𝑜4
− 𝑅3[0,0,0]𝑇 

𝑖 = 2, 𝑠2 = 𝑅1[0,0,1]𝑇 , 𝑠𝑜2 = 𝑠𝑜3
− 𝑅2[0,0,0]𝑇 

𝑖 = 1, 𝑠1 = [0,0,1]𝑇 , 𝑠𝑜1 = 𝑠𝑜2
− 𝑅1[0,0,0]𝑇 

 

𝐽 = [
𝑠1

𝑠𝑜1
× 𝑠1

𝑠2

𝑠𝑜2
× 𝑠2

𝑠3

𝑠𝑜3
× 𝑠3

] 

 

 

4. Velocities: 

𝑞̇ = [𝑞̇1, 𝑞̇2, 𝑞̇3]
𝑇 

𝐺𝑒𝑛𝑒𝑟𝑒𝑙𝑖𝑧𝑒𝑑 𝑉𝑒𝑙𝑜𝑐𝑖𝑡𝑦 = 𝐽 𝑞̇ 

 



 

Question 3) 

 𝒂𝒊 𝜶𝒊 𝒅𝒊 𝜽𝒊 

𝑖 = 1 𝑙1 −𝜋/2 𝑑1 𝜃1 + 𝜋/2 

𝑖 = 2 0 −𝜋/2 𝑑2 𝜃2 − 𝜋/2 

𝑖 = 3 𝑎3 0 𝑑3 −𝜃3 

 

 

So: 

 

 

Linear part of Jacobian matrix: 

𝐽𝑣 =

[
 
 
 
 
 
 
𝜕𝑥

𝜕𝜃1

𝜕𝑥

𝜕𝜃2

𝜕𝑥

𝜕𝜃3

𝜕𝑦

𝜕𝜃1

𝜕𝑦

𝜕𝜃2

𝜕𝑦

𝜕𝜃3

𝜕𝑧

𝜕𝜃1

𝜕𝑧

𝜕𝜃2

𝜕𝑧

𝜕𝜃3]
 
 
 
 
 
 

 



with(VectorCalculus); 

Jv := Jacobian([X, Y, Z], [theta1, theta2, theta3]); 

unwith(VectorCalculus); 

 

 

 

det(𝐽𝑣) = 0 → −𝑐𝑜𝑠(𝜃3)𝑑2(𝑠𝑖𝑛(𝜃2)𝑎3𝑐𝑜𝑠(𝜃3) + 𝑐𝑜𝑠(𝜃2)𝑑3)𝑎3  =  0 

𝑐𝑜𝑠(𝜃3) = 0 → 𝜃3 ≠
𝑘𝜋

2
 

𝑠𝑖𝑛(𝜃2)𝑎3𝑐𝑜𝑠(𝜃3) + 𝑐𝑜𝑠(𝜃2)𝑑3 = 0 → 𝜃2 ≠ −arctan (
𝑑3

𝑎3 cos(𝜃3)
) 

 


